
Homework 8, Additional Problems.

(1) a. Let f ∈ Lr ∩ L∞ for some r <∞. Prove that

‖f‖p ≤ ‖f‖
r
p
r ‖f‖

1− r
p

∞

for all r < p <∞.
b. Asume f ∈ Lr ∩ L∞ for some r <∞. Prove

lim
p→∞
‖f‖p = ‖f‖∞.

(Hint: Use a.to get an upper bound for limp→∞ ‖f‖p and then use that for
0 ≤ t < ‖f‖∞ the set A = {x : |f(x)| ≥ t} has positive measure)

(2) Let fn, f ∈ Lp with 1 ≤ p < ∞. Assume fn(x) → f(x) a.e. Prove fn → f in Lp if
and only if ‖fn‖p → ‖f‖p.

(3) Let f ∈ L1. Denote by fh the function fh(x) = f(x− h). Prove that ‖f − fh‖1 → 0
as h→ 0. (Hint: Prove this first for f a continuous function with compact support.)
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