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Solutions homework 10.
Problem 14-1 Assume ) a; converges. Then by the Comparison Test 13.5 we get
that > by converges, which is a contradiction. Hence Y a; diverges.
Problem 14-2 First proof: By the Cauchy condensation test > 2Faqr converges.
Let € > 0. Then there exists ko such that 2¥au < 5 for all & > ko by 13.2. Now
let n > 2%, Then there exists k; > ko such that 2F1 < n < 21 Then na, <
2l < 2 2’“a2k1 < 2-£ =¢. The converse is false. Take e.g. ap = Then
lim kay, = lim ¢+ = 0, but Z ar diverges (as shown in class, or see text).
Second proof Let € > 0. Then by the Cauchy Convergence Tests there exists kg
such that > 7 ap < § 5 for all n > m > ky. Now let n > k. Then %"’0 < 2. Now
N Ok < ZkJrkO ay < $ implies that (n + ko)anir, < ”J;Lko -5 =€ le n-a, <efor
all n > 2k,.
Problem 14-4 (a) 0 < k(kH
converges, since Y 75 converges.
(d) For k > 3 we have Ink > In3 = a > 1. Hence o k)k < o for k > 3. Hence by
the comparison test with the geometric series Z(a) the series converges.
(e) Observe that 1+1 =1 k%% Now ki — 1 as k — oo (Theorem 11.9), so there
exists kg such that k¥ < 2 forall k > ko. This implies that P > %% for all k > k.

Hence by Problem 14.1 and the fact that the harmonic series diverges it follows that
diverges.

klnk

) <4 7= implies by the Comparison Test that the series

k1+1
(f) Use the Cauchy condensation test to see that the original series converges if and
only if the series ) m converges Now k(Ink+1n2) < 2k In k implies that this
series is greater or equal than 1 3

original series diverges.
Problem 14-6 The inequality 0

kl - which diverges (done in class). Therefore the

COHVGI'gGS whenever

> ay converges. The converse is also true If > v o - — 0as
k — oo. This implies that also a;, — 0 as k — oo (look at the graph of f(z) = 1)
This implies that 1 4+ a5 < 2 for all £ > ky. Hence a, < 2 - . This

shows that > a; converges whenever > —
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