Solutions for HW 24

Problem 3.4: 2a,b,c,e

a. Let f(z) = 23z + 47 and let € > 0. Then take § = 3. Then for [z — y| < § we have
£(&) = F(u)] = 23l — y| < 236 = €.

b. Observe first that for z,y € [0,3] we have |f(z) — f(y)] < |22 — *| + 2]z —y| <
(Jz] + [y (lz = y|) + 2|z —y| < 8z —y|. Hence for ¢ > 0 we take 6 = . Then
|z —y| < 0 and z,y € [0, 3] implies that |f(x) — f(y)| < e.

c. Observe first that
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Therefore for € > 0 we choose § = 2%.

e. Let z, =nand y, = n++. Then 2, —y, — 0, but |f(yn) — f(@n)| =3n+2+ 5 —
as n — 0o. Hence f is not uniformly continuous.

Problem 3.4: 5 Let f : I — R be uniformly continuous and {z,} a Cauchy sequence in
I. Then for € > 0 there exists a § > 0 such that |f(z) — f(y)| < € for all z,y € I with
|z —y| < d. For this § > 0 we can find N such that |z, —y,| < ¢ for all n > N. Hence
|f(zn) — f(yn)| < € for all n > N, which shows that {f(z,)} is a Cauchy sequence.

Problem 3.4: 6

a. Let € > 0. Then there exists 6, > 0 such that [f(z) — f(y)| < § for all z,y € I with
|z —y| < 01. Also there exists d, > 0 such that |g(z) — g(y)| < 3 < for all z,y € I with
|z —y| < 2. Let § = min{dy, d2}. Then |f(z) + g(z) — f(y) — g(y)| <eforallz,yel
such that |z —y| < .

b. Take I = [0,00) and f, g defined by f(z) = g(x) = x.

c. If both f and g are uniformly bounded on I, then fg will be again uniformly continuous
whenever f and g are uniformly continuous. Proof: Let M be such that |f(z)] < M
and |g(z)| < M for all x € I. Let € > 0. Then by taking the minmum of the two
delta’s we can find a § > 0 such that |f(z) — f(y)| < 55 and |g(z) — g(y)| < 557 if
|z —y| < 9. Then

[f(2)g(x) = F(W)g()| = |f(2)g(x) = f(y)g(x) + f(Y)g(z) = f(y)g(y)|
<SM|f(x) = fy)l+ Mlg(x) — g(y)] <e

if |z —y| < 0.

d. A sufficient condition is that there exists m > 0 such that | f(z)| > m on I. The proof
of this is similar to the the proof that is continuous at ¢ in case f is continuous at ¢

and f(c) # 0. Let € > 0. Then there ex1sts § > 0 such that |f(x) — f(y)| < em? for all
z,y € I with |z —y| < J. Now |f(1 | = |f|f:”))f(())| < U )m Wl < ¢ for all z,y € I
with |z — y| <.
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