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Abstract We propose a new technique for computing highly accurate approximations to
linear functionals in terms of Galerkin approximations. We illustrate the technique on a sim-
ple model problem, namely, that of the approximation of J (), where J(-) is a very smooth
functional and u is the solution of a Poisson problem; we assume that the solution « and the
solution of the adjoint problem are both very smooth. It is known that, if u, is the approxima-
tion given by the continuous Galerkin method with piecewise polynomials of degree k > 0,
then, as a direct consequence of its property of Galerkin orthogonality, the functional J (uy,)
converges to J (i) with a rate of order #%*. We show how to define approximations to J (i),
with a computational effort about twice of that of computing J (uj), which converge with
a rate of order h*. The new technique combines the adjoint-recovery method for provid-
ing precise approximate functionals by Pierce and Giles (SIAM Rev 42(2):247-264, 2000),
which was devised specifically for numerical approximations without a Galerkin orthogo-
nality property, and the accuracy-enhancing convolution technique of Bramble and Schatz
(Math Comput 31(137):94-111, 1977), which was devised specifically for numerical meth-
ods satisfying a Galerkin orthogonality property, that is, for finite element methods like, for
example, continuous Galerkin, mixed, discontinuous Galerkin and the so-called hybridizable
discontinuous Galerkin methods. For the latter methods, we present numerical experiments,
fork =1, 2, 3 in one-space dimension and for k = 1, 2 in two-space dimensions, which show
that J (u;,) converges to J (1) with order 22**! and that the new approximations converges
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with order #*. The numerical experiments also indicate, for the p-version of the method,
that the rate of exponential convergence of the new approximations is about twice that of

J(up).

Keywords Approximation of linear functionals - Adjoint-based error correction -
Galerkin methods - Filtering - Convolution

Mathematics Subject Classification 35J47 - 65N12 - 65N30

1 Introduction

This is the first of a series of papers devoted to devising techniques for using Galerkin
approximations to define superconvergent approximations to functionals. In many engineer-
ing applications such as flow control and optimization, it is more important to obtain accurate
approximations of certain functionals J (-) of the state variables u than to get accurate approx-
imations of the variables themselves. These functionals are useful in describing quantities of
interest like, for example, significant physical parameters of a dynamical system, the mean
value in a domain, or the flux crossing certain boundary. See the 2002 paper by Giles and
Siili [11] which contains a thorough overview of these adjoint methods. Here, we consider
the problem of approximating the model functional

Jw) = (g,u)q = /;Zg(x)u(x)dx,

where u is the solution of a second-order elliptic problem

—Au=f inQ, (1.1a)
u=up onoas2, (1.1b)

in terms of a Galerkin approximation uy, to the state variable # and show that, by only doubling
the computational effort needed for computing J (u;,), a new approximation can be obtained
which is significantly closer to J (u) than J (up).

This new technique is based on a combination of the adjoint-recovery method for approx-
imating functionals obtained by Pierce and Giles in 2000 [14] and the accuracy-enhancing
convolution method proposed by Bramble and Schatz in 1977 [1]. Next, we describe these
methods for the functional J (1) just introduced. However, note that the two above-mentioned
methods are general enough as to be applicable to very general functionals, and not only to
a wide variety of partial differential equations but to a wide class of Galerkin numerical
approximations including those provided by the mixed methods, by all adjoint-consistent
DG methods and by the classic continuous Galerkin methods.

1.1 The Adjoint Error Correction Method
Let us begin by describing the adjoint error correction method by Pierce and Giles [14]. If
uy, is any H'(2) approximation to u such that u;, = up on 92, we can write that

Ju) = u, 9a
= (up, 8o + (U —up, ga
= (up, go + (u —up, —Av)g
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= (up, 8o + (V(u —up), Vv)g
= (up, 8o + (V@ —up), Voo + (V@ — up), V(v — va))e,
where v is the solution of the adjoint problem
—Av=g inQ, (1.2a)
v=0 onde, (1.2b)

and vy, is any H' () approximation to v.
Thus, if we take, as approximation to J (), not J (uy,) but

Jn(up, vp) == Jup) + (V@ —up), Vop)g,
we obtain
[J(u) = JpCup, va)| < NV —up) 2@V —vn)llp2 -

Therefore, if we are willing to pay the price of computing an approximation vy to v (which
essentially doubles the computational effort) in order to incorporate the adjoint-correction
term

ACp := (V(u —up), Vop)a,

into the approximation of the functional, we can, remarkably enough, double the order of
convergence of the approximation since the approximation error is

J(u) = Jp(up, vp) = Ep = (V(u —up), Vv — vp))g,
because
[J(u) = Jup)| < IV —up)ll 2 IVVllL2¢0)-

This is the adjoint-correction technique proposed by Pierce and Giles [14].

1.2 Extension to Galerkin Methods

Note that the adjoint-correction term is zero if the method defining u;, has the well-known
Galerkin orthogonality property. Indeed, in this case

ACL = (V(u —up), Vo) = 0.

In general, the adjoint-correction terms are different from zero for numerical methods without
a Galerkin orthogonality property. Because of this, one might conclude that it is not possible to
obtain better approximations of the functional under consideration if u, satisfies the Galerkin
orthogonality property. However, if we could use the finite element approximations u;, and vy,
to efficiently compute approximations «j, and v;; which converge faster to u and v that u, and
vy, respectively, the new approximation, Jj, (uy, v;;), would converge faster than Jj, (uy, vp)
since

1) = Tn @, v < 1V @ = w20y IV = )20

The first result of this type was obtained by Pierce and Giles in their original 2000 work
[14]. They considered the model problem (1.1) with €2 a square, defined u}, as the continuous
finite element solution using piecewise bilinear elements, and took the postprocessing u}
as the bicubic spline interpolation through the computed nodal values. They did obtain that
Jh (uz, vZ) converges with a rate of order O(h4). Later in 2004, Giles et al. [10], remarkably
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enough, extended this result to unstructured meshes made of triangles. On the other hand,
Pierce and Giles ended their 2000 paper [14] wondering if there was a systematic way of
doing this for k > 1 and for other partial differential equations.

An effort to answer such question was carried out by Cockburn and Ichikawa in 2007 [7] in
the framework of ordinary differential equations and one-dimensional convection-diffusion
equations; discontinuous Galerkin (DG) approximations u;, and v, were used. For these two
problems, the approximation J (1}, v}}) was proven to converge with a rate of order O(h*)
when polynomials of degree k were used to define u; and vj,. The convergence properties of
the locally computed functions u} and vj are based on the superconvergence properties of
the numerical traces of the DG methods obtained, for ODEs, back in 1981 [9] and, for the
above-mentioned one-dimensional problem, in 2007 [2]. Unfortunately, these properties do
not hold in the multidimensional case and so this approach cannot be used in that case.

1.3 Filtering by Convolution

Fortunately, in the multidimensional case, there is a technique that allows us to locally post-
process an approximation u, defined by Galerkin methods to get a better approximation u;.
It is well known that functions satisfying a Galerkin orthogonality property must oscillate
around the exact solutions in a fixed pattern. If the mesh is translation invariant, it is possible
to filter out these oscillations and achieve a much better approximation in a very efficient
manner. Indeed, in 1977, Bramble and Schatz [1] showed that if u, is given by a Galerkin
method converging with order #*T!, a simple, local convolution converges with order 2% in
the interior of the domain. Applications of this technique to discontinuous Galerkin methods
for linear hyperbolic problems was carried out in 2003 by Cockburn et al. [8]. In 1977,
Thomée [18] showed how to use the technique to approximate derivatives of any order and
in 2009, Ryan and Cockburn [17] applied Thomée’s approach to discontinuous Galerkin
methods for hyperbolic problems.

In 2010, Ichikawa [12] considered our model elliptic problem and proposed for the first
time to use the 1977 accuracy-enhancing local filter (by convolution) of Bramble and Schatz
[1] to compute the functions u} and v} from the approximations u; and vy, respectively.
He used the hybridizable discontinuous Galerkin (HDG) [5,6] with piecewise polynomial
approximations of degree k to define u;, and vy, and then applied a convolution, using both the
symmetric convolution kernel advocated by Bramble and Schatz [1] and the non-symmetric
ones proposed by Ryan and Shu [15], to define u; and v} in the whole two-dimensional
square domain 2. Ichikawa’s [12] numerical results, on uniform meshes made of squares,
show that Jj, (u;kl, vZ) actually converges with a rate of order O(h‘”‘) fork=1,2,3.

1.4 The New Technique

Here, we propose a variation of Ichikawa’s way of computing the functions uj and vj. This
variation is motivated by the fact that, we can use the symmetric kernels advocated by Bramble
and Schatz [1] and Thomée [18] to compute these functions only in a strict subdomain 2o
of Q. To compute them in the whole domain €2, we could use one-sided convolution kernels,
see Ryan and Shu [15], to be able to go up to the boundary, as shown by Ichikawa [12] in
2010. However, we prefer not to do that for three reasons. The first is that there is still no
theoretical justification that going up to the boundary with one-sided filters results in a high-
order approximation. The second is that filters able to deal with curved or very complicated
boundaries remain to be developed. The last is that, as Ryan et al. [16] put it: ““...near the
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Fig. 1 A schematic of the definition of the function u,’;

boundaries, where the one-sided post-processor is applied, the error is larger than in the
interior, where the symmetric post processor is applied”.

Next, we describe how do we compute ”Z A schematic illustration of such definition is
shown in Fig. 1. To fix ideas, let ufl denote the HDG approximation which uses polynomial
approximations of degree £ on each element; a similar definition holds for any other finite
element method. We proceed in four steps as follows:

(I Using a translation-invariant mesh in most of the domain, we set u];l to be the HDG
solution of the model problem.
(II) Using the accuracy-enhancing local convolution of Bramble and Schatz [1], we compute
uj on the subdomain Qo with a symmetric convolution kernel.
(IIT) We compute the approximation uik given by the HDG method on the domain 21 :=
Q \ Q) where the boundary condition on the boundary of g is the trace of uj.
(IV) On Q1, we set uj to be the approximation u%".

Note that, for some special domains and boundary data, it is possible to take the set 2 to
be €2, as Bramble and Schatz themselves showed in their original work [1]. In this case, we
do not need to carry out the last two steps of the construction of u}. Let us also note that we
have tacitly assumed that the set 2 is independent of the mesh and of k. This need not to be
the case, as our numerical results show.

The computation of the function v;; is obtained in the same manner except that there is no
need to compute v;; outside Q. As we are going to see, the reason is that uj; outside Qg is
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defined by a Galerkin method and so the corresponding contribution to the adjoint-correction
term is zero.

To end, let us give the heuristics of why we believe this new algorithm provides what we
want. First, note that it can be proven that J (u’;l) converges with a rate of order h2¥+! to
J (1) whenever u and v are both very smooth. For the same reasons, u; and v} can also be
proven to converge to « and v, respectively, with a rate of order #2*! in L?(0) and even in
L (), if u and v are sufficiently smooth. This motivates the definition of uZ in 21 as uﬁk
since we would have that it converges to u with a rate of order h2+1in 1.2(Q) and even in
L% (Q1), if u and v are sufficiently smooth. In this way, we ensure that u%k and v} converge
to u and v, respectively, with a rate of order h2k+1in LZ(Q) and even in L°°(£2), and that,
as a consequence, Jp (uz, UZ) converges to J (u) with a rate of order O(h*). Our numerical
experiments show that this is indeed the case. This is the main contribution of this paper. A
rigorous a priori error analysis putting in firm mathematical ground of this approach will be
carried out elsewhere.

1.5 The Organization of the Paper

The remainder of the paper is organized as follows. In Sect. 2, we present our main result,
Theorem 2.1, which provides a systematic way to defining the adjoint-correction approxi-
mations Jj, (u, v};) while providing the corresponding approximation errors. It is a simple
variation of the approach proposed by Pierce and Giles [14]. We then present two particular
cases which provide the new approximations we seek. They differ in how the approximation
in 2 is used to define them. One approximation uses the piecewise gradients while the
other, the approximate fluxes. Expressions for their approximation errors are then given in
Theorems 2.2 and 2.3, respectively. In Sect. 3, we give detailed proofs of our theorems. In
Sect. 4, we provide numerical experiments showing the performance of the approximations.
Finally, in Sect. 5, we end with a short discussion on possible variations, extensions, and with
a short description of our forthcoming work.

2 Adjoint-Based Super-Convergent Approximations

In this section, we show how to define the adjoint-based approximations Jj (”Z’ vZ). We
begin by introducing the Galerkin methods we are going to use, namely, the HDG methods.
We then introduce the convolution kernel and recall how to actually compute it. We finally
present a general approach for defining the adjoint-based approximations and then give two
particular cases.

2.1 The HDG Methods

The HDG method was introduced in the framework of steady-state diffusion by Cockburn et
al. in 2009 [6]; see also the recent review in [5]. We use it here because it has a framework
general enough which allows us to consider other Galerkin methods.

For any given triangulation of the domain €2, 73, made of elements K, we set 97, to be
the set of all boundaries K of the elements K. We say that F' is an interior face of the
triangulation if there are two elements K+ and K~ in 7j, such that F = dK TN 9K~ and its
(d — 1)—Lebesgue measure is not zero; we denote by F, 111 the set of interior faces associated
with the triangulation. We say that F' is a boundary face of the triangulation if there is an
element K € 7; such that F = 9K N 92 and its (d — 1)—Lebesgue measure is not zero;
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we denote by f;l’ = 0 N 937, the set of boundary faces. We denote by Fj, the set of all
faces.

On any face F € ]-';; such that F = KT N 9K ™, we denote by v and v~ the traces
of a function v defined inside K+ and K ~, respectively. We denote by n* the unit outward
normal to K* and set

[WllF:=w -n~ +w".n',
for any vector-valued functions w € H L. Similarly, for w € L%(37;) we set
[WllF:=W -n~ +W".n",

where W and W™ are the values of the function W on d K+ and d K —, respectively. Note that
for a function W € L2(8Th) these two values are not necessarily the same. In contrast, any
function W € L?(F},) is single valued on any face of the triangulation.

Finally, we set

Goz= ) Gk ez = Y ek, and (G )m = ) (),

KeT, KeT, FeFy

where (1, {)p and (1, { ) denote the integral of the productn, £ on D C RY and G ¢ RY~1,
respectively. Note that, for ¢ € L3(F), w € H (7)) and W € L*(37;,), we have

(W -, {)67’}, = <W -, ;‘)]—'ﬁ + (IIW]]v §>]:)’15
0. 0oz = (% 0.0) g+ (8], 0) .

We are now ready to define the HDG method. It seeks an approximation (qp, uj, uy) €
Vi x Wy, x My (up) where

V) = [v cLXQ): vig e PUK)IVK € 77,]
Wi={weL*Q): wlk e PuK)VK €T},
Mi(n) = {m € LAFy) s mlr € PeF)Y F € Fjmlag =},

to the exact solution (q|gq, u|q, u|#,) by considering a global problem for the trace %), and
local problems for (qyz, uj,). Wherein, the approximation (qy, 1) is expressed in terms of f
and uj, by local solvers:

Qqn,v)7 — Wp, V1)1, = —('M\h,l‘-n)afz;l, Vr eV,
—(qn, V)7, +(q -m, w)py, = (f, w7, Ywe Wy,

Q- -n= qp -n+7tu, —uy) ondTy,

and iy, € Mj,(up) is determined from the global solver by imposing the transmission condi-
tion
(@ -, oz, = (@l )z =0 V€ My (0).

2.2 Filtering the Errors of a Galerkin Approximation

Here, we recall the definition of the convolution used by Bramble and Schatz [1] and show
that to compute it on any element, we only have to carry out a matrix multiplication with a
single matrix which can be obtained offline. We illustrate this in the one-dimensional case.
Let us first describe the kernel of the convolution. The convolution uses a symmetric kernel
which is a linear combination of B-splines and is defined as follows. Denote by x a function
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which is one on the interval (—%, %) and zero outside of it, and set @ = §, where § is the
Dirac delta function. The B-spline of n-th order is ¥ = =1 s« . Then, given uy, the
convolution is u} := Kj * up(x), where Kj := %K () and

Y2
K=Y Cy*tx—y),

Y=vi

where & is the mesh size. For a symmetric kernel, —y; = y» = k. The coefficients of the
kernel Cy, are determined by requiring that (!« K)(x) = x! forl =0, ..., 2k. A simple
calculation gives the system of equations of C,,

& ifl =0
(k+1) =Y
2. ¢ / S A ”)dy_{ ifl=1,...,2. @D

Y=V

Note that the support of ¥ * D () is [— k+1 k+1] As a consequence, the support of the
kernel K, involves only a fixed number of elements

Finally, let us point out that another way of computing the kernels is provided by Thomée
in 1977 [18] by using Fourier techniques. It can be easily implemented in any symbolic
manipulator.

Now, suppose u, is an approximate solution to a one-dimensional problem on a uniform
mesh. Let us show how to compute uZ(x) for any x in the interval I; = (x;_1, x;). If there
are N intervals, then u;, can be written in the following expansion form:

N xe 1/2
wn(x) =YY upln ( )x:,(x),

=1 m=1

where [, is the Legendre polynomial of degree m — 1 and x¢_1/2 is the midpoint of the
interval I;, and N, =k + 1.
For x € I;, we have

Ky s up(x) = /Oo 1 Z c Ilf(k“)( V) w (y) dy

Y=V
— Z / AN (— )ZZM I ( Yo ‘”) dy
y=n (=1 m=1 /2
v Np h
CEF G [ (Y
y=Y1m=1{=1 h

where r € (=1, 1) is defined by y = xy_1/2 + %r.
Now, for x € [I;, we have that £ € (—1, 1) when we define it by x = %S + Xxi—1/2. Then

X—=Xp—1)2 X —Xi—1)2 | Xi—1p—Xe—12 &
= LR
h h + h 2 i

and, setting j := ¢ — i, we get

rn Np

Kpvun() =Y 3 Z / w(”“( ;—y> I (r)dr.

y=vim=1 j=-2k
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Note that we are taking —2k < j < 2k because, for the values of j outside this range, the
. k 1 . .
function ¥ **1D is zero at (% -j—-5- y).
In our implementation, we need to evaluate Ky * uy, at N, quadrature points x, on the

Interval /;. This means that we only have to precompute a single array, independent of the
elements, namely,

1
& .r
Anjsm = f y & (;" —i=5- m) Ly (r)dr, 2.2)
—1

where j = =2k, ...,2k,s = —k,...,k,andm,n = 1,..., N,. More details on the efficient
implementation of this convolution can be found in the 2012 paper by Mirzaee et al. [13].

Algorithm 1: Calculation of the coefficient matrix for Kj, * uj,

for &, n = L...,Ng; /* # of quadrature points on the element */
do
for j = -2k, ..., 2k ; /* Neighbors */
do
Apj—k 1l Anj—k+1,1 - Anjkd
Anj—k2 Anj—k+12 - Anjk2

Calculate . . . N

Anj,—k,Np An,j,—k+1,Np -+ An jk,Np
end
end

2.3 A General Approach to Getting Adjoint-Based Approximations

The choices for the new approximations we seek are in fact particular cases of a general, but
simple result which provides both the definition of the approximation and its corresponding
error. As we pointed out in the Introduction, it is a simple variation of the approach by Pierce
and Giles [14].

Theorem 2.1 For any functions
(A, Un. Gy, - 0, T, (Py. Vi Py - 1, V) € LA(T) x H'(Tp) x L*(0T;) x L*(Fp).
such that Uy, = u andVy, = 0 on 92, we have that
JW) == (u, o = J(Up) + AC, + Ep,
where
ACy == (f, V)7, + @y, V7, — (@ -1, Vi) aT,
+ (@, + VUi, PR 7, — (Up — Up, Py, - M)y,
+ (@, - 0, Vi) s7\00
+ (Up = Un, (P, — Pp) - M)57;,,
Ep:=(q —9d, p—Pn71
+(@q —q;,. P, + VYV, + (@ + VUi, p— Pp)T,
+ (@, — @) -0,V = Vi) o, + (Up — Up, (B, — p) - M)y,
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Let us briefly discuss this identity. Note that this result holds for arbitrary functions
(q]17 Uh,ah nvah) and (phsvhvﬁh 'n'vh)‘

This means that we can use any numerical approximation to define these functions; the use
of HDG methods is not required. Of course, these functions should be approximations of

qlo.ulg,q -nly7,, ulF) and (ple,vie, p-nlyz,, vlsF,)

respectively, if we expect the error term E), to be small. Because of this, it is reasonable to
take Uy, = u and Vj, = v = 0 on 9%2, as well as to expect that the functions q,, + Vu, and
p;, + Vv, to be small because ¢ + Vu = 0 and p + Vv = 0. These considerations are behind
the choices we have taken in order to obtain the approximations presented in the previous
subsection.

Note also that we are assuming that the numerical traces Uy, and Vj, lie in L>(F,), which
means that they are single valued on each face lying on Fj,. In contrast, we are not making
this assumption on the normal components of the numerical traces @, and p,.

Finally, note that the definition of the adjoint-correction term ACy, is suggested by the
very definition of the HDG methods. Thus, the first two terms correspond to the definition of
the so-called local problems and the last term to the transmission condition. The fourth term
can be interpreted as the contribution of the lack of conformity of the spaces of the HDG
method.

The motivation for defining the adjoint-correction term ACy, in this way is that we want
to extend the idea that the adjoint-correction term must be different from zero whenever the
numerical scheme does not satisfy a “Galerkin orthogonality” property. In our extension,
instead of the “Galerkin orthogonality” property, we use the weak formulations defining the
scheme both inside the elements and across their boundaries. Moreover, we also consider a
term (the fourth term) which is generated by the lack of conformity of the numerical methods.

Let us illustrate this result on some simple cases. To consider the case treated in the
Introduction, we set

Ay, Up, G -1, Up) == (—Vup, up, —Vuy -1, up),
P> Vi, P, - M, V) i= (=Vup, vy, =V, - m, vp),
and, since uy, and vy, lie in C1(RQ), we get that
ACr=(f = fov)T,, En= N0 —up), Vi —vp))7,-
We thus recover the identity
JW) = Jup) + (f = fo, v, + (V@ —up), Vv — o),

obtained in the Introduction.
Let us now consider the case in which

@y, Un, O -0, Up) i= (qy, un, g -, Up),
Py, Vi, Py, - M, Vi) := (py, Uy, Py - M, Vp),

where the above functions are provided by an HDG method for the model and adjoint prob-
lems, respectively. In this case, a simple calculation gives that

ACy = (Up, — Up, (P — Pp) - 1)o7, -
Note that the first three terms of the adjoint correction terms ACj, are zero by the very

definition of the HDG methods. This is certainly not an accident, as the adjoint correction

@ Springer



654 J Sci Comput (2017) 73:644—666

term was devised with this in mind, as we pointed out above. The fourth term measures the
lack of conformity of the methods. It is zero for any mixed method and for the staggered DG
method [3,4].

2.4 Two Adjoint-Based Approximations

Here, we define two adjoint-based approximations to the functional J (u).

2.4.1 Notation

To do that, we begin by introducing some notation. We assume that any given element K € 7,
is fully included in either ¢ or 2; and set, or j =0, 1,
Tin :={K€7;,ZKCQ]‘},
3T ={0K € T, : K C Qj},
Fin:={F e F(K): K € Tj}.

We denote by
(qh,uh,q,1 -n,uh> and (ph,vh,ph -n,v )

the HDG approximations, using polynomials of degree ¢ := k, of the model and adjoint
problems, respectively, on the whole domain 2. We also denote by

2%k 2%k =2k o =2k 2k 2k =2k o =2k
(qh Jup gy - n g ) and (ph LU, P oM,y )

the HDG approximations, using polynomials of degree ¢ := 2k, of the model and adjoint
problems, respectively, on the domain €2;. The Dirichlet boundary conditions for the model
and adjoint problems on €2 \ 92 are

~2k k

'u\hzk:Kh*uﬁ and V" = Kp, *vj,.

Finally, we denote our approximations by J; (uj, v;;), where

Ky xuf  inK € Top, Kpxvf  inK € Top,
* * .
Up = ) and v = % )

uy, in K € Ty, v, in K € Ty,

even though, by Theorem 2.1, the approximations do depend on the numerical traces and
the approximation of the gradients. The two approximations we present next have the same
way of using the information on €o; they use both u; and v} as well as their gradients Vuj
and Vv therein. However, the approximations differ only in the way the information on the
solution in €27 is used.

2.4.2 An Approximation Using the Piecewise Gradients in 2

Our first approximation uses both u%" and v,%k as well as their piecewise gradients Vuik and
Vvﬁk on 71;. (This is why we use the superscript ¢ to denote it.) It is given by

JEug, vp) = J(u}) + ACj,
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where the adjoint-correction term is

ACy = (f,v)1, — (Vuy, Vo),
~ ~ok 2%k
+(@;" 0,0 - Uh )T
~2k 2k =2
+ (u;” — u, yPh “M)HT,

The expression of the error of this approximation is provided in the following result.

Theorem 2.2 We have that J(u) = J (u},, v;)) + Ej}, where the error of the approximation
is

=(q+Vu,, p+ Vv?;)n

(@ — @) -n, v 5%,
+ @t =k, P — p) -n)ay,.

2.4.3 An Approximation Using the Approximate Fluxes in Q

Our second approximation uses the approximate fluxes qﬁk and p%k instead piecewise gra-
dients Vu,zlk and Vv,zlk in 7q;. (This is why we use the superscript * to denote it.) It is given

by
iy, vp) = J(uy) + ACy,

where the adjoint-correction term is

AC,Fl = (f, vZ)TOh — (VMZ, VvZ)TOh
+ @ n, vhk)ml\asz
+ W%lk “h ’(P Phk) “M)HTi,-

Note that the contribution to the adjoint-correction term of the approximation in €21 can
be expressed only in terms of boundary integrals which are easier to compute that volume
integrals.

The error of this approximation is characterized in the following result.

Theorem 2.3 We have J(u) = J; (uj, v;)) + Ej, where the error of the approximation is
E; :=(q+Vu;,p+ Vo),
+(q—q;* . p—piO7,
+(q —a;", Pt + Vo, + @ + Vgt p— i,

+ (@ Pk — p)-n)a,.

2k ~2k
—q)-n,v; —;, )3’2];,"‘(14 —uh (p;,

3 Proofs

This Section is devoted to providing detailed proofs of the expressions and corresponding
approximation errors for our two approximations, Theorems 2.2 and 2.3. Since these theorems
are particular cases of Theorem 2.1, we begin by proving it.
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3.1 Proof of the Identity for J (u) of Theorem 2.1

To prove Theorem 2.1, we begin by noting that, if we use the fact that —Av = g and set
p = —Vv, we easily get that
Ju) = JUp) + @ —us, V- p)7,
= Jup) — (V(u —up), p)7;, + (u — Up, p-m)yy,
= J(Up) + (g + VUp, p)7, + (4 — Up, p - M)57;,
since ¢ = —Vu. Now, we perform very simple algebraic manipulations in order to exploit
the fact that we expect the functions q;, 4+ Vuy, and p;, + VVj, to be small. We have
J() = J(up) = (¢ — Ay, P, + @y, + VUi, p)7;, + (4 — Up, p - M)y,
=(q — 9, Py)7, + Ay + VUi, Pp) 75,
+(q = p—Pp7, + @+ VU, p—Pp) 7, + (4 — Up, p 1)y,
=—(@q —q; V)7, + @, + VU, P 7, + (@ — Q. P — P T,
+ @ + VUi, p = Pp) 7, + (@ — iy Py + VVR)T, + (4 = Up, p-1)y;,-
Next, we suitably rewrite the second term of the above right-hand side. Integrating by parts
and using the fact that V - ¢ = f, we get
—(q —a, V)7, = — (¢, VVi)7, + (Q;, VVi) T,
= (fs V)7, —{q -0, Vi), + Ay, VVi) T,
= (£ Vi) T, + @, VVR) T, — (@ - 0, Va)aT, + (@) — @) -1, Va)pT,
= (f, V)7, + (@, VVR) T, — (@4 - 1, Vi)aT,
+ (@), -0, Vi)a7, + (@, — @) -1, Vi —Vi)a7, — (g -1, Vo,

Using this expression and rearranging terms, we get

J () — J(Up) = (f, V)7, + @y, VVR) 7, — (@) - 1, Vi),
+(q; + Vui, Py 7,
+ (@) - m, Vi),
+(@ —d,. p— Py
+(Q, +Vup, p— P77 + (g — Qs Py + VVi) 7,
+ (@, —q) - n, Vi, —Vi)aT,
— (g -0, V)7, + (u —Up, p-m)y7;.

Next, we add and subtract several terms to obtain

J@w) — J(Up) = (fs Vi), + @y, YV 7, — (@), -1, Vi) o,
+ (@ + VUn, Pp) 7, — (Un — Un, Py, - M)y,
+ (@), - 0, Vi),
+ (Up —Up, Py - Mo, — (Up — Up, Py - Mo,
+(@ =9 P =Py,
+ @, +VUn, p—Pp)7 + (@ —dpp. Py + VVi) T,
+ (@, —¢q) -0, Vi, —Vi)a7, + (Up—Up, Pp, - 1)o7, — (Un — Up, p - M)y,
— (g -0, Vi), + (4 — Up, p-m)y7;, — (U —Up, p-m)y7;,
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and so,
J(W) = J(Up) + AC, + Ep — (g -0, Vi)y7, + (u — Uy, p - M)y,

Note that so far, we have not used any property of continuity across inter-element bound-
aries or any property of single-valuedness of the numerical traces. However, now we are going
to use the fact that Uy, and V}, are single valued, since they belong to L2(Fp), to conclude that

(u—Up, p-n)yg, = (u—"Uy, p-n)so =0,
(g -1, Vi)s7, = (q -1, Vi)oo =0,

because Uy, = u and Vj, = 0 on 9S2.
This completes the proof of Theorem 2.1.

3.2 Proof of the Identities Defining the Two Approximations

We are now ready to prove Theorems 2.2 and 2.3. We proceed in several steps.

Step 1

We apply Theorem 2.1 with u; = ”Z and v, = v;f, so that we do have that J(u) =
Jn(uy,, vy) + Ep where Jy (uf;, vyy) := J(u}) + ACp, with ACj, = ACp, + ACyp,, where

ACon == (fs Vi) 7o, + @, YV 75, — (@ - 1, (Vi — Vi) o,
+ (a), + VUi, Pp) 7o, — (Un — Uk, Py, - Moz, »
AC1y = (f.vi) 7y, + @ YR T3, — (@) -1, Va)aTy,
+ @y + VUi, PR 7, — (Un — Up, Py - D)o,
+ (@), -, Vi)aTi,\00
+ (Up — Up, (P, — Pp) - M7y,

and E, = Eo, + E1p, where
Eop :=(q — 9y, P — Pp) T,
+ (¢ — 9, P, + VVi) 1y, + Ay + VUn, p — Pp) 15,
+ (@, — @) -0, Vi = Vi)azy, + (Un — U, (B — P) - Moy,
Eip:=(q —dy. p—Pp)Ty
+ (@ —9d. P, +VVi)7y, + @, +VUr, p— P13,
+ (@, — @) -0, Vi —Vi)aTy, + (Un — Up, (B, — ) - Moy,

Step 2

If uy, and vy, lie on C' (), we can take

=Vvp, in Top,

q, = —Vuy, P,

Up = Up, Vi 1=V on Fon,
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and obtain that
ACon = (f, V)1, — (VUp, VVp) 7, = Acgh = ACSh,
Eopn =(q+Vus, p+Vvi, = Ey = Ey,

with the obvious notation.

Step 3

Now, if we take

2k 2k

u, = uh =uy, vy = vh =v;"  inTy,
q, = —Vu%lk, p, = —Vv,zlk in Typ,
g, -n:=g n, P,-n =79 n on 874y,

Uy, = ﬂ,%k, V= i)\th on Fip,

we get, taking into account that v Az" =0on a2,

ACy, = (f,v)) 7, — (Vui, Vo), — @2 -n, v,
+ (@m0 g,

% ok a2k
— (uj, —up , pj Moy,

Eyp=(q+ Vuh , D+ Vvhk)m
+ (@ 2kn — @) -0, vt =07 om, + (' — 1 B~ p)-mha,,
= EY,
and the identity of Theorem 2.2 follows.
Step 4
If we now take
wp = ul = ulk, v =) =ik in Tip,
a, = g7, P = pi¥ in 7i,
~ =2k = 2k
q, n:=q, -n, P, -n:=p; -n on a7y,
Uy, = A}%k, V= Uth on Fip,

we get, by using the definition of the HDG method on €21,

ACy = @ -0, 95000 + @i =0k, (p3* — B -n)yn, = ACY,

Evn=(q _qh P — phk)Tlh
2k 2k 2k
+(q — g p+vulg, + (@ -I—Vuh PP,
+(@F - @ -n v =7, + W -k, B~ p) -n)y,
= Ej),
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Fig. 2 Approximation errors of the postprocessed solution uj when k = 1 and N = 32, 64 and 128. Note
that the error in the set Q \ ¢, which consists of the three leftmost and three rightmost elements of the
mesh, is not bigger than the error in the rest of the domain. Note also that the maximum errors are about
3 x 10_3, 4 x 10_4, 5% 10_5, for N = 32, 64, 128 which means that the error converges with order 3, as it
diminishes by a factor 8 each time N is doubled

and the identity of Theorem 2.3 follows.
This completes the proofs of Theorems 2.2 and 2.3.

4 Numerical Experiments

This section is devoted to testing the convergence properties of the approximations J; (u};, v};)
and J; (uj, vy) to J(u) := (g, u)q whenever the solutions u and v of the model problem
(1.1) and its adjoint (1.2), respectively, are very smooth. As argued in the introduction, we
expect that, when k-th degree of polynomials are used for the HDG approximation, the above-
mentioned adjoint-corrected approximations will converge with a rate of order O (h*F). The
numerical results we present confirm this expectation.

4.1 The One-Dimensional Case

We consider the model problem (1.1) with 2 := (0, 1) and take f such that the exact solution
of the problem is u := sin(37wx). Moreover, we take g := 972 sin(37x) so that the exact
solution to the adjoint problem is v = sin(37x).

In our implementation, to be able to clearly see the orders of convergence for highly refined
meshes, we use MATLAB symbolic toolbox and select 60 digits in the variable precision
arithmetic (vpa). We use the HDG method with polynomials of degree k on a uniform mesh
of N elements to define u;, and vj,. We define Q¢ by removing from €2 the 2k + 1 leftmost
and 2k + 1 rightmost intervals of its mesh.

Let us begin by showing how the function uj, converges as we refine the mesh. In Fig. 2,
fork = 1 and N = 32, 64, and 128, we see that the magnitude of the approximation error
u — uj decays at the order of O(h3=2+1) as expected. We also see that the error u — uy
behaves differently on €2¢p and on the region €2;. The latter consists of the 3 = 2k + 1 leftmost
intervals and the 3 = 2k + 1 rightmost intervals of the mesh. This reflects the fact that uj; is
computed differently in each of those sets. Indeed, recall that in 2, ”Z is Kj, * uﬁ whereas
in Q, itis uﬁk. Since the effect of the convolution is to filter out the oscillations of the error
u— uﬁ, we expect the error u — uz not to oscillate much around zero within each element on
0. In contrast, in €21, we see that, although the error is oscillatory, it does not really oscillate
around zero. This is consistent with the fact that the boundary data on the points of ©2; lying
on the boundary of €2 are exact whereas the boundary data at the points lying in the interior
of Q2 are not.
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Table 1 History of convergence of J,f (u;;, v;:) (h-version) for g(x) = 72 sin(37x)

N lu = unll2q) Order [J () — J(up)| Order |J (u) — J7 (uf, v Order
k=1

16 1.10e—01 - 1.13e+4-00 - 1.96e—01 -

32 2.78e—02 1.99 1.45e—01 2.97 2.96e—03 6.05
64 6.96e—03 2.00 1.83e—02 2.99 5.50e—05 5.75
128 1.74e—03 2.00 2.29¢e—03 3.00 2.11e—06 4.71
256 4.36e—04 2.00 2.86e—04 3.00 1.17e—07 4.17
512 1.09e—04 2.00 3.58e—05 3.00 7.15e—09 4.04
1024 2.73e—05 2.00 4.48e—06 3.00 4.44e—10 4.01
2048 6.81e—06 2.00 5.60e—07 3.00 2.77e—11 4.00
k=2

16 5.04e—03 - 3.97e—03 - 1.03e—07 -

32 6.35e—04 2.99 1.26e—04 4.98 1.79e—10 9.17
64 7.95e—05 3.00 3.96e—06 4.99 5.21e—13 8.43
128 9.95e—06 3.00 1.24e—07 5.00 1.62e—15 8.33
256 1.24e—06 3.00 3.88¢e—09 5.00 5.84e—18 8.12
512 1.56e—07 3.00 1.21e—10 5.00 2.26e—20 8.02
1024 1.94e—08 3.00 3.80e—12 5.00 8.87¢—23 7.99
2048 2.43e—09 3.00 1.19e—13 5.00 3.49e—25 7.99
k=3

16 1.80e—04 - 7.07e—06 - 8.12e—10 -

32 1.13e—05 3.99 5.60e—08 6.98 1.17e—13 12.76
64 7.07e—07 4.00 4.39e—10 6.99 2.17e—18 15.72
128 4.42¢—08 4.00 3.44e—12 7.00 3.11e—23 16.09
256 2.77e—09 4.00 2.69e—14 7.00 4.41e—28 16.11
512 1.73e—10 4.00 2.10e—16 7.00 1.54e—32 14.80
1024 1.08e—11 4.00 1.64e—18 7.00 2.83e—36 12.41
2048 6.75e—13 4.00 1.28e—20 7.00 6.89e—40 12.00

Next, we show the history of convergence of the i-version of the method. The numerical
results related to the approximation using the piecewise gradients of 1} and v} in  are
listed in Table 1; those related to the approximation using the approximate fluxes in €21 are
listed in Table 3. As expected, we observe that uj, converges at the rate of O(h*1), that the
linear functional approximation J (uy,) converges to J (u) at the rate of O(h*+1y, and that
Jj (uj;, vy;) converges to J(u) at the rate of O(h*) in both approaches. In Table 3, we also
see that the approximation using the approximate fluxes seems to be superior to that using
the piecewise gradients, especially in coarser meshes and k = 1. The difference, however,
becomes smaller and smaller as we refine the mesh. Moreover, for k = 2 and k = 3 there
seems to be no difference between the two approximations at all.
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Table 2 History of convergence of J,f (u;;, v;:) (p-version) for g(x) = 72 sin(37x)

k lu —unll2q) Rate [J () — J(up)l Rate |J (u) = J (uf, v Rate
N = 1024

1 2.73e—05 - 4.48e—06 - 4.44e—10 -

2 1.94e—08 6.9 3.79¢—12 13.9 8.87e—23 29.2
3 1.08e—11 7.8 1.64e—18 14.7 2.83e—36 31.1
N = 2048

1 6.81e—06 - 5.60e—07 - 2.77e—11 -

2 2.43e—09 7.9 1.19¢e—13 154 3.49e—25 32.0
3 6.75e—13 8.2 1.28e—20 16.0 6.89e—40 339

Table 3 History of convergence
of Ji (uj, vj¥) (h-version) and N |J () = Jp (ufs, v Order R}

h

g(x) = w2 sin(37x), and
comparison with the
approximation J;’ (u}, vj}) k=1

16 2.93e—02 - 6.69

32 7.81e—04 523 3.79

64 3.13e—05 4.64 1.76
Here RZ denotes the ratio of the 128 1.76e—06 4.15 1.20
approximation error 256 1.10e—07 4.00 1.06
|J () — J; (uf;, vj)| to the
approximation error 512 6.95e—09 3.98 1.03
[J ) = JE @ vl Fork =2 1024 4.38e—10 3.99 1.01
and k = 3 this ratio is 1.00 in all 2048 2.75e—11 399 1.01

the meshes considered below

Finally, let us show the history of convergence of the p-version of the methods. In Table 2,
we compare the rates of exponential convergence with respect to the polynomial degree k.
(We say that e(k) converges exponentially to zero with rate « if we can write that e(k) =
c exp(—a k).) We see that the rate of exponential convergence of |J (1) — J;'(u}, v};)| (and
that of |J (u) — JJ (u}, v;)| by the results in Table 3) is twice that of |J (u) — J (uy,)| which,
in turn, is twice that of [lu — up |l 12(q)-

4.2 The Two-Dimensional Case

For our model problem (1.1) in two-space dimensions, we now select the exact solution to
be u(x,y) := sin(3zwx)sin(37ry) on Q = (0, 1) x (0, 1); the boundary conditions and the
source term f is determined accordingly. We also take g(x, y) := 1872 sin(37x) sin(37y)
so that v(x, y) := sin(3w x) sin(37y).

Unlike what was done in the one-dimension case, we use the MATLAB default double
precision arithmetic in this implementation. We use the HDG method with polynomials of
degree k on a uniform mesh of 2N triangular elements to define u;, and v,. The mesh is
obtained by first dividing € into N2 identical squares and then dividing each of the squares
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Fig. 3 Approximation errors of “Z when k = 1 and N = 16 (top), N = 32 (middle) and N = 64 (bottom).
Note that the maximum error size in the set Q \ €2(, which consists of a strip of elements of the mesh, is
essentially the same as the maximum of the error size in the rest of the domain. Note also that the maximum
errors are about 3.2 x 1073, 3.8 x 1074, 4.6 x 10~5, for N = 16, 32, 64 which means that the error converges
with order 3, as it diminishes by a factor 8 each time N is doubled

by joining the upper-right and lower-left vertices. We define ¢ by removing from 2 a
boundary layer with at thickness of 2k + 1 squares.

Let us start by showing that the function uj seems to converge just as in the one-
dimensional case. Indeed, in Fig. 3, for k = 1 and N = 16, 32, and 64, we see that the
approximation errors u — uj are smaller in the region € than in the region Q. We also see
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Table 4 History of convergence of J,f (u;;, v;:) (h-version) for g(x, y) = 1872 sin(3x) sin(3wy)

h lu = unll2q) Order [J () — J(up)l Order | (u) — Jp (uf, vp) Order
k =

V218 2.76e—01 - 7.97e+4-00 - 8.73e+-00 -
V216 7.73e—02 1.84 1.23e+4-00 2.69 4.22e—01 4.37
V2132 1.99¢e—02 1.96 1.64e—01 2.91 1.67e—02 4.66
V2164 5.02e—03 1.99 2.10e—02 2.97 6.49¢e—04 4.68
k=2

V2/8 4.44e—02 - 3.32e—01 - 8.51e—03 -
V2116 5.97e—03 2.90 1.33e—02 4.64 3.15e—05 8.08
V2132 7.61e—04 2.97 5.12e—04 4.70 8.18e—08 8.59
V2/64 9.57e—05 2.99 2.11e—05 4.60 1.49¢—10 9.10

Table 5 History of convergence

of Ji (uj, v)) (h-version) for h IJ () — Jj(uf, vl Order R}

g(x s y) =

1872 sin(3x) sin(3wy), and

comparison with the k=1

approximation J£ (u}, v})

T V218 1.30e—01 - 67.15
V2/16 4.09e—02 1.67 10.31
V2132 2.75e—03 3.90 6.07
V2/64 1.78e—04 3.95 3.64
k=2
V2/8 1.10e—04 - 77.36
N .

Here R‘h depotes the ratio of the V16 3346—06 504 943

approximation error

|J () — J§ (i, o)) to the V2132 2.87e—08 6.86 2.85

approximation error V2064 6.19e—11 8.86 2.41

1T () = JE @, )

that the errors have the same shape as N increases and that their magnitude decays at the
order of O(h3=2k*1)  as expected. Note that Q is obtained by removing from € a boundary
layer thick of 3 = 2k 4 1 squares.

Let us now show the history of convergence of the /-version of the methods. In Tables 4
and 5, we see that the HDG solution i, obtained by using k-th order polynomials converges at
the rate of O(h¥*1), the approximation J (uj) has the accuracy of Oh*+1 and the adjoint-
correction approximations J;’(u, v;}) and J; (u}, v;;) converges not slower than Oh*), as
anticipated. We also see that the approximation by J; (u}, v;’) seems to be better.

Finally, let us show the history of convergence of the p-version of the method. In Tables 6
and 7, we compare the rates of exponential convergence with respect to the polynomial
degree k. We see a behavior similar to that of the one-dimensional case. Indeed, the rate of
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Table 6 History of convergence of J,f (u;;, v;:) (p-version) for g(x, y) = 1872 sin(3x) sin(3wy)

k lu = unll;2q) Rate [J () — J(up)l Rate |J (u) = J (uf, v Rate
h=~2/32

1 1.99¢—02 - 1.64e—01 - 1.67e—02 -

2 7.61e—04 3.3 5.12e—04 5.8 8.18e—08 12.2
h=+/2/64

1 5.02e—03 - 2.10e—02 - 6.49¢e—04 -

2 9.57e—05 4.0 2.11e—05 6.9 1.49¢e—10 15.3

Table 7 History of convergence of J;(uz, UZ) (p-version) for g(x, y) = 1872 sin(37rx) sin(3wy)

k lw — uy, ”Lz(Q) Rate [J(u) — J(up)| Rate |J (u) — J;(uz, vl Rate
h=~2/32

1 1.99¢—02 - 1.64e—01 - 2.75e—03 -

2 7.61e—04 3.3 5.12e—04 5.8 2.87e—08 11.5
h=/2/64

1 5.02e—03 - 2.10e—02 - 1.78e—04 -

2 9.57e—05 4.0 2.11e—05 6.9 6.19e—11 14.9

exponential convergence of |J () — J(uy)| is about % times that of |[u — uy || 12(q) Whereas
that of |J (u) — Jj (uf;, vj)| is about four times that of [lu — up |l 2(g)-

4.3 Computational Complexity of the Method

From the results of the previous two subsections, it is reasonable to conclude that, in the case
in which both u and v are very smooth functions, our proposed method allows us to obtain
an approximation converging with a rate of order @ (h*) for the h-version of the method.
Not only that, the actually errors are actually significantly smaller, as we see in Table 8 for
the 2D example. Therein, we see that the error |J (u) — J; (u, vy)| is always smaller than
the error |J (1) — J(up)|, except for the first mesh of the case k = 1. When 7 = ﬁ/32, for
example, the error is about 10 times smaller for k = 1 and 6000 times for k = 2. And, when
h = ﬁ/64, the error is about 30 times smaller for kK = 1 and 120,000 times for k = 2!
Let us now argue that the computational effort needed to achieve such a remarkable result is,
essentially, only twice the effort needed to compute u,.

First, it is clear that to compute J}f (uz, v}f), we need to compute v,. However, for the
particular problem we are dealing with, the problem solved by vy, differs from that solved by u,
only in the data, and this implies that computing both u, and vj, involves numerically inverting
the same exact matrix. The additional computational effort to get vy, is thus negligible. Of
course, in more general situations, this is certainly not the case. Assuming that numerical
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Table 8 The ratio

h R h R

Ry o= 1J ) = J )| /1J () — h h

Jj (uy, v} for the 2D example
k=1 k=2
V218 9.13e—01 V218 3.90e+01
V2116 2.91e+00 V2116 4.22e+02
V2132 9.82e+00 V2132 6.26e+03
V2164 3.24e+01 V2164 1.23e405

solving for vy, takes as much effort as computing uj,, we could then conclude that the new
method requires, at least and roughly speaking, the doubling of the computational effort.

The computation of uj in Qg entails the multiplication of the degrees of freedom of uj,
by a matrix whose size is only depends on the dimension of the local spaces used by the dis-
cretization. If we can manage to carry out those multiplications in parallel, the computational
cost is then negligible with that of solving for u;,. Moreover, although to solve for u}; in
implies the use of higher-degree polynomials, the number of degrees of freedom is reduced
by a factor 1/, by the very construction of 2. As a consequence the computational effort
to get u}, in 1 is also negligible in comparison with the computational effort needed to get
uy and vy,.

For these reasons, we say that to compute J; (u;, v);) takes essentially twice the compu-
tational effort needed to compute J (up).

5 Concluding Remarks

Although we considered a simple, second-order elliptic problem and a very simple functional,
a wide variety of boundary-value problems and functionals can be treated with the very same
technique as already indicated by Pierce and Giles [14]; see also the overview by Giles and
Siili [11].

The technique proposed here has been tested for a particular HDG method, but it certainly
works for any other numerical method for which the filtering proposed by Bramble and Schatz
[1] also works. The distinctive feature of those methods is that their approximate solution
must oscillate in a fixed pattern when defined in translation-invariant meshes. This is why we
mentioned in the Introduction that the technique can be used with Galerkin methods like the
mixed methods, the adjoint-consistent discontinuous Galerkin methods (including the LDG
and IP methods), and the continuous Galerkin methods.

Finally, let us point out that we only considered problems with very smooth exact solutions
and very smooth functionals in order to stress the power of the technique. How to handle their
lack of smoothness and more involved boundary-valued problems constitutes the subject of
ongoing work.
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