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Abstract Scaffold proteins play an important role in the promotion of signal trans-

mission and specificity during cell signaling. In cells, signaling proteins that make up a

pathway are often physically orgnaized into complexes by scaffold proteins [1]. Previous

work [2] has shown that spatial localization of scaffold can enhance signaling locally while

simultaneously suppressing signaling at a distance, and the membrane confinement of scaf-

fold proteins may result in a precipitous spatial gradient of the active product protein,

high close to the membrane and low within the cell. However, cell-fate decisions critically

depend on the temporal pattern of product protein close to the nucleus. In this paper,

when phosphorylation signals cannot be transfered by diffusion only, two mechanisms have

been proposed for long-range signaling within cells: multiple locations of scaffold proteins

and dynamical movement of scaffold proteins. Thus, here we have unveiled how the spatial

propagation of the phosphorylated product protein within a cell depends on the spatially

and temporal localized scaffold proteins. A class of novel and fast numerical methods for

solving stiff reaction diffusion equations with complex domains is briefly introduced.
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1 Introduction

Cells have to respond to changes in the environment and/or to the external stimuli. This is

accomplished by signal transduction pathways which sense the signal, transduce it, and induce
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necessary changes in the cell, such as in gene expression. Scaffold proteins are thought to play a

key role during this process [1, 3–7]. Well known examples of scaffold proteins include yeast Ste5

and mammalian JIP proteins, which bind to all the kinases in a particular mitogen-activated

protein kinase (MAPK) cascade.

Scaffold usually dynamically binds to two or more consecutively-acting components of a

signaling cascade, and it links signaling molecules into linear pathways by physically assembling

them into complexes. Experimental work suggests that scaffolds may promote signal transmis-

sion by tethering consecutively acting kinases near each other [8, 9]. However, it has also

been experimentally observed that some scaffold inhibit signaling when overexperssed [10–12].

Supporting these observations, computations of non-spatial models have demonstrated that

scaffold proteins may either enhance or suppress signaling, depending on the concentration of

scaffold. In [2], a model of generic, spatially localized scaffold protein was developed for one

spatial dimension, and the model indicated that a scaffold protein could boost signaling locally

(in and near the region where it was localized) while simultaneously suppressing signaling at a

distance. Owing to the confinement of scaffold proteins to the cell membrane and the dephos-

phorylation during diffusion through the cytoplasm, the phosphorylated level of active product

proteins may become low near the nucleus. Given measured values of localized scaffold proteins

and diffusivity, it was demonstrated that the active product protein would drop precipitously,

becoming negligible at the distance of several microns from the plasma membrane [13, 14].

In view of this rapid decline in the active phosphorylation product protein spreading solely

by diffusion, alternative mechanisms to relay stimuli from the plasma membrane to distant

targets have been proposed, such as (i) trafficking of phosphorylated kinases within endocytic

vesicles or non-vesicular signaling complexes by molecular motores [15–18] and (ii) phosphopro-

tein waves propagating from the membrane over long distances, especailly in large cells, such

as starfish oocytes or Xenopus oocytes [19, 20].

In the present paper, when phosphorylation signals cannot be transfered by diffusion only,

we have proposed the following two alternative mechanisms for long-range signaling within

cells: multiple locations and dynamical movement of scaffold proteins. Through a generic

mathematical model to describe a spatially localized scaffold and freely diffusing products and

reactants, our numerical simulations exhibit that the distribution of scaffold into multiple local

regions might enhance signaling near nucleus, depending on the locations of scaffold proteins.

Moreover, the simulations suggest that the movement of scaffold from the cell nucleus to a

particular location near cell membrane might increase the rate of signal transmission during

this process. Thus, here we have unveiled how the spatial propagation of the phosphorylated

product protein within a cell depends on the spatially localized scaffold proteins by various

mechanisms.

A system of stiff reaction diffusion equations has been applied to model the protein re-

actions and diffusible reactants. For reaction-diffusion equations, the authors in [21] have

developed a class of implicit integration factor (IIF) method that are computationally much

cheaper than fully implicit schemes and can be unconditional stable or have generous stability

conditions. In IIF, the diffusion term is treated exactly such that the stability constraint due

to spatial discretization for diffusion is removed while the reaction term is treated implicitly

to handle the stiffness of reaction terms. As a result, the scheme is semi-implicit and linearly
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unconditional stable for its second order scheme and has large stability regions for the high

order scheme. In terms of computational cost, IIF has the same order of computational com-

plexity as explicit integration factor methods (or exponential time difference methods) because

the explicit treatment of diffusion (a global term) is decoupled from the implicit treatment of

reaction terms.

To efficiently store and compute the exponential matrices in IIF for two and three di-

mensional systems, later we introduced a class of compact implicit integration factor (cIIF)

method [22] that has the same stability properties as the original IIF [21] but with significant

improvement on storages and computational savings for high spatial dimensions.

All the systems discussed in [22] are with Cartesian coordinates, but for complex domains,

curvilinear coordinates are simpler to use with various real applications. However, it is very

challenging to write the diffusion matrices for a complex domain with curvilinear coordinates.

Curvilinear coordinates, converting the standard coordinate system to a coordinate system in

which the coordinate lines are curved, are much simpler to use depending on the applications,

such as the shape of cells and embryos. The conversion of Cartesian coordinates is based

on some transformation, which is required to be locally invertible (one-to-one map) at each

point. Polar coordinates for R2 and spherical or cylinder coordinates for R3 are well known

examples of curvilinear systems. For instance in the systems cell biology, the cells are usually

considered with spherical or circular symmetry, which are easier to solve in spherical or polar

coordinates. In order to efficiently handle the complex domains with circular or spherical

symmetry, recently we have extended the compact implicit integration factor method to the

system with polar/spherical coordinates, which is similar to the method in a cartesian coordinate

system [22].

The remainder of the paper is organized as follows. In Section 2 we discuss a mathematical

model to describe the protein reactions with scaffold interactions. The numerical scheme to

solve this model is briefly introduced in Section 3, and in Section 4 the numerical simulation

results and discussions are presented, and the conclusion is reported in Section 5.

2 Mathematical Models

In this paper, we assumed that the cell consists of two compartments, which are assumed

to be biophysically and biochemically identical. The only difference between two apartments

is that one apartment contains the scaffold protein, and the other does not. The scaffold-

containing compartment was placed in the region near the membrane, or moving to membrane

during signaling. The scaffold is stuck in its compartment and does not diffuse. In contrast,

other reactants without scaffold binding diffuse freely throughout the cell.

The model contains a scaffold protein (S), which can bind to two other proteins (A and B).

In the absence of the scaffold protein, A and B can bind directly to each other. In the presence

of the scaffold protein S, first A binds to S, forming AS. Next B binds to AS forming ASB.

Moreoever, both AB and ABS can be dissociated into a phosphorylated form Bp. Finally, A

and B bind to each other on the scaffold. The symmetrical path, where B binds to the scaffold

before A, is also available. Denote [ ] as the concentration of the proteins, the mass action
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equations with diffusion take the form,

d[S]

dt
= −jon([A][S] + [B][S]) + joff([AS] + [BS]) + jp[ABS],

d[AS]

dt
= jon([A][S] − [AS][B]) − joff([AS] − [ABS]),

d[BS]

dt
= jon([B][S] − [BS][A]) − joff([BS] − [ABS]),

d[ABS]

dt
= jon([AS][B] + [BS][A]) − (2joff + jp)[ABS],

d[A]

dt
= D∆[A] − kon[A][B] + koff [AB] − jon([A][S] + [BS][A]) (1)

+joff([AS] + [ABS]) + kp[AB] + jp[ABS],

d[B]

dt
= D∆[B] − kon[A][B] + koff [AB] − jon([B][S] + [AS][B])

+joff([BS] + [ABS]) + d1[B
p],

d[AB]

dt
= D∆[AB] + kon[A][B] − koff [AB] − kp[AB]

D[Bp]

dt
= D∆[Bp] + jp[ABS] − d1[B

p] + kp[AB].

In the system (1), the set of parameters are specified as the following, D = 10−7cm2/s for

a high value of diffusion constant and D = 10−8cm2/s for a low value of diffusion constant;

kon = 1(µM s)−1, koff = 3(s)−1, kp = 0.1(s)−1, d1 = 1(s)−1 are the on and off rates for the

off-scaffold reactions, jon = 100(µM s)−1, joff = 0.5(s)−1, jcon = 1(s)−1, jp = 1(s)−1 are the

rate constants for the on-scaffold reactions. The units for the time and length are second and

centimeter respectively. This set of parameters is particularily selected based on the reason

that the scaffold binding rate is more significant than off-scaffold binding ones, such that our

study of spatial and temporal dynamics of scaffold would be more prominent [2].

3 Numerical Methods

The general reaction diffusion system in polar coordinates with no-flux boundary conditions

takes the following form















∂u

∂t
= D

(

∂2u

∂r2
+

1

r2

∂2u

∂θ2
+

1

r

∂u

∂r

)

+ F(u), (r, θ) ∈ Ω = {a < r < b, c < θ < d};

∂u

∂r
(a, θ) =

∂u

∂r
(b, θ) =

∂u

∂θ
(r, c) =

∂u

∂θ
(r, d) = 0.

(2)

After discretizing the spatial domain by a rectangular mesh: (ri, θj) = (a + (i − 1)hr, c +

(j − 1)hθ) where hr = (b− a)/(N − 1), hθ = (d− c)/(M − 1), ri = (i− 1)hr and 1 ≤ i ≤ N and

1 ≤ j ≤ M , we use the second order central difference discretization for the diffusion terms:

dui,j

dt
= D

(

ui+1,j − 2ui,j + ui−1,j

h2
r

+
ui,j+1 − 2ui,j + ui,j−1

r2
i h2

θ

+
ui+1,j − ui−1,j

2rihr

)

+F(ui,j). (3)
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To express (2) in a compact form, we define the matrix U for the discretized solutions:

U =












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

u1,1 u1,2 · · · u1,M u1,M
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...
...

...
...

...
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.

After defining A1 = D
h2

r
GN×N ,B = D

h2

θ

GM×M ,A2 = D
2hr

EN×N ,C = FN×N , and A =

A1 + A2, we re-write the semi-discretized form (3) as

dU

dt
= AU + CUB + F(U). (4)

Assume that matrix B is diagonalizable with B = PD̃P−1. Both matrices C and D̃ are

diagonal, with the i-th and j-th diagonal elements for C and D̃ being ci and dj , respectively.

And define

C̃ = (c̃ij) = (cidj),

where i = 1, 2, · · · , N, j = 1, 2, · · · , M, and an operation ‘(e∗)’ is defined by taking exponentials

element by element,

(e∗)C̃ = (ec̃ij ),
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Define another operator ‘%’ for two matrices through element by element multiplication:

(H % L)i,j = (hij lij),

where H = (hij),L = (lij).

The details of analysis and derivation on numerical methods for solving (4) will be published

in a separate publication. Here we use a second order numerical scheme, which has the following

time stepping algorithm,

Un+1 = eA∆t

(

Un +
∆t

2
F(Un)

)

B̃ +
∆t

2
F(Un+1), (5)

where B̃ = P% (e∗)C̃∆tP−1.

To test the accuracy and efficiency of the cIIF scheme (5) in polar coordinate, we study

the following system of the polar coordinate:































∂u

∂t
= 0.1

(

∂2u

∂r2
+

1

r2

∂2u

∂θ2
+

1

r

∂u

∂r

)

+ 0.2u, (x, y) ∈ Ω = {5 < r < 10, 0 < θ < π};

u(r, θ) |r=5= e0.1t cos(5 cos θ) cos(5 sin θ);

u(r, θ) |r=10= e0.1t cos(10 cos θ) cos(10 sin θ);

u(r, θ) |θ=0= e0.1t cos(r);u(r, θ) |θ=π= e0.1t cos(r).

(6)

This system (6) has the exact solution u(r, θ) = e0.1t cos(r cos θ) cos(r sin θ).

The error is calculated using the maximal error between the numerical solution and the

exact solution. The numerical calculation is carried up to time t = 2, and the number of grid

points for the r and θ is set equal for convenience of comparison. The time step size is set

as ∆t = 0.5hr for the sake of testing accuracy. As seen in Table 1, the calculation using the

scheme (5) is of order two and the time step is not constrained like typical explicit temporal

schemes, and the stability property and computational cost of the scheme (5) is similar to the

standard cIIF2 [22].

Table 1 Error, order of accuracy, and CPU time for cIIF2 for

a two-dimensional case (6). The unit for CPU is second.

N × N L∞ error order CPU

40 × 40 4.58 × 10−3 — 0.23

80 × 80 1.23 × 10−3 1.90 0.52

160 × 160 3.1 × 10−4 1.99 2.41

320 × 320 8.23 × 10−5 1.91 64.24

4 Results

In this section, we focus on the two dimensional simulation, in which the system (1) holds

in the cell, which is modeled as a disk with a radius 10cm: Ω = {x2 + y2 ≤ 100cm2}. No-

flux boundary conditions is superimposed for the diffusible components A, B, AB, Bp. The
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starting concentrations of A and B are set at 1µM, uniformly distributed throughout the cell.

The starting total concentration of S is set at 150πµM or specified otherwise, and equally

distributed within one or multiple local regions. All other reactants AB, Bp, AS, BS, and ABS

are initially set equal to 0 everywhere. The accuracy and convergence of numerical solutions

were examined by the predicted total amount steady state of A present in all complexes. If the

numerical solution is 100% accurate, this number should add up to the initial total amount. In

all our numerical simulations, the calculated percentage error for this number is within 5%.

4.1 Scaffold with multiple locations might create long-range signaling

Scaffold proteins are often confined to a or several locations in the cell, or move to that

region during signaling. Yeast Ste5 localizes first to the cell nucleus, and then move to the

region of the cell closest to the source of the signal [23, 24], and yeast Spa2 localizes to regions

of polarized growth [25]. Yet other scaffolds are localized elsewhere in the cell when active.

A model [2] indicated that a confined scaffold protein in one particular domain could boost

signaling locally (in and near the region where it was localized) while simultaneously suppressing

signaling at a distance.

In this subsection, the effect of scaffold proteins with multiple locations in two dimensions

is explored with a mathematical model described in Section 2. In our numerical simulations,

scaffold proteins are equally distribued into several local regions with the initial total amount

set to a value of 150πµM. Seven scenarios are considered in this context, in which scaffold

proteins are initially and equally distributed into one, two, three or four local regimes. For

the the scaffold proteins in two, three or four locations, both symmetric and asymmetric cases

were presented. Asymmetric cases mean that the scaffold are equally distributed in multiple

regions which are symmetric only from left to right, and located in the upper half cell (Fig.1).

Symmetric cases mean that the scaffold proteins are equally distributed in multiple regions

which are symmetric in two directions, from left to right and bottom to top (Fig.2). The

product protein Bp for four cases in the cell are reported: (A) nucleus (center); (B) middle

from the cell nucleus (center) to cell membrane (north pole); (C) cell membrane (north pole);

(D) total Bp throughout the whole cell. A two dimensional contour plot is also presented.

Multiple locations of scaffold proteins might generate long-range signaling

within cells The spatially localized scaffold in a particular domain within a cell could lead to

a steep gradient of product protein Bp. Given measured protein diffusivity and scaffold activ-

ity, signal propagation by diffusion would result in a steep decline of product activity and low

product levels near the nucleus [2]. The system with multiple locations of scaffold proteins for

asymmetric cases could generate a novel type of phosproptein wave that propagates from the

cell surface (membrane) deep into the cell interior (nucleus), and thus enhance the propagation

span of the product protein Bp (Fig. 1, 2). Distribution of the scaffold into more regions leads

to stronger signals near the cell nucleus. For the case of symmetric multiple locations of scaffold

proteins, the system exhibits a similar trend as those with asymmetric cases, but with a lower

effect (Fig. 1, 2).

Multiple locations of scaffold proteins can enhance total product formation

The total amount of product protein Bp, which are summed across the entire cell, are studied

as well for different multiple domains, with an initial total scaffold protein set equal to a constant

for all cases. For the scenario with asymmetric distribution of scaffold (Fig. 1), it shows that
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localization of the scaffold with more regions leads to a larger value of total product poteins

Bp. A similar trend is observed for symmetrical cases (Fig. 2). Hence in general, localization

of the scaffold produces less total product than those with the same amount of total scaffold

being delocalized. In summary, our numerical simulations show that several multiple locations

of the scaffold can interact with each other during signaling transduction, and increase the level

of activity of the product protein Bp throughout the whole cell.
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Fig.1 Concentration of Bp with multiple asymmetric scaffold locations. L1: Scaffold localized at

one region; L2: Scaffold localized at two regions; L3: Scaffold localized at three regions; L4: Scaffold

localized at four regions. (A) Bp at the nucleus; (B) Bp in the middle from north pole to nucleus; (C)

Bp at the north pole; (D) total Bp.

4.2 Moving scaffold during cell signaling may generate propagation wave

Scaffold proteins often move to the local region instead of confining to a particular location

in the cell during signaling. Recent experiment demonstrates that scaffold protein Ste5 in the

MAPK kinase pathway will move from the interior of cell to the cell membrane in about six
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seconds after the cell surface receptor is activated [26]. The dynamical movement of scaffold

proteins might generate the propagation wave through cell signaling pathways. Based on the

experimental observation [26], we build a mathematical model in which the scaffold along with

its complex move from the interior of the cell close to its nucleus to cell membrane with a linear

velocity (Fig. 3). The numerical experiments are set up as the following: The scaffold proteins

are initially localized within a small disk with a radius of 1cm, and the distance of its center

to the cell nucleus is 3cm. When the signal pathway is activated, the scaffold along with its

complex start moving to the cell membrane in a straight line with a speed of 1cm/s, and after

about 6 seconds the scaffolds stop at a local region near the cell membrane and stay there for

the rest of signal transduction.
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Fig.2 Concentration of Bp with multiple symmetric scaffold locations. L1: Scaffold localized at one

region; L2: Scaffold localized at two regions; L3: Scaffold localized at three regions; L4: Scaffold

localized at four regions. (A) Bp at the nucleus; (B) Bp in the middle from north pole to nucleus; (C)

Bp at the north pole; (D) total Bp.
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Fig.4 Bp v.s. time for the moving scaffold. (A) Bp at the nucleus; (B) Bp in the middle from north

pole to nucleus; (C) Bp at the north pole; (D) total Bp

The protein reactions with moving scaffold are still modeled as in Eq.(1), with the scaffold

protein S and its complex AS, BS, ABS translocating from a local region near the cell nucleus

to the cell membrane within 6 seconds. As with the same discussion in section Section 4.1, the

phosphorylated product protein Bp is measured for four scenarios (Fig. 4): (A) cell nucleus

(center); (B) middle of cell nucleus (center) to the membrane (north pole); (C): cell membrane

(north pole); (D) total Bp throughout the whole cell. Compared to the system with the
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confined scaffold, the system with dynamical moving scaffold delays the signal propagation

while increasing the level of the active Bp fraction at the nucleus (Fig. 4). Moreover, the system

with moving scaffold needs longer time to reach steady state, and the maximum amplitude of

the signal Bp is much greater than that of the system with stationary scaffold proteins. In

summary, the numerical simulations exhibit that dynamical moving scaffold might enhance the

signal propagation span and thus increase the level of the total product protein Bp.
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Fig.5 Concentration of Bp and S at different times with moving multiple scaffold
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Fig.6 Bp v.s. time for the moving scaffold, compared to the system with moving scaffold which is

split into three parts. (A) Bp at the nucleus; (B) Bp in the middle from north pole to nucleus; (C) Bp

at the north pole; (D) total Bp.
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Next we consider the following scenario: the scaffold proteins move from the interior of

the cell near nucleus to cell membrane, and split into several parts during this translocation.

One simple simulation model is applied to describe this phenomena. Initially scaffold begins to

move from a local region near the nucleus when the receptor is activated. After one second, the

scaffold is divided equally into three parts and move to the cell membrane in straight lines with

a linear velocity. One part remains the same direction as before, and the other two move in the

radial direction symmetrical to the initial direction with an angle of π/4 (Fig. 5) at a constant

speed. Compared to the scenario that one whole piece of scaffold moves to the membrane, the

system with the moving scaffold which are split into three parts can increase the maximum

amplitude of the signal at the cell nucleus for the early stage, however, both systems reach

almost the same steady states at a later time (Fig. 6).

5 Conclusion

Previous computational and theoretical studies of scaffold proteins have assumed a ho-

mogeneous distribution or single spatially localized scaffold and their ligands. Here using a

mathematical model to describe the protein reactions, we have unveiled the possible outcomes

when scaffold proteinis are spatially localized at several multiple locations, and/or are moving

from cell nucleus to cell membrane. Through various numerical experiments, we have shown

that multiple scaffold localizations allows the protein reaction to interact with each other and

thus enhance the transmission of signals to the cell nucleus. The dynamical movement of scaffold

proteins from cell nucleus to cell membrane might create a signaling traveling wave, and thus

facilitate signal transfer during transduction. The scaffold might shield the signaling pathway,

allowing capabilities of feedback loops and interaction with kinase dynamically, and it could

dramatically enhance signaling at a long distance. Therefore in this paper we have provided

several potential mechanisms in which the signals can travel at a long distance and could be

amplified to cell nucleus during the process of transmission. We have also briefly introduced

a compact integration factor method for stiff reaction diffusion equations with curvilinear co-

ordinates, in which the stability condition, computational cost and storage are similar to the

method in a Cartesian system.
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