Solutions for HW 11

Problem 1: Solution:

a. Let f € L>°(X,pn). Then [, |f|"dp < w(X)[|f]l5 < oo, so f € L"(X,u). Now let
l<p<rand feL(Xp). Pauts=7 Thens>1 Let1 <t < oosuch that

1+ 1 =1. Now apply Holder’s inequality to get

R ( [ du)smxﬁ Tk

f,u(X)% < 00.

To see that the inclusions are strict, note that f(z) = 2™+ is not in L7([0.1]), but is

in L7([0,1]) for all 1 < p < r. Also f(z) = 2+ € L([0,1]) for s > r, but not in
L>(]0.1]).

b. Let f € LN LY. Then [|f|Pdu = [|fI[fP du < |fIIE5" [|fldp < co. Now let
feLl. Let E={x:|f(x)| >1}. Then u(E) < [|fPdu < co. Let h = fxp. Then
by part a. h € L'(E, ), so h € L'(X, u). Now g = f — h satisfies |g(x)| < 1 for all
x.

Problem 2: Solution: From Holder’s inequality with p = ¢ = 2 we have

(/[(mxf(x)dxy < (/d) (/H o dr).

Problem ]3: Solution: Let ¢ > 0.Then by Egorov’s Theorem there exists F, with m(E¢) <
¢’ such that f, converges uniformly to 0 on E.. Let N be such that |f,(2)] < & for all
n > N. Then

Jusdde= [ 1+ [ 10 Uxsslam(B} + Sm(E) <20

for all n > N.
Problem 4: Solution:

(1) Observe first that also |g| < M a.e. and thus |(g, — g) f[? < 2PMP|f|P a.e. It follows
now from the Dominated Convergence Theorem that

/ (9o — 9)fIP di 0.

(2) Using the triangle inequality we have ||g,, fn — f9ll, < | fagn — fonllp +|(gn—9) fll, <
MHf - anp + H(gn — g)pr — 0.



