
Homework 7.

(1) Let cn > 0 in R. Prove that

lim inf
cn+1

cn
≤ lim inf n

√
cn ≤ lim sup n

√
cn ≤ lim sup

cn+1

cn
.

In particular, if limn→∞
cn+1

cn
exists, then limn→∞ n

√
cn = limn→∞

cn+1

cn
.

(2) Let an ≥ 0 and bn ≥ 0. Assume that both (an) and (bn) are bounded sequences.

(a) Prove that lim sup anbn ≤ (lim sup an)(lim sup bn).

(b) Give an example that we can have strict inequality in (a).

(c) Prove lim sup a2n = (lim sup an)
2.
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