Solution. Rewriting r(s) as

r]'—rz
145’ -

shows that the yield curve is given by

_ 1 [ _
F(t) = —f (r2+ ASmit ) P
t Jo 145 =

ry—rp

r(s)=r2+

=r2+

log(1 +1).
Consequently, the present value function is

P(t) = exp{—tr (1)) ’

= exp(—rat) exp(—log((1 + 1))}
= exp{—rat}1 + )27, =

4.5 Exercises

Exercise 4.1 What is the effective interest rate when the nominal in-
terest rate of 10% is

(a) compounded semiannually;
(b) compounded quarterly;
(¢) compounded continuously?

Exercise4.2 Suppose that you deposit your money in a bank that pays
interest at a nominal rate of 10% per year. How long will it take for your
money to double if the interest is compounded continuously?

Exercise 4.3 If you receive 5% interest compounded yearly, approxi-

mately how many years will it take for your money to quadruple? What
if you were earning only 4%?
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Exercise 4.12 Suppose you have agreed (o 4 Exercises
a

e 'IPT which the bank charges no fees hy; 2 points Tank loan of § 120,000
"4 5% per month. You are required to pay OnIS,.t he quoted Interest ralc;

cach month for the next 36 months, at whic, poi
i

Joon payment of the still-owed $120,00¢ :
rate of this loan? >UU0. What

Exercise4.13  Youcan pay offaloaneith

erby payi .
of $16,000.n0v.v or you can pay $10,000 now an{i%lygr(l)%)gh:tignre amount
years. Wthl‘.l is preferable when the nominal contin,uousl e end of ten
interest rate is: (a) 2%; (b) 5%; (c) 10%? y compounded

Exercise 4.14 A US. treasury bonfi (selling at a par value of $1,000)
that matures at the end of five years is said to have a coupon rate ’f 6%
if, after paying $1,000, the purchaser receives $30 at the end ot? eacg
of the following nine six-month periods and then receives $1,030 at the
end of the the tenth period. That is, the bond pays a simple ir;terest rate
of 3% per six-month period, with the principal repaid at the end of five
years. Assuming a continuously compounded interest rate of 5%, find
the present value of such a stream of cash payments.

Exercise4.15 Explain why it is reasonable to suppose that (14-.05/n)"
is an increasing function of n forn =1, 7.0 P

Exercise 4.16 A bank pays a nominal interest rate of 6%, continu-
ously compounded. If 100 is initially deposited, how much interest will

be earned after

(a) 30 days;

(b) 60 days;

(c) 120 days?

compounded interest at rate r.

one year from today, 3,000 two
years from today.

Exercise 4.17 Assume continuously
You plan to borrow 1,000 today, 2,000
years from today, and then pay off all these loans three
How much will you have to pay?

%, compounded yearly.

nterest rate i 5 . _
er to receive the string

Exercise 4.18 The nominal i
oday in ord

How much would you have to pay !

Scanned by CamScanner

__—‘



60 Interes

e ts 3.5, 7"
of p‘lymell:* , 3 4

s ~

from now, ¢ = *

flow stream 0,
Exercis
interest I

Exercise 4.21

what is the presen
A ateach of the time

Exercis

pounded at rate r.

(a) Argue that, forhs
(b) Use (a)toargt
(c) Use (b) to conc

¢ lue
¢ Rates and rresen! Va

ears from
interest rate, compounde( A
20, 10 preferable to g, ) ly

ine the length

ter
e 4.20 De 01,500 if the nO

posit of 1,000 10 8%
ate is 6%-

Assuming continuo

t value of @ €3S
Ss,s+f,s+2t, ?
ed.22 Let D(t

at time ¢ if you deposit D at time 0 an

e that D'(¢

yment is to be receive di
. ;. [

{ —6 means that you wijj .. ™
ha\lt

!

y ar
g

of time necessary for a bank
minal continuously Compounde.
&

usly compounded interest at ry,
I
sequence that returns the amou‘

I

e the amount you would have on depogy
d interest is continuously gop,

mall, D¢ +h) = D(t) + rhD(t).
) = rD(1).
lude that D(t) = De'".

Exercise 4.23 Consider two cash flow streams, where each will retur

the ith payment after i years:

Is it possible to tell which cash flow stream is prefer
ing the interest rate?

Exercise 4.24  For an initial investment of 20, you will ¢
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Exercises 61

coupon bond with face value F = 1 g that matures at (he end of ten
yearS.

Exercise 4.26  Find the rate of return of atw
for an initial payment of 1,000, gives a return at
of 500 and a return at the end of the second ye
(©) 700.

O-year investment that,
the end of the first year

ar of: (a) 300; (b) 500;

Exercise 4.27 Repeat the preceding exercise, reversing the order in
which the payments are received.
Exercise4.28 The inflation rate is defined to be the rate at which prices
as a whole are increasing. For instance, if the yearly inflation rate is 4%
then what cost $100 last year will cost $104 thjs year. Let r; denote
the inflation rate, and consider an investment whose rate of return is r.
We are often interested in determining the investment’s rate of return
from the point of view of how much the investment increases one’s pur-
chasing power; we call this quantity the investment’s inflation-adjusted
rate of return and denote it as r,. Since the purchasing power of the
amount (1 4 r)x one year from now is equivalent to that of the amount
(14 r)x/(1 + r;) today, it follows that — with respect to constant pur-
chasing power units — the investment transforms (in one time period) the

amount x into the amount (14 r)x/(1+ r;). Consequently, its inflation-
adjusted rate of return is

_ 1+4r
- 1+r,-

ra
When r and r; are both small, we have the following approximation:
ra ~ r — r‘ .

For instance, if a bank pays a simple interest rate of 5% when the infla-
tion rate is 3%, the inflation-adjusted interest rate is approximately 2%.
What is its exact value?

Exercise 4.29 Consider an investment cash flow sequence cy, c;. ...,
Cn. Where ¢; < 0, i < n, and ¢, > 0. Show that if

P(r) = ZC;(I -+ r)—‘i
i=0
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62  Interest Rates and Present Value Analysis
then, in the region r > —1,

(a) there is a unique solution of P(r) = (;
(b) P(r) need not be a monotone function of .

Exercise 4.30 Suppose you can borrow mone
rate of 8% but can save money at an annual inte

you start with zero capital and if the yearly cash
are

Yy at an annug)
TESt rate of
fHows of ap ;

1,000, 900, 800, —1,200, 700,

should you invest?

Exercise 4.31 Show that, if r(¢) is an nondecreasing functiop i
then so is 7(t). o

Exercise 4.32 Show that the yield curve 7(t) is a nondecreasing fun.
tion of ¢ if and only if

P(at) > (P(1))* forall 0 <a <1, ¢ > 0.

Exercise 4.33 If P(t) = e=*~¥ (¢ > 0), find: (a) r(2); (b) F(1).

Exercise 4.34 Show that

__P’(t) _. . log P(t)
@) r@r) = 0] and (b) r(r) = — "

Exercise4.35 Plot the spot interest rate function r(r) of Example 44
when

@) r1 < ry;
(b) r, < ry.
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