eral metric space (X, d).

MATH 554 - ANALYSIS 1
TEST 2 — OCTOBER 28, 2008

| (15 pts)

2 (20 pts)

Name: 3 ( 5 pts)

4 (10 pts)

5 (10 pts)

_ 6 (20 pts)

- Directions: To receive credit, you must justify your state- 7 (15 pts)

ments unless otherwise stated. Answers should be provided in 8 (10 pts)
complete sentences. Unless otherwise specified, the setting is for gen-

1. In a general metric space, define
a.) open set:

A st O is gpen F o cach xofol-f-ﬁmi,a% W>o So
Rt N xye O

b.) limit point of a set:

A pout po io called 2 Limf pout o o gt L if each m.iﬁkkorﬁam{
of Po tontams a Po;«n? from A ,a[!f'ﬁ&dﬁﬂj ‘prmupa )

c.) closed set:

A set C s wlled cloged A b ontanic a_// E?LS‘ afme /30;413&—;‘

2. a.) Using the definitions, prove that a set is closed if and only if its complement is open.

et F be ast aud Eo= FC Fom the wobess

F s cloged &> ot g aﬂ.d's o elemad of Ft(‘@_ E)
Limst pourts ) i (‘m o Jiwt potet #(ﬁ: |

&>/ oadh element of E clenet of \
Eﬂ@&mﬁ&%wﬁé < W ou taterior P't & T open
° LEN

b.) Prove that [0, 1] is a closed subset for the metric space (IR, | - |).
First nohee O, = (1, ®) o opew, (if ot O Lot vom xo=130)
and Oz e Gm,o) copen (if X, € O‘:_;n@/{' . "“Xo>f9)_,
Hew Lo =0V0, i open,



3. Prove that the set N,(po) is open.
From e notes: T€ pe N‘.f?.) S HRem et iz -d G )>e .
Ity ge Nelpd | wRan cl.Cj—,foﬁ = d (3.9 +dlppo) < = +°“?"f°) —

ond $a Ns_{f\ < NT[?Q) . Hewce each poont 7€ NJPQ) s an
tebenior d)o\‘nt‘. @

4. Prove the property of products of limits: If in (R, |- |), lim,—e an = @ and lim,, . b, = b,
then lim,,_, anb, = ab '

{bfs tanvﬂﬁﬁ-»\t ‘-—‘.:'{!oﬁg wondel e, I M > \le M)a,QQne-N

t - 4 Z -
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5. a.) Define Cauchy sequence.
{O.“E:l Cmd\\} Mean Yeso J NelN s w,wu 2 N ?.m,p.Q«'%
d(ﬁamaam,)-tﬁ .
b.) Prove that each convergent sequence is Cauchy.
Suppose @mg @ meAM lek 250 Q}ij&.‘i’mwa, APV‘%/
Mmbﬁ\ou\ og'\\come%uﬁ/’ b 2/= ’:/z 1 cﬁc_‘\? Ne fN >
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6. a) State Bernoulli’s inequality.

¥ aso 3‘*%% _
[+na = (+a) ) for all neN ,

b) Apply this to show that the sequence b, := % is bounded.

na n
From pad o GM.)‘“—{ °" Gt ® < ! Bt Nz ==Y

So & [Ha=VI of ai=VI-|so0, Th Frves

L
o © % byt FY
c¢) Using part b), show that lim o = 0.

n—0C

L "
— — —— - [\ "
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smee v= gl 4{b] ic bauded

d) Using part ¢) and other properties of sequences, determine if the following limit exists and
if so compute its value:

fiy P2 ]
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7. Prove that py is a limit point of a set E if and only if there exists a sequence {py }nev from
E, with p, 7£ po and limy,_,, pr = Po.

o limdk powt tE < 'tfuLefN 3 PnFPo fht pue E Wl
Ck(-PnJPO)-c-k .
L Bce  Qon fa=po o PutPo
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8. Suppose {a,}2; is a monotone decreasing sequence which is bounded from below, then prove
that it converges and find its limit.

Tt\& Set A = %Qa lhe-mi N me@@uﬁ *Qowu J\w\ow i{ & mmewtﬂmé , 80
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9. (Graduate Student Problem) Suppose the sequence {a,}; converges to a number a > 0.
Using properties we have developed for sequences, prove that this implies ‘

lim v/a, = Va . |

—00

Nete: a,—>a 2 @ lmplie I N, s vhet n=zN =q,>0.
For @acla n=N,
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