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We wish to determine the length of a continuous function f(x) over some interval [a, b]. We assume that the derivative of
the function is also continuous in this interval.

To estimate the length, we first divide the interval into smaller intervals
and approximate the length of the curve as the sum of the length of
the lines connecting the subintervals, as shown in the figure.

If we denote the length of the ith line segment as |Pi−1 − Pi|, the
toal length of the curve can be approximated by

L ≈
n∑

i=1

|Pi−1 − Pi| .

We will get the exact arc length if we use infinitely many subintervals,
so that

L = lim
n→∞

n∑
i=1

|Pi−1 − Pi| = lim
n→∞

n∑
i=1

√
∆x2

i + ∆y2i .

From Calculus I we know that, this is equivalent to

L =

∫ b

a

√
dx2 + dy2.

To find dy, we note that

y = f(x) ⇒ dy = f ′(x)dx,

where we had made used of the chain rule. The equation for the length now reduces to

L =

∫ b

a

√
dx2 + dy2 =

∫ b

a

√
dx2 + (f ′(x))2dx2

=

∫ b

a

√
1 + (f ′(x))2 dx.

Sometimes is more convenient to look at this equations in terms of x and y, so that

L =

∫
ds,


ds =

√
1 +

(
dy

dx

)2

dx if y = f(x), a ≤ x ≤ b (1)

ds =

√
1 +

(
dx

dy

)2

dy if x = g(y), c ≤ y ≤ d (2)

Example: Determine the arc length of the curve x =
1

2
y2 for 0 ≤ x ≤ 1

2 .


