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We study nonlinear approximation in BMO from splines generated by
a hierarchy of B-splines over regular multilevel nested partitions of R.
Companion Jackson and Bernstein estimates are established that allow
to completely characterize the associated approximation spaces.
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1. Introduction

The space of functions of bounded mean oscillation (BMO) is a natural
replacement of L°° in many problems in Analysis and, in particular, in Ap-
proximation theory. Here we consider nonlinear approximation from regular
splines generated by a nested hierarchy of B-spines in BM O on R.

As usual the space BMO is defined as the set of all functions f € Li (R)
such that

I £ lsmo = st}pﬁ/l\f(x)—Angf|dx<oo, Avg, f ::ﬁ/lf(x)dm,

where the sup is over all intervals I C R. As is well known the set Cy(R) of all
continuous functions with compact support is not dense in BMO. Therefore, it
is natural to approximate in the BMO-norm functions that belong to the space
VMO, the closure of the space Cp(R) in the BMO-norm, see [2].

In this article we consider nonlinear n-term approximation from B-splines
generated by multilevel nested partitions of R. More specifically, let {Z,, }mez
be a sequence of families of intervals such that each level Z,, is a partition
of R into compact intervals with disjoint interiors and a refinement of the
previous level Z,,, 1. We consider regular partitions of this sort, i.e. we require
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Research of the Bulgarian Ministry of Education and Science. The second author has been
supported by NSF Grant DMS-1714369.
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that the intervals from each level Z,, be of comparable length. Define 7 :=
UmezZm- Each such multilevel partition Z generates a ladder of spline spaces
~.c Sk c Sk c Sk of degree k — 1, where S¥, is spanned by B-splines
{pg}. We denote by Q,, the supports of the mth level B-splines ¢ and set
Q= Umez Om.-

We are interested in approximating from the nonlinear set %, of all splines
of the form

9= Z CRYPQ; A, CQ, #An <n.
QEA,

Here the index set A, is allowed to vary with g. The approximation error is
defined by

on(f)Bmo = inf || f — g|lB™mO.
gEX,

The Besov spaces B;"k with a > 0, 7 := 1/{1, and k € N, play a crucial
role here. In the case when 7 > 1 the space B&* consists of all functions
f € LT (R) such that Af f € L™(R), Vh € R, and

o dt\1/7
o= ([t )" <o wnlh00i= mup 1ARTOlsr o,

In the case when 7 < 1 the above definition the Besov space Bﬁ“k is not quite
satisfactory to us. We believe that in principle the use of w(f,t), with 7 < 1,
as well as polynomial approximation in L™, 7 < 1, should be avoided when
possible. For this reason we define the Besov space Bf_"k when 7 < 1 via local
polynomial approximation in L%, ¢ > 1, (see Definition 3.2).

Clearly, [|f + Pl gar = [[fllgar for all P € IIy, the set of all algebraic

polynomials of degree k—1. Hence, Bff’k consists of equivalence classes modulo
M. As will be shown (Theorem 3.1) for any function f € B®* there exists a
polynomial P € IIj such that f — P € VMO. We shall be assuming that each
fe B?k is the canonical representative f — P € VMO of the equivalence class
modulo Il generated by f.

Our primary goal in the article is to prove the following Jackson and Bern-
stein estimates (Theorems 4.1 and 4.2): Let « > 0, 7 := 1l/a, k > 2. If
fe B;’k, then f € VMO and

Un(f)BMO < Cn7a|‘f||3fr"vkv n>1,

and for any g € ¥,
19l gox < en®llgllBmo-

As is well known these two estimates imply a complete characterzation of the
approximation spaces associated to this sort of approximation (see Theorem 4.3
below).

To achieve our objectives we first develop in sufficient detail the theory
of the Besov spaces Bf_‘k In particular we derive representations of these
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spaces in terms of B-splines, local polynomial approximation, and spline quasi-
interpolants.

We also compare the nonlinear spline approximation in BMO with the spline
approximation in the uniform norm and in LP, 1 < p < oo.

There is a considerable difference between nonlinear spline approximation
in BMO in dimension d = 1 and in dimension d > 1. A detailed discussion and
clarification of this phenomenon will be given in a followup article.

Observe that nonlinear approximation in BMO(R?) from dyadic piecewise
polynomial functions has been studied by I. Irodova, see [12] and the references
therein. In this case dyadic Besov spaces are used for characterization of the
rates of approximation.

There is a close relationship between nonlinear approximation from splines
and wavelets in BMO. We develop the nonlinear n-term wavelet approximation
in BMO in [14].

Outline. This article is organized as follows. In Section 2 we introduce
our setting and collect all facts we need concerning splines, local polynomial
approximation, spline quasi-interpolants. The Besov spaces involved in non-
linear spline approximation in BMO are studied in Section 3. In Section 4 we
state our main results on spline approximation in BMO and we compare them
in Section 5 with the existing results on spline approximation in the uniform
norm and in LP; 1 < p < co. Sections 6 and 7 contain the proofs of our Jackson
and Bernstein estimates. Section 8 is an appendix, where we place the proofs
of some statements from previous sections.

Notation. We shall use the notation || - [|, := || - ||zrr). Co(R) will stand
for the set of all continuous and compactly supported functions on R. Given
a measurable set A C R we denote by |A| its Lebesgue measure and by 14
its characteristic function. For an interval J and A > 0 we denote by AJ the
interval of length A|J| which is co-centric with J. As usual Z will denote the
set of all integers, N will be the set of all positive integers, and Ny := N U {0}.
Also, II; will stand for the set of all univariate algebraic polynomials of degree
k — 1. Unless specified otherwise, all functions are complex-valued. Positive
constant will be denoted by ¢, ¢/, c1, ... and they may vary at every occurrence;
a ~ b will stand for ¢; < a/b < co.

2. Preliminaries

In this section we collect all facts regarding the BMO space, B-splines, local
approximation, quasi-interpolants, and other results that will be needed in the
sequel.
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2.1. BMO and VMO Spaces

As usual the space BMO on R is defined as the set of all locally integrable
functions on R such that

1 1
Il lBMo ::SL}pm/J|f(x)—Avng|dw<oo, Avg;f ::m/]f(w)dx,

(2.1)
where the sup is over all compact intervals J and |J| is the length of J. Note
that || - ||Bmo is not a norm because ||g|lpmo = 0 if g = constant (g € II;).

For this reason we identify each f € BMO with f 4 a, a = constant, and view
BMO as a subset of L{ (R)/IIy. Then || - ||pmo is a norm on BMO.

From the well known John-Nirenberg inequality [15] it follows that any
function f € BMO is in LY. (R), 1 < p < oo, and

loc

1 1/p 1
sup (57 [ 11(@) = Avay 17 o) sup [ 17(a) = v fide = oo

(2.2)

with constants of equivalence depending only on p.
As is well known BMO is not a separable space. However, the space VMO,
defined as the closure of Cy(R) in the BMO norm (see Section 4 in [2]), is a
separable Banach space. As in BMO the elements of VMO are classes of equiv-

alence modulo constants. We shall consider spline approximation of functions
in VMO.

2.2. Nested Partitions of R

We say that
1= UmGZIm

is a regular multilevel partition of R into subintervals with levels {Z,,} if the
following three conditions are obeyed:

(a) Each level Z,, is a partition of R, i.e. R = Ujez, I, and Z,, consists of
compact intervals with disjoint interiors.

(b) The levels {Z,,} of T are nested, i.e. Z,+1 is a refinement of Z,,, and
each I € Z,, has at least two and at most My children in Z,,,,, where My > 2
is a constant independent of m.

(c) There exists a constant A > 1 such that

\I'| < \I"|, VI'.I" € I,, Ym € L. (2.3)

The dyadic intervals D = UpezDim, Dy = {277k, 27™(k+1)] : k € Z},
are an example of a regular multilevel partition of R with A = 1 and M, = 2.

Other scenarios. Another version of the above setting is when the multi-
level partition Z of R is of the form 7 = U3S_,Z,,, where the levels Z,,, satisfy
conditions (a)—(c) from above.



K. G. Ivanov and P. Petrushev 77

Yet a third version of this setting is when we have a regular multilevel
partition Z = Up,>0Z,, of a fixed compact interval J obeying conditions similar
to (a)—(c) above and J is the only element of Zj.

Our theory can readily be adjusted to each of these settings. We shall stick
to the first setting on R from above.

A couple of remarks are in order.
(1) There is a natural tree structure in Z induced by the inclusion relation.

(2) Conditions (a)—(c) imply that there exist constants 0 < r < p < 1 such
that if I € Z,,,, I' € Z,,a1, and I’ C I, then

r< ||/ < p. (2.4)

In fact, inequality (2.4) is derived with bounds 1/(MoA — A+ 1) < r < 1/2,
p < A/(A+1). Note that the upper bound for p and the lower bound for r
cannot be simultaneously achieved provided My > 3.
We denote by x, j,j € Z, the knots of Z,,,, i.e. Zpy={[Tm,j; Tm, j+1] : JEL},
where
< Ty -1 < T < Tyl <ttt

With this notation the nested condition (b) can be described as
{&m,j:j €L} C{xmer;:J €L}, m € Z.

Observe that inequality (2.4) implies that every regular multilevel partition Z
may have either zero or one common knot for all levels Z,,. Dyadic intervals
D are example with one common knot — the origin.

For a fixed integer k > 2 we denote by Q,, the collection of all unions of k
consecutive intervals from Z,,, i.e.

Qm =1{Q = [Tmj, Tm k] : J € L}, m € 7. (2.5)

Further, set Q(Z) = Q := UpnezQm. The intervals from Q are the supports of
the B-splines of degree k — 1 defined below in §2.3. We shall use both Z and
Q as index sets of the objects discussed in this article.

To every I € 7 we associate the set

Qr=U{Q:Q € 9,,,Q DI}, Iel,. (2.6)

In other words, if I = [z, , Tm,j+1] then Qp = [z, j41-k, T j+k). In view of
condition (c) of the regular multilevel partition Z we always have

| ~ Q] ~ Q] VIeZ,, Q€ Qn, mel.

Given a regular multilevel partition Z, we define the level of a compact
interval J as the largest v € Z such that Z, has no more than one knot in
the interior of J. Observing that Z,, 1 has at least two knots in the interior of
J we infer from (2.4) that |J| ~ |I| for every I € Z,. Also for every m < v
we have two adjacent intervals I; and Is in Z,, such that J C I; U I, and
|| ~ [1] > el J|.
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2.3. Splines over Nested Partitions of R

Piecewise polynomials and splines. Assuming that 7 is a regular mul-
tilevel partition of R, we denote by S¥ := S§*(Z,,), m € Z, k > 1, the set of
all piecewise polynomial (possibly discontinuous) functions over Z,, of degree
k—1,1ie.

SGS{% if S= Z 1;- Py,

IEIWL

where 17 is the characteristic function of I and P; € II;. S is assumed to be
right-continuous at the knots of Z,,,. Then the space of the mth level splines is
defined by

Sk .=Sknch2 k>2 (2.7)

B-splines. Given Q := [z, j, Tm,j+k] € Qm, m € Z, (see (2.5)) we denote
by ¢gq the B-spline of degree k — 1 with knots , j,...,%m, j+k; these are
k + 1 consecutive knots of Z,,. For the precise definition of g, see e.g. [6
Chapter 5, (2.7)]. Note that: (i) @ is the support of ¢g and (ii) [|¢gllc ~
with constants of equivalence depending only on £ and A\. We denote by Vg :
{Zm,js- - Tm j+k} the knots of ¢g.

It will be convenient to index the B-splines of degree k—1 by their supports.
Thus, given a regular multilevel partition Z, the collection of all B-splines of
degree k — 1 is

=

®=2(1) :={rqg: Qe QD)}

As is well known {¢g : Q € Q,,} is a basis for S¥,. Each S € S has a
unique representation

S= > Bo(Seq-

QEQn

According to de Boor — Fix theorem (see e.g. [6, Chapter 5, Theorem 3.2]) the
coefficient g (S) is a linear functional given by:

k—1
Ba(8) =3 (-1 @y V(€)™ (¢q), (2.8)
v=0
1 k-1
WQ((E) = (]{/‘ — 1), H (.TC - xm,u)v Q = [:L'm,j,xm,j+k]v
. v=j+1

where £q is an arbitrary point from (2, j, Tm, j+k). The value of S (S) in (2.8)
is independent of the choice of £q.
From condition (c¢) on the multilevel partition Z it readily follows that

1Bo(S)| < cl|S|lL=(q) Q€ Q.
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This implies that (see e.g. [4, Lemma 2.3] in the case R?) if S = >-0ca, bovq:
where {bg} is an arbitrary sequence of complex numbers, then

1/p
181, ~ (3 leawal) . 0<p<oo
QEQm

Moreover, for any 0 < p, 7 < 00
- 1/7 - 1/7
(X 0Slew]™) "~ (X [bevals)) (2.9)
I€T,, QEQm

with the usual modification when 7 = co. Note that Sg(S) = bg.

2.4. Local Polynomial Approximation

Recall first some simple properties of polynomials that will be frequently
used.

Lemma 2.1. Let Pell, k> 1, and 0 < p,q < 0.

(a) For any compact interval J
[ TITYPUP Loy ~ TP Lo (2.10)

with constants of equivalence depending only on k and min{p, q}.
(b) Let J' C J be two intervals such that |J| < (14 0)|J'|, § > 0. Then

IPlle(ry < cllPllzr ey

with ¢ = ¢(p, k, 0).
(¢) For any compact interval J

1Py < el 1Pl o)
with ¢ = ¢(p, k).
Applied to B-splines Lemma 2.1 (a), (¢) imply
QI ealla ~ llvalleo ~ 1, lieglls ~ QI eellp-

For a function f € LP(J), defined on a compact interval J C R, 1 < p < oo,
and k > 1, we define

Bulf, D)y = jnt I = Plusco) (2.11)
Also, we denote by wy(f, J), the k-th modulus of smoothness of f on J:
wi(f,J)p = iugllﬁﬁ(fr,J)llmu), (2.12)
€

where

Jj=

SE_o(=DF (B f(a+ jh), if [w, 3+ kh) C J;
0, otherwise.

AR(fx,J) = { (2.13)
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Lemma 2.2 (Whitney). If f € LP(J), 1 <p < o0, and k > 1, then
Ex(f,J)p < cwr(f; )p-
From above and Ak (P, z,.J) = 0 for all P € Il it readily follows that
Ex(f, D)p ~w(f,J)p, Ve LP(J), 1<p<oo (2.14)

The following useful property of modili of smoothness is well known:

1 [J]
all gz [ I8k npdzan, 1 <p<oe @13)

For proofs of the above claims and further details, see e.g. [20, § 7.1].

We find useful the concept of near best approximation. A polynomial
P;(f) € I, is said to be a polynomial of near best L?(J)-approximation to f
from II; with constant A > 1 if

If = Pr(f)llecry < AER(f,J)p.

Note that since p > 1 a near best LP(J)-approximation Py(f) (with an appro-
priate A) can be easily realized by a linear projector, see below.

Lemma 2.3. [6, Chapter 12, Lemma 6.2] Suppose 1 < g < p < oo and Py
is a polynomial of near best LI(J)-approzimation to f € LP(J) from . Then
Py is a polynomial of near best LP(J)-approximation to f.

Local projectors onto polynomials. Given 1 < p < co and a compact
interval J, we let Py, : LP(J) — I} be a linear projector such that

If = Prp(DlliLey < AEK(S, D), Y € LP(J), (2.16)

where the constant A > 1 is independent of J and f. Note that (2.16) implies
|Prpllee(y—re(y <1+ A, ie. Py, is a bounded linear operator. Py, can be
defined via the averaged Taylor polynomial, see e.g. [1, Section 4.1], which is
a linear operator for fixed J, k that does not depend on p (cf. Lemma 2.3).

Remark 2.1. Asis well know most of the above approximation results are
valid in the wider range p > 0. The restriction p > 1 reflects our believe that
polynomial approximation of functions in LP, p < 1, is not natural. There
is no linear operator realization of polynomial near best approximation in LP,
p < 1, because there are no continuous linear functional in LP, p < 1. Hence,
the polynomial approximation in LP, p < 1, is nonconstructive. It should be
replaced by approximation in the Hardy space H?, p < 1. However, as will be
seen later on the use of polynomial approximation in L? or H?  p < 1, can be
avoided completely in nonlinear spline approximation in BMO.
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2.5. Quasi-interpolant

We define the linear operator T}, : Sk — S¥

m

by

Tn(S):= Y Bo(S)eq,  VSeSE,
QEQm

where g (S) are defined in (2.8) with the additional requirement g does not

coincide with a knot of Q,,. As observed in § 2.3 the identity 7,,(S) = S for

every S € Sk holds independently of the choice of £g. But for S € S¥ \ S¥ the

value of S (S) may depend on the interval (v, Tmpt1), ¥ =J,..., 7 +k—1,

containing £g. In order to have well defined operator 7;,, from now on for every

Q € Q,, we fixed the interval I € Z,,,, I C Q, containing g in its interior.
From (2.8) it follows that

Ba(S) < elSllz=@),  YSESL, Q€ Qm,
which easily leads to
T () eoiry < ellSllir@n, VS €SK, [€Tn, 1<p<oo,  (217)
where (2 is given in (2.6).

We next extend T,,, to LV (R). Let Py, : LP(J) — II; be the projector
from (2.16). Define

Prnp(f) = Z 17 - Pry(f), ferr (R), (2.18)

I1eZ,,

(the precise values of P, ,(f) at the knots of Z,, are not of importance for this
study) and set

Tm,p(f) = Tm((Pm,p(f))v f € Lﬁ;c(R)' (219)
Lemma 2.4. If f e L} (R), 1 <p<o0, m€Z, then

f = Top ()l ey < cEx(f,Q1)ps VI € L.

Proof. Let R € IIj; be such that || f — Rl zs(o;) < cEx(f,Qr)p. Then

1f = Tonp(Ollery = I1f = Tn(Prnp ()| 2o ()
< Hf - RHLP(I) + ”R - Tm(fpm,p(f))HLp(I)
= lf = Rllzr @) + 1T [P (R = Pl e ()
< |f = Rllzear) + cllPmp(R = e
<cllf = Rlzra;) < cBr(f,Q0)p-

Here we used (2.17) and the boundedness of P, . O
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2.6. Embedding of Sequence Type B-spline Spaces into BMO

The sequence {7 = ¢7(Q) space indexed by Q, 0 < 7 < o0, is the set of all
sequence {ag }geo of complex numbers such that

1/7
HagHler == (3 lagl™) " < oc.
QeQ

The embedding of the Besov spaces of interest to us in BMO will play
a crucial role in this article. This embedding is in essence contained in the
following

Theorem 2.1. Let {ag}geo € £7(Q), 0 < 7 < 0.
(a) If 7> 1, then Y oo aQpq converges unconditionally in BMO(R) and

| Y agwal|, , < cl{aq}ler. (2:20)
QeQ

Consequently, ZQEQ ageg € VMO(R).

(b) If 0 < 7 < 1, then obuiously ZQGQGQSDQ converges absolutely and
unconditionally in L= (R) to a continuous function and

| 3= aaval|,, <[ 3= leeval|_ < clifaq}le
QeQ QEeQ

The proof of this theorem depends on the following

Lemma 2.5. Let 0 < p,7 < 0o0. Then for any sequence {ag}geo and any
compact interval J C R we have

H\JILI/P > IaQwQIHPSc( 3 |aQ|T)1/T. (2.21)

QREQ,QCJ QeQ,QCJ

This lemma is a consequence of the following well known embedding result
(see e.g. [16, Theorem 3.3]).

Proposition 2.1. If 0 < 7 < p < oo, then for any sequence {ag}oeco of
complex number one has

1/7
H > \GQSDQ\H < C( > \laQ%IIZ) ,
QeQ P QeQ
where the constant ¢ > 0 depends only on p, T, and the parameter A from

condition (c) on T.

To streamline our presentation we defer the proofs of Lemma 2.5 and The-
orem 2.1 to §8.1 in the appendix.
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3. Homogeneous Besov Spaces

In this section, we introduce and discuss the Besov spaces Bf’k that will
be used for characterization of nonlinear n-term spline approximation in BMO.
For the theory of Besov spaces we refer the reader to [18, 22, 9, 10, 11].

Throughout the section we assume that

a>0,k>2 and 7:=1/a.

3.1. The Homogeneous Besov Space Bﬁ"k in the Case 7 > 1

Definition 3.1. The homogeneous Besov space B&* = B&F(R), 1 < 7 <
00 (0 < @ < 1), is defined as the collection of all functions f € L7 _(R) such
that A¥f € L™(R) for all h € R and

e = ([ a7 9) " <o (3.1)

t

where

k
arlf. 0= s 47, M) = D (1) (’;)f<x+jh>.
<t i—=0

1] ‘

Notice the different definition and notation of finite differences (2.13) and mod-
uli (2.12) on compact interval. Observe that [|f + P gax = || f]| ga.r for each
polynomial P € Ij.

From the properties of wg(f,t), it readily follows that

g ~ (3 @¥antr.27,)7) . (32)

VEZ

It is also easy to see that

£l ~ (00 wtr.2007) " ~ (S s 2007) . 33

IeT IeT

Recall that FEr(f,Qr)r ~ wi(f,Qr)-, see (2.14). For reader’s convenience we
give a simple proof of equivalence (3.3) in §8.2 in the appendix.
Subsequently, in Theorem 3.2 we shall show the following key equivalence:
Forany 1 <¢g<oo,72>1,
_1 T 1/T 1 T 1/7—
I lger ~ (30 (175w 900)7) T ~ (3 (7B, 20)7)
IeT IeT
(3.4)
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3.2. The Besov Space Bﬁ"k in the General Case When 0 < 7 < oo

As was alluded to in Definition 2.1 to us polynomial approximation in L7,
7 < 1, is not normal and should be avoided. Furthermore, we think that even
when 7 > 1 the Besov spaces B?vk are most naturally defined via local poly-
nomial approximation in L? with ¢ > 1. The equivalence (3.4) is a motivation
for making the following

Definition 3.2. Let Z be a regular multilevel partition of R (see §2.2). The
Besov space B&*(E,q), 1 < q < 00, 0 < 7 < o0, is defined as the collection of
all functions f € L{ (R) such that

loc

1/7 1/7

Iy = (D2 (1 Fer(£,200)7) "~ (D2 (173 (£, 20,)7)

IeT Iel
(3.5)

is finite. Here wy(f, ), and Ex(f,Qr), are defined in (2.12) and (2.11) with
Q from (2.6).

Lemma 3.1. The Besov space Bf’k(E, q) introduced above is independent
of the particular selection of the multilevel partition T of R being used.

Proof. Let 7' be another multilevel partition of R with the properties of Z.
It is readily seen that for every level Z! of 7’ there exists a level Z,, of T with
these properties: (a) The intervals in Z/, and Z,, are comparable in length,
and (b) For each interval I’ € Z there exists an interval I € Z,, such that
Qp C Q. For example, condition (b) is satisfied whenever maxpcz, |I'| <
3/2minyez, |I|. Hence,

STtk (£Q0)g) " < e > (17 qwil(f, Q1))

ez, 1€,

Clearly, each level Z,, of Z can serve in this capacity for only uniformly bounded
number of levels from Z’. The claim follows. O

In light of (3.3) the spaces B®* and B»*(E, 1) are the same with equivalent
norms when 7 > 1. Furthermore, as will be shown in Theorem 3.2 (3.4) is valid
and hence the spaces Bf’k(E,q) are the same space for all 1 < ¢ < co with
equivalent norms when 7 > 1. The same theorem extends the equivalence of
these spaces for 0 < 7 < co. To achieve this we need some preparation.

3.3. Norms via Projectors

We define
Um,qg = Tm,q — Tm-1,4 for m eZ, (3.6)
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where T}, , is defined in (2.19). For a given function f € L (R), 1 < ¢ < oo,

loc

clearly q,,,4(f) € S, and we define uniquely the sequence {bg (f)}gco,. by
Gma(f) = Y bau(f)eo- (3.7)

Since the near-best approximant in (2.16) is realized as a linear operator, then,
evidently, {bg 4(-)} are linear functionals.

We introduce the following (quasi-)norms for functions f € LI (R),
1 € ¢g<o0,0<T<00:

1/7
115k = (D2 (1QIT b Neall)”) -

QeQ
By (2.9) we have

1/7
115s 5 gy ~ (DUl ama (D)) (3.8)

1€

and, since [|¢qllp ~ [Q['/7,

1/7

1 lpskiq ~ (D baa(nIT) (3.9)

QeQ

Lemma 3.2. If f € Bff’k(E, q), 1 < g < oo, then

1k ) < 1l e - (3.10)

Proof. Let f € Bf’k(E,q). If I € Z; and J € Z;_; is the unique parent of
I (I C J), then by Lemma 2.4

N95.q(Olzacry < ellf = Tjg(F)llLay + el f = Tim1,q(Hllacr (3.11)
SCEk(faQI)q+CEk(faQJ)q7 1<g<oo.
This, (3.8) and (3.5) imply (3.10). O

As will be shown later ||- ||Ba,k(Q ;) 1s another equivalent norm in BY*(E, q).

3.4. Decomposition of B_IO_"’“(E, q) and Embedding in VMO

Our next step is to derive a representation of the functions in B*(E, q)
via the quasi-intrepolant from (2.19). We first show that the Besov space
B®*(E, q) is embedded in BMO modulo polynomials of degree k — 1.

We define the BMO type space BMO‘”“(R)7 1 < g < o0, as the set of all
functions f € L{ (R) such that

loc

[ £ llpaoss = sup [T~ 9wy (£, Q)q ~ sup | 1|~ 9 Ex(f,91)q < 0.
ez Iez
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Proposition 3.1. For any f € BMO%*(R), 1 < ¢ < oo, there exists a
polynomial P € Il such that f — P € BMO and

Ilf — Pllsmo < ¢l fllmoak- (3.12)

Proof. It || fllgmoer = 0 then f coincides with its polynomial of best ap-
proximation on every of the over-lapping intervals 2; and (3.12) follows triv-
ially.

Let ||fllgmoas > 0. Denote J, := [-2¥,2Y], v € Ny. Evidently, for each
v € Ny there exists an interval I, € Z such that J, C Qr, and |J,| ~ |I,|. In
light of Whitney’s theorem (Lemma 2.2), there exists a polynomial P, € Il
such that

11, 1@ = ot < 08 < s (313)
Denote Y, := P, — P,_1. Since Y, € II; we have for z € J,,n > 0,and v > n
T (2) = Yo (0)] < [JullI T llLoe () < [Tall T llzoe () < eldull Tl THI Lol Lo,
and using Lemma 2.1 and (3.13)

1Tull Lo ) < |Ju|71/q||Tu||Lq(JV) < |Jl/‘71/qHTV||Lq(JU71)
< C|IV|_1/qwk(f7 QIu)q + C|L,,1|_1/qwk(f, Qqul)q < cll fllpmoa k-

Then for any n,m € N, n < m, we have

S = Ol Sl 3 1 Tley  (314)
v=n-+1 v=n+1

< || fllpmoar*-

From above with n = 0 it follows that the series > -, (T, — T, (0)) converges
uniformly on Jy = [—1,1] to some polynomial in IT;. Hence, there exists a
polynomial P € IIj such that

| P = Prn(0) = (P — P(0))[|zc(gy) — 0 as m — oo.
From this and (3.14) it follows that for any (fixed) n € N
| P = P (0) = (P — P(0))||poo(s,) — 0 as m — oo. (3.15)

We shall next show that (3.12) holds with the polynomial P from above.
Let J be an arbitrary compact interval. Then there exists an interval Iy € Z
such that J C Q; and |lo| ~ [J|. Let n € N be the minimal positive integer

such that J C J,. Let {1: j}gzo be intervals from consecutive levels of Z such
that Ip c [; C --- C I, fj is a parent of fj,l, I;NJ, #0, and |jg| ~ |l
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As n € N is already fixed we choose m > n so that

[P = P (0) = (P = P(0)) | oo (1) < [IflBmoser- (3.16)

This is possible because of (3.15).
Just as in (3.13), applying Whitney’s theorem (Lemma 2.2) there exist
polynomials P; € Iy, 7 = 0,1,...,4, such that

T / (@)1de < el e (£07)3 < el [yguss (317

At this point we select several constants. We choose & := Py(y) — Pu(y),
where y € J is fixed, ¢* := P,(0) — P,,(0), and ¢** := P,,(0) — P(0). We also
set ¢® = ¢+ ¢ + .

Using the above polynomials and constants we get

1/

o 1@ = P@) —ear < & [ 11 - Aw)ras

71y [J]
+C||PO_P€_5”%°°(J)+C||P€_P7L||LOO(J)+C||P7L_Pm_C*Hq°°(J)

+¢||Pm —P—c**||qoo(J) = Wi + Wy + W5 + Wy + Ws.

To estimate W3 we use (3.17) and obtain

< |I o (@)|%dz < el Io| " wr(f,27,)% < el flEpomns-
0

We proceed just as in (3.14) to obtain
Wy =c||[Po — Py — éHqLoo(J) < C”f”qBMoq,k-

We now estimate W5. Observe that because I, N J,, # 0 and |fg| ~ | Jy| we
have [Q7, N Ju| ~ |Qf, [ ~ |Jn|. We use this, (3.13), and (3.17) to obtain

W3 <c|P— P'rLHqL"O(JnﬂQf[) <l Jn QP - Pn||qu(JmQ~ )

< C|Jn|71Hf_Pn||%Q(Jn) +C|Qf£|71||f_P€||Lq(Q )

el f I gponr-

To estimate Wy we use (3.14) and obtain Wy < c||f||§ ;o0 - We also have from
(3.16) that W5 < ¢l fll o0

Putting the above estimates together we obtain that for any interval J there
is a constant ¢® such that

1
71 /J 1f(z) = P(x) = |1da < cl|f %00

and (3.12) follows in view of (2.2). O

From the trivial embedding B**(E,q) ¢ BMO%* which is a consequence
of || - |le=e < || - |ler, and Proposition 3.1 we obtain
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Proposition 3.2. For any f € Bf*k(E,q), 1<g<o0,0< 7 <00, there
ezists a polynomial P € Iy, such that f — P € BMO and

I/ = Pllamo < ellf]

The following decomposition result will play a central role in our theory of
Besov spaces.

B (Eq)

Theorem 3.1. For any f € Bff’k(E,q), 1<g< o0, 0<7< 00, there
exists a polynomial P € 11y, such that f — P € VMO and

F=P=3%" 3" baufleq (3.18)
meZ QEQm,

where the convergence is unconditional in BMO. Here the coefficients {bg ¢(f)}
are from (3.7). Furthermore,

1/7
(D" 1beaI) " < elflpes g (3.19)

QEQ
We divert the long and tedious proof of this theorem to §8.3 in the appendix.

3.5. Norm in Bﬁ"k via B-splines
Theorems 2.1 and 3.1 are the motivation for the following

Definition 3.3. The Besov space Bfk(q)) is defined as the collection of
all functions f on R for which there exists a polynomial P € Il such that
f—P € VMO and f — P can be represented in the form f— P = ZQEQ aQYQ,
where the convergence is unconditional in BMO, and } 5o lag|” < co. The

norm in B&*(®) is defined by
. - 1/7
1oy =t { (D laal™) " f =P =" agwa}.
QeQ QeQ

Observe that due to ||pg|l, ~ |Q]'/9, 0 < ¢ < oo, we have

N\ /T
17l gk ~ it { (3 (@1 lageall)”) " £~ P= 3 aqgal

QeQ Qe

3.6. Equivalent Besov Norms

~ Theorem 3.2. The homogeneous Besov spaces B>k (®), B&*(E,q) and
B2*(Q,q) for all g € [1,00) are the same with equivalent norms:
||f||f3f3v’€(q>) ~ ||f||B$v’“(E7q) ~ ||fHB$’k(Q7q)

with constants of equivalence depending only on «, k, q, and the parameters
of I.
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Proof. (a) We first show that if f € B>*(®), then f € B**(E,q) for
q € [1,00) and
/1

Note that Holder’s inequality implies for any compact interval J

TP B (f, )y < IITVIER(f, D)y, 1<p<g<oo, feLiJ),
and hence
Hf”Bg«k(E)p) < C||f||B$vk(E7q)7 if 1<p<g<oo.

Therefore, it is sufficient to prove (3.20) in the (most unfavorable) case when
g >max{l,7}.
Assume f € BY*(®). Then by Definition 3.3 f can be represented in the

form
f=P=> agyq
QeQ

with unconditional convergence in BMO, where P € I, f — P € VMO and
the coefficients {aq} satisfy (ZQEQ |aQ|T)1/T <20 £ll gk (-

Denote by £(I) the level of I (¢(I) = m if I € T,,,) and, similarly, by £(Q)
the level of Q. Fix I € Z. To estimate wy(f, ), we split the representation
of f — P into two:

f*P: Z ZCLQQ&Q+ Z ZGQ<,0Q:2G[+H[.

J>(I) QeQ; j<e(I) QEQ;

We use Proposition 2.1 to obtain

1/7
wr(G1)g < ellGrlliaan e Y llagwally) (3.21)

{(Q)>e(1),
QN #D

1/7

<o Y 1Qael)
(@)=,
QNQr#D

To estimate wy(Hr, ), we use that ||AFpg|e < c(|h]|/|Q))F < clh|/|Q] (for
|h| < |Qr|/k and Q € Q; with j < £(I)) and A¥pg(z) = 0 if [z, x+kh]NVg = 0,
where Vg is the set of all knots of pg. We obtain

we(HL,Q)g < Y Y wilagepg, g (3:22)
J<l(I) QeQ;

NS

J<t(I) Qegy,
VQQQI;é@

|[|1+1/q




90 Nonlinear Spline Approximation in BMO(R)

Using (3.5) we have

1/ e (g, )_CZ|I| (G, Q) +CZ|I| /9w (Hy, Q)] =t Sy + Sa.

Iez I€T
(3.23)
To estimate S; we use (3.21) and obtain
St T T QI agl”

1eT «(Q)=e(1),

QNQr#0D
=cY lagl Y (QUINTT<e Y lagl™ Y p7/1 < el flen g
QEQ I1€Z, QeQ v>0

LI<LQ),
QrNQ#0D

Here p < 1 is from (2.4) and we used the nested structure of the partition Z;
we switched once the order of summation.
We now estimate Ss. If 7 > 1 using (3.22) we get

141/ r
SzeXia( Yy M)

IeT j<t(I) QeQj,
VonQr#0

=3 (X Y an/eDel)

IeT j<e(I) QeQy,

VanQr#0
<> (Y X \II/IQI) Y @bl
Iel j<e(I) QeQy, j<e(I) QeEQy,
VQﬂQ[#@ VQﬂQ[#@

<ed > > (l/1@Dlagl

IeT j<4(I) QeQy,
VoNQr#0

For the former inequality above we used Holder’s inequality. For the last in-
equality we used (2.4) as in the estimate of S;. Switching the order of summa-
tion in the last sums above we get

Sz lagl Y H/QI<eY lagl” < cllfln )
QeQ 1€, QeQ
£(I)>4(Q),
QIQVQ#@

Here we used the simple fact that for any point y € R and J € Z we have

Moo e <l

I€eT, v>0
(I)>4(J),
1>y
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where 0 < p < 1 is from (2.4).
If 0 < 7 < 1 we apply the same arguments in the estimate of Sy but using
the concavity of the function y” instead of Holder’s inequality. We have

<X (XX (/@hlaal) <> S (/1R laql”

I€eT j<e(I) QeQy, I€eT j<4(I) QeQy,
VQﬂQ[;ﬁ@ VQﬂQI;Jé@
<c) lagl™ Y (/RN <e ) lagl™ < ellf o g
QeQ Iez, QeQ
{(I)>£(Q),
QIQVQ7£®

The above estimates for S; and S; and (3.23) yield (3.20).
(b) We now show that if f € B&*(E, q), 1 < q < oo, then f € B®*(®) and

||fHB$:’“(q>) < CHfHBf’k(Q,q) < CHf”Bf’k(E,q)' (3.24)

Indeed, assume that f € Bﬁ‘vk(E,q). Then by Theorem 3.1 there exists a
polynomial P € IIy such that with unconditional convergence in BMO

f=P=> boqfeaq

QeQ
and by (3.9) and (3.19)

1/7
1 g5k g ~ (D BaalhT) " < cllfll s g

QeQ

Now, using Definition 3.3 we conclude that f € B**(®) and (3.24) is valid.

(c) Parts (a), (b) of the proof establish the theorem for any fixed 1 < g < oo.
Taking into account that the space BY*(®) does not depend on ¢ this completes
the proof. O

Remark 3.1. Observe ﬁrst that the space Bf’k when 7 > 1 is the usual
homogeneous Besov space B . For simplicity of notation we suppress the
second index 7. Theorem 3. 2 shows that || - | 5a. kg, and -1 e k() With

1 < g < o are other equivalent norms in the Besov space BO‘ k 7 >1. These
norms will be more useful for our purposes of spline approximation than the
norm from (3.1).

An important difference occurs when 7 < 1. The norm || - || ga.x from (3.1)
that involves the modulus of smoothness wy(f,t), is hardly usable, while the
norms || - ||B$,k(Q,q) and || - HBg,k(E7q) with 1 < ¢ < co work very well. We could

have defined the Besov space B;’.‘k for all 7 > 0 from the outset using the norm

I g .0

- ,q)

As is seen above we have introduced k as a parameter and consider a and k
independent. The reason for this is that by allowing 7 < 1 the spaces B>*(Q, q)
are nontrivial and different for all « > 0 and k£ > 2.
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According to Theorem 3.2 all spaces Bf’k(Q,q), Bff’k(E, q), 1 < g < oo,
and B&F(®) (also B&* if 7> 1, see (3.3)) are the same; from now on we shall
use the notation B>* for this Besov space.

4. Nonlinear Spline Approximation in BMO

Assume that Z is a regular multilevel partition of R. We denote by ®(7)
the collection of all k£ —1 degree B-splines ¢ generated by Z (see §2.3). Notice
that ®(Z) is not a basis; ®(Z) is redundant. We consider the nonlinear n-term
approximation in BMO from ®(Z).

Denote by X, (Z) the set of all spline functions g of the form

9= > ageq.
QeA,
where ag € C, A, C O(T), #A,, <n, and A,, may vary with g. We denote by
on(f,Z)Bmo the error of BMO-approximation to f € VMO from %, (Z):

on(f)BMo = on(f,Z)BMo == inf _||f — gllB™moO-
gGEn(I)

Throughout this section we assume as before that
a>0, 1/T:=a and k>2,
and denote by B* the Besov space introduced in Section 3.

Convention. Clearly, if f € B®*, then ||f + Pl gar = ||f]lgos for all

P € II;. Hence, B?’k consists of equivalence classes modulo II;. In light of
Theorem 3.1 for any function f € Bﬁ‘k there exists a polynomial P € II; such
that f — P € VMO. From now on we shall assume that each f € Bﬁ‘vk is
the canonical representative f — P € VMO of the equivalence class modulo I,
generated by f. As before (see §2.1) we identify each f € VMO with f +a, a
is an arbitrary constant.

The following pair of companion Jackson and Bernstein estimates are our
main results in this article.

Theorem 4.1 (Jackson estimate). If f € B®*, then f € VMO and
on(f,L)emo < en” | fllgar, neEN, (4.1)
with ¢ > 0 depending only on «, k, and the parameters of .
Theorem 4.2 (Bernstein estimate). If g € ,(Z), n € N, then
191l gov < en®llglBmo (4.2)

with ¢ > 0 depending only on «, k, and the parameters of I.
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Remark 4.1. As will be seen from the proof of the Bernstein estimate
(4.2) (see §7) the assumption that g being in %,,(Z) belongs to C*~2 is not
important; it is only used that g € C. Therefore, estimate (4.2) is valid for
B-splines that are only continuous.

As is well known the companion Jackson and Bernstein estimates (4.1),
(4.2) imply complete characterization of the approximation spaces associated
with spline approximation in BMO. We next describe this result.

Denote by K(f,t) the K-functional associated with VMO and B®*, defined
for f € VMO and ¢ > 0 by (see e.g. [6, Chapter 6])

K(f,t) = K(f,tVMO, B2 := inf (I = gllsmo + tllgllg.#)-
geb"

pn

The Jackson and Bernstein estimates (4.1), (4.2) imply the following direct
and inverse estimates: If f € VMO, then

Un(f)BMO é CK(fv nia)v n 2 13 (43)

and

K(f,n=®) <cn~ {(il v, (f,T BMO)”)UM+||f||BMo]7 n>1, (4.4)

T

where p := min{r,1}.

The proofs of (4.3), (4.4) are standard, see e.g. [6, Chapter 7, Theorem
5.1].

We define the approximation space A7(BMO,Z) generated by nonlinear
n-term approximation in BMO from B-spliens to be the set of all functions
f € BMO such that

1\1/a
14z mvi0.2) = ||f||BMo+(Z non(f, Dpo) ') < o0,

with the usual modification when ¢ = co
The following characterization of the approximation spaces A7 (BMO, Z) is
immediate from inequalities (4.3), (4.4):

Theorem 4.3. If0 < v <o and 0 < ¢ < oo, then
Hak
A7(BMO,I) = (VMO, B? )g,q.
In particular, if f € VMO, then
K(f,t%) = O(") if and only if ({0 = O(n~7).

Above (X, X1)a,q stands for the real interpolation space induced by two spaces
Xo, X1, see e.g. [6, Chapter 6, §7].
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5. Comparison with Spline Approximation in Other
Spaces

5.1. Comparison between Spline Approximation in BMO and L*°

Here we clarify the differences and similarities between nonlinear n-term
approximation from B-splines in BMO and in the uniform norm.
Denote by 0, (f,Z)c the error of L>-approximation to f from X, (Z):

T)oo := Inf — .
on(F D)= _int = Sl

We denote by B‘T’"k the Besov space introduced in Section 3. The following
theorem follows from the Jackson estimates in [3, Theorem 4.1] or [17, Theo-
rem 4.1].

Theorem 5.1 (Jackson estimate). If f € B®*, a > 1,1/t =a, k > 2,
then f is continuous on R, lim|z|_o f(x) =0, and

on(f, D)oo < cn*O‘HfHBg,k, n €N, (5.1)
with ¢ depending only on o and the parameters of T.

Observe that the B-spaces used for nonlinear spline approximation in L*
in [3, 17] are somewhat different because the approximation there takes place
in dimension d > 1 or d = 2. However, from (3.5) in [3] or (2.15) in [17] it is
clear that these spaces are the same as B®* in dimension d = 1.

Theorem 5.2 (Bernstein estimate). Let o« > 0 and 1/7 = a. If S €
Yn(Z), n € N, then
151 gor < en®[|S]loo, (5.2)

with ¢ depending only on o and the parameters of T.

This theorem follows by the Bernstein estimates in [3, Theorem 4.2], see
also [17, Theorem 4.2].

Several clarifying remarks are in order:

(1) The Besov space B®* is obviously not embedded in L when a < 1.
For this reason the Jackson estimate (5.1) is not valid when o < 1. At the
same time the Jackson estimate (4.1) holds for all a > 0.

(2) Since ||S]lBMmo < ||S]|oo the Bernstein estimate (5.2) is a consequence of
the Bernstein estimate (4.2). Similarly, the Jackson estimate (4.1) follows by
(5.1) in the case when o > 1.

(3) It is interesting that in the case when o > 1 the same Besov spaces B®*
work for spline approximation in both BMO and L*°.

(4) Algorithms for nonlinear n-term approximation from linear B-splines
are developed in [4] and in more general settings in [3]. The results in [3, 17]
use ideas that originate in earlier development of spline approximation in L*°
in [7].
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5.2. Comparison between Spline Approximation in BMO and
L?, p < oo

There is a principle difference between nonlinear spline approximation in
BMO(R) (or L*°(R)) and in LP(R), 1 < p < oo, that we would like to clarify
here.

To be specific, denote by S(k,n) the set of all piecewise polynomials func-
tions on R of degree k—1 with n+1 free knots, that is, S € S(k,n) if there exist

points —oo < xg < 71 < -+ < Ty < 0o and polynomials P; € I, j =1,...,n,
such that .
S:Z]l]f 'Pj, Ij = [Ij_l,l‘j). (53)
j=1

Here the knots {x;} are allowed to vary with S. Hence S(k,n) is nonlinear.
No multilevel partition is assumed. Given f € LP(R), 1 < p < oo, define

SE(f)p = inf = Slp-
5Py inf f =S,
One is interested in characterizing the approximation spaces associate to this
approximation process. The Besov spaces

Bk, a>0, 1/r:=a+1/p, k>1,

T

naturally appear in this sort of problems. These spaces are standardly defined
[19] by the following norm using muduli of smoothness as in (3.1) for 0 < 7 < co:

Hf”Bch = (Aw[t_awk(f,t)T]TCit)l/T.

However, the definition of Bf’k can be modified as in Definition 3.2 when 7 < 1,
q < p, see [4, 16].

The following Jackson and Bernstein estimates have been established in
[19]: If f € B®*, then f € LP and

Sn(Hp < en™ | £ll g

and for any S € S(k,n)
11 gee < en®[1S]lp-

Clearly, these two estimates allow to completely characterize the associated to
{Sk(f),} approximation spaces.

Discussion. As the following remarks show the nature of nonlinear spline
(piecewise polynomials) approximation in BMO(R) (or L*°(R)) and in LP(R),
p < 00, is totaly different.

When approximating from piecewise polynomials in LP, 1 < p < oo, there is
no need to assume any smoothness or continuity, we simply work with discon-
tinuous piecewise polynomials, see (5.3). The point is that smooth piecewise
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polynomials and discontinuous piecewise polynomials produce the same rates of
approximation for p < co. More importantly, if S; := 1; - P for some compact
interval I and a polynomial P € IIy, P # 0, then

157l gar < o0, Va>0, 1/tr=a+1/p.

In other words this piecewise polynomial function is infinitely smooth in the
scale of the Besov spaces BXF.
In contrast, it is easy to see for St ¢ C(R) that

S1]| gok = 00 for any a > 0 whenever 1/7 = a, i.e. p = co.

Furthermore, the Bernstein estimate (4.2) cannot be true for piecewise poly-
nomials S of the form (5.3) even if S € C*~2. We next clarify this claim
with the following simple example. Let S(z) = 1 for « € [0,1], S(z) = 0
for z € (=00, -] U [l + £,00), and S is linear and continuous on [—¢, 0] and
[1,1 + €], where € > 0 is sufficiently small. It is readily seen that wy(S,t)T ~ ¢
for e <t <1/2 and hence

/2 g
HSH;ga > C/E - > cln(1/e).

Therefore, the Bernstein estimate (4.2) is not valid for piecewise polynomials
of the form (5.3) even if they are smooth. This is the reason for considering
nonlinear approximation from splines generated by a hierarchy of B-splines.

6. Proof of Theorem 4.1

In this section we prove the Jackson estimate (4.1). We shall derive this
estimate from an estimate for approximation in general sequence spaces.

6.1. Jackson Inequality for Nonlinear Approximations in fgg

Here we consider nonlinear n-term approximation from finitely supported
sequences in the spaces {2 in a general setting developed in [13, §7.2].

Definition 6.1. Let X = UX__ X, be a countable multilevel index set.

With every £ € X' we associate an open set Us C R. We call {Ue : { € X'} a
nested structure associate with X if there exists constant A > 1 such that:

(a) IR\ Ugexm Uel=0 VmeZ;
(b) If n € X, € € X, and m > v then either U,, C Ue or U, N Ug = 0;

(c) For every £ € X,,,m < v, there is unique n € X, such that Us C U,;
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(d) U] S NU| ¥, € € Xy ¥m € 2

e) Every Ug, £ € X, has at least two children, i.e. there are n,{ € X411
3 +
such that U, C Ug, Us C Ug, n # (.

We also assume that there exist one D! or two D!, D? disjoint subsets of
R with the properties: (i) |R\ UJKﬂDj\ = 0; (i) for every & € X there is
J» 1 < j < K, such that Ug C D75 (iii) if the sets U,, U are contained in D7
for some 1 < j < K, then there exists Us C ©J such that U, C U, Us C Ug.
Here K =1 or K = 2.

Remark 6.1. Conditions (a)—(c) imply that for every £ € A, we have

Uel= > Uy, VjeN,

NEXm+;
U, CU¢

Conditions (d)—(e) imply that there exists p € (0,1), namely p = A/(A+1),
such that

U, < plUe] Vm €Z, €€ X, 1 € Xppsr, U, C Ue. (6.1)

Recall that by definition the sequence spaces £7 = ¢7(X), 0 < 7 < o0,
consists of all sequences {he : £ € X} such that

1/7
h)ler = (Z |h5|7> < 0.

fex

We define the sequence spaces g¢ = g?(X), 0 < ¢ < oo, as the set of all
sequences {he : & € X'} such that

|Un|>l/q
h|lga := sup ( E hoy|? < o0.
|| ||£lq cex | 77| |U§|

U, CU¢

Note that the definition of ¢7(X') does not need a nested structure associate
with X', while the definition of g?(X), ¢ < oo, requires such kind of structure.
Of course, for ¢ = 7 = oo we have g = (.

The best nonlinear approximation of A € g? from sequences with at most n
non-zero elements is given by

1/q
, ; . |Un|
on(h)ga == inf  ||h—h||ga = inf sup ( Z | |7 = .
|supp h|<n ;;&\ngn X\ Ui, |U|
n¢An

Theorem 6.1 (Jackson inequality). Let 0 < 7 < 00 and 0 < ¢ < oo.
Assume {Ug : £ € X} is a nested structure associate with X. There exists a
constant ¢ = ¢(1,q, ) such that for any h € {T we have h € g9 and

on(h)gs <en V7|hlle,  meEN.
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6.2. Proof of Theorem 4.1

Let the support @ € Q,, of ¢ be Q = [Ty j, Tm j+k]. We use Q in the
place of &, Q,, in the place of X,,,, m € Z, Q in the place of X and the open
interval Ig := (zpm j, Tm, j+1) in the place of Ug from Definition 6.1. If 7 is a
regular multilevel partition of R then the system of intervals {Ig : Q@ € Q} is
a nested structure associate with @ = US__ _ Q,,. It satisfies all conditions of
Definition 6.1.

In order to determine K from Definition 6.1 we consider all knots {z, ; :
m,j € Z}. In view of (6.1) it is not possible to have two different points
y1,Yy2 € R that are common knots for all levels m € Z. If all levels have one
common knot y; then K = 2, D' = (—o0,y1), D? = (y1,00). If there is no
common knot for all levels then K = 1, D! = (—00, 00).

Lemma 6.1. If {ag}geo € 6'(Q) and f = Y 5co aqpq € VMO(R) then

IfllBmo < el{ag}lgr

Proof. Denote

fvi= Z Z aQyYq, veZ.

J>v QEQ;
We claim that
|
[fullswo <e sup 37 lagrl2 = Haodllgrw)-  (62)
Q€Q;i>v 1 5T, ol

Let J be an arbitrary compact interval in R. Then there exist m € Z such that
if Q€ Qn and QN J #0, then |Q| ~ |J| and Q C 2J. Denote J := 2.J.

We may assume that v < m. We split f, into two: f, = fu, + (fo — fin)-
Using (2.10) we get

1 1 c
i / @l < / > leaar@lds < / S Jagrpq (@)lde
Q' cJ

QcJ

|le|
<c Y sup > oo o5 < cl{ag}llgr) (63)

iJ I
QEQm,QNJT#D QEQj>m g el

Fix y € J. Denote F,., := f, — fin. We claim that
1
il /J |[Fum(z) = Fum(y)ldz < cl[{ag}|g1 ) (6.4)

Indeed, let Q € Q;, j < m, and assume Q N J % (. Then for z € Q

lva(@) = vo)l < |z —yllep @)l < ce—yllQI™", €€ (x,y).
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For every x € J using the above we get

m

Fom(@) = Fom@) < D D leallpe(@) = v (y)l

J=r+1QeQ;,Q3z

<cl{algny Y. Y. lvel@) —way)

J=r+1Q€Q;,Q3z

<c{agdlgrey Do Do IR < cl{ag}lgo)-

J=r+1QeQ;,Q3z

In the last inequality we used (2.4) and that every point z is contained in k
different @’s from every level. Estimate (6.4) follows readily from the above
inequalities.

From (6.3) and (6.4) it follows that

|17\ /J |fo(@) = Fum(y)|dz < cl{ag} g ),

which implies (6.2).
Now, condition f € VMO(R) implies lim,_, _ || f» — f|lBmo = 0 and, hence,
(6.2) proves the lemma. O

Completion of the proof of Theorem 4.1. Let h = {aglgeo € ¢7(Q).
Then Theorem 6.1 with n = 1 implies h € g' and Theorem 2.1 gives
f= EQGQ agpq € VMO. Using Lemma 6.1 and once more time Theorem 6.1
we obtain

on(femom) < con(h)gi(e) < en” VT|hl) < en™ | fllgoss nEN.

This proves Theorem 4.1. O

7. Proof of Theorem 4.2

For the proof of the Bernstein estimate (4.2) we shall need Lemma 2.1 and
the following

Lemma 7.1. Let f € BMO and f(x) =0 for x € J\ I, where I, J are two
intervals so that I C J and |J| = (14+0)|I]|, 6 > 0. If 1 <7 < o0, then

/I @) de < (14670 / (@) — Avg, flde <l l|fIvo (7.1)

where ¢ = ¢(6, T).



100 Nonlinear Spline Approximation in BMO(R)

Proof. Using the hypothesis of the lemma we have
1 1/T 1 1/
(7 [r@ra) " < (7 / F@) ~ Ave f7dz) "+ |Ave, /]

< (17 [ 1@ = aveyrae) o 5 [ @
< (i [ 1)~ v, frae)’ ||§| T / @) d

B % /J ) = Ave 7ds) "+ 5 i / Fayrz)

with Holder’s inequality applied in the last inequality. This proves the first
inequality in (7.1), while the second inequality follows from (2.2). O

Proof of Theorem 4.2. Given a partition Z we set t,, = Asup;cz, [,
m € Z, with X from (2.3). From (2.3) we infer that ¢,,A=2 < |Q;] < t,,A™! for
every I € Z,, and from (2.4) we obtain rt,, < t,,11 < ptp, m € Z.

Let g =3 0ca, aQ¥Q € Xy Denote by 2o < a1 <+ <an, N < (k+1)n,
the knots of ¢q, @) € A, in increasing order (if two B-splines have a common
knot then it appears only once in this sequence). There exist polynomials
P;elly_y1,j=1,...,N, such that

9=> L5, P  Jji=[r1,2], geCR). (7.2)

In fact g € C*¥=2(R). Also, denote Jy := (—00, z¢] and Jx 1 := [xx,00). Note
that the points g < z; < --- < xn are among the knots of partition Z and
two consecutive x;_1,2; may belong to different levels of Z.

(a) Let 1 <7 < oco. For every m € Z and every I € Z,,, we shall establish
the estimate

. . BV o
Ek<g,91>7gc( S+ Y mln{|Jﬂ|,UT})g|BMo. (7.3)
1

JLCQr 0<|J,.NQr|< ||
J;L\QI9£V)

The second sum in (7.3), where the summation is on J,, contains 0, 1 or 2
terms. Every such term represents an interval J,, which partially covers €1y
and contains in its interior one of the end points of ;. Note that Jy and
Jn+1 have length co and if they are among J,,’s then the corresponding term
is 0. We shall term the intervals J;,j = 1,..., N, with |J;| > t,, big intervals
for the level m.

For the proof of (7.3) we consider five cases depending on the position of
the interval Qp, I € Z,,, relative to the intervals J;, 7 =0,1,...,N +1, of g.

Case 1: Q) is a subset to one of the intervals J;, 7 =0,1,..., N + 1.
In this case (7.3) is trivially satisfied because Ej(g,€s), = 0.
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Case 2: Both end points of Q; are either among the knots z;,j =1,..., N,
or are in the interior of intervals J,, with |J,| < tp,.

Note that min{|.J,|, ¢t /|J,|"} = |J,| if J, belongs to the second sum in
(7.3). Set J* = U, j,nq;|>0Jv- Then (7.3) follows from

Ex(9,207 < Eu(g, )7 < [T lglbmo = Y 11ll9llBmo-
[J,NQr|>0

Case 3: Both end points of Q7 are in the interior of two intervals J,, with
|J.| > t,, and there is only one knot among z;,j = 1,..., N, in the interior
of Q].

Let z; be the knot of g in the interior of ;. Then the two big intervals
covering the ends of Q; are J; and J;1. We have

Er(9,20)7 < E1(g,20)7 < el (124119 |2 (s;00,20))
< AU (9170 (1) + 119 1T (100))-

Further, using Lemma 2.1 we get for J = J; or J = J;j11

9" | Lo )y = 11(g — Avg19)' || Lo (1)
¢ c
= m”g —Avg il < Wllg — Avg;gllr (7.4)

c 1 / c
=—— [ |g(z) — Avg,gldz < —|glBmo.
Fimpins: 7 7]

Therefore 1
Ex(9, Q)7 < ety[™ Z WHQHTBMO (7.5)
0<|J.NQr|<|9r] TH
T \Q#0

Note that (7.5) also holds if one of J; and J;41 is unbounded because g = 0 on
this interval. Inequality (7.3) reduces to (7.5) in this case.

Case 4: Both end points of Q; are in the interior of two intervals J,, with
|Ju| > tn and there are at least two knots among z;,j = 1,..., N, inside Q;.

Let xj,,...,%j,—1, ¢j, < Tj,—1, be the knots of g in the interior of €2;.
Then the intervals J, from the second sum in (7.3) are J;, are Jj,. Denote
J = [le,ZjQ_l],J* = le uJu Jj27 and

V= Z aQPQ-
QEA, #VonJ>2

Recall Vi denotes the knots of . Note that |J| < [Q;] and |J1], |J2| > A|Q].
Hence #Vg NJ > 2 implies #VoNJ =k +1 (for Q € A,), i.e. if a B-spline is
involved in the sum of V, then it has all knots in J. The same argument shows
that if g has two B-splines from different levels with only one knot in J, then
this is a common knot. (Assuming the contrary, from the refinement property
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of T we get that the higher level contains an interval of length < |Q;| and
hence it cannot contain an interval of length > A|Q;|. This contradicts the
assumption that a B-spline from this level has a single knot in J.) Denote by
y the common knot of all B-splines of g with only one knot in the interior of J
(if there are such splines). Hence we can write

g(@) =U(x)+V(z), wxeJ,
where
U= ]]'[l'jl—l;y]le + ]]‘[y,l‘jQ]PJé? leapjz € Hk—la Ue C(J)

Here Pj,, P;, are from (7.2). In case there are no B-splines of g with only one
knot in the interior of J the above representation holds with P;, = P;, and y
being any of x;,,...,7j,—1.
We have
Ek(g,Q]): < CEk(U, Q[): +CEk(V, Q[): (76)

To estimate the best approximation of V' we use Lemma 7.1 and 3J C J*
to obtain

BV <Vl =c [ V@lde<e [ Vo) - ve,VIds
J 3J

< [ loto) ~ Avggpaldn e [ UG) - Aveg,UTds (1)
3J 3J
< lJlgllno + el (ITNT Lo o))"
To estimate the best approximation of U we write
Ex(U,9Q0)7 < Ex(U, Q)7 < || (121110 e (7)) (7.8)

Inserting (7.7) and (7.8) in (7.6) we obtain

Ee(g, 207 <c¢ Y | Tllglmo + et N0 [T (54)- (7.9)
JLCQr

For the estimate of U’ we use Lemma 2.1 and (7.4) with J = J;, to obtain
c

10 N zos (12, —1) < U oo,y = €llg Lo,y < mllgllBMo. (7.10)
J1

Similarly for the interval [y, z;,] D Jj,.

Combining (7.9) and (7.10) we obtain (7.3). Estimate (7.3) is also valid in
the case when one or both intervals Jj,, J;, are unbounded because g =U =0
here.

Case 5: One of the end points of {}; is among the knots z;,7 = 1,..., N,
or is in the interior of an interval J,, with |J,| < t,, and the other end point is
in the interior of an interval J, with |J,| > ty,.
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This is a simplified version of Case 4. Let z;,,...,zj,-1, Tj, < j,—-1, be
the knots of ¢ in the interior of Q;. Without loss of generality, let |J;,| > ¢,
be the big interval containing the left end of I. Then for the right end of I
belongs to Jj, = [zj,—1,2;,] and |J},| < tp. Set J = [z, z),], J* = J;, U J,
and

U=1,P;,, Pj €l Viz)=g(x) - U(x), =xe€J".

Thus, the polynomial U coincides with g on J;, and the spline V is zero on Jj;.
We have

Bl )7 = BV )T < VI < ol + <IN amcr)”
as in (7.7) with the interval 3J replaced with [z;, — [J|/2,z;]UJ C J*.

For the estimation of U’ we use (7.10), which together with (7.11) gives
(7.3). Estimate (7.3) is also valid in the case when Jj, is unbounded because
g = U = 0 here. Thus, (7.3) is proved.

Using estimates (7.3) we obtain

> T Er(g, )]

I€T,,
1 1+7'
<o (X e X wn{id sl
1€z, J,CQr 0<|J,NQr|< ||
T\ #0
|JV‘ t:n T
<ol ¥ B 3 o 112)
[T <t [T |>tm ' H

In the last inequality we use that every J, with |J,| < ¢, may belong to at
most 2k — 1 different intervals Q7, I € Z,,,, and that every J, (independently
of || <ty or ty < |J,| < 00) may partially cover at most 4k — 2 different
intervals Qy, I € Z,,.

Finally, taking a sum on m in (7.12) and using t,,+1 < pt,, and N < (k+1)n
we obtain

Sy (X 5 lallo
IeT mEZ N |J,|<tm tm [T |>tm | HF
al |J|
=c§j( >k )||g||BMo<cn||g|BMo. (7.13)
v=1 meZ meZ
[Jo|<tm | T |>tm

In view of (3.3) this completes the proof of the theorem in the case 1 < 7 < oo.
(b) Let 0 < 7 < 1. We shall use the identification B&* = B&*(E 1), see
(3.5). From (7.3) with 7 = 1 and the concavity of y™ for 0 < 7 < 1 we obtain
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for every I € Z,,, m € Z, the inequality
(117 Erlg, 1)
| Ju|” 8 O r
<o T EE 2w {BE 2 sl a9
m H

J,cQp ™ 0<|J,.NQ1|< ||
Ju\Q#0

Now, proceeding as in the proof of (7.12) and (7.13) we obtain from (7.14)

> (I Ex(g, Q)1)”

Iez

S || f
< (X B X 2 ol < enllslfvo.
v=1 mEeEZ m meZ ®
[Jo|<tm [Ju|>tm

In view of (3.5) this completes the proof of the theorem in the case 0 < 7 < 1.
g

8. Appendix
8.1. Proofs of Lemma 2.5 and Theorem 2.1

Proof of Lemma 2.5. Let {ag}geo be a sequence of complex numbers and
fix an compact interval J C R. Consider first the case when 0 < 7 < p. By
[16, Theorem 3.3] we have

1/7
| > aavel| < D llaavaliy) (8.1)
QeQ,QcJ P QeQ,QcJ

Clearly, |lageoll, < clag||Q|'? < clag||J|*/?, which along with (8.1) implies
(2.21).

In the case 7 > p we choose ¢ > 7 and use Holder’s inequality and (2.21)
in the proven case from above to obtain

! 1 1/7
|7 X laasel|, < |7 3 leawal|, < e( 3 leal”)
% ' QeQ, T CQee
QCJ Ocy 39

The proof is complete. a

Proof of Theorem 2.1. Part (b) is trivial. For the proof of part (a) assume

7 > 1. Denote
fo= Z Z agpqg, VELZ.
I>vQeQ;
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We claim that

/T
fullsnio < e 3 3 laal™)" = IHaaHlrw.

J>v QEQ;

105

(8.2)

Let J be an arbitrary compact interval in R. Then there exist m € Z such that
if Q€ Q, and QN J # 0, then |Q| ~ |J| and Q C 2J. Denote J := 2J.
First, we consider the less favorable case v < m. We split f, into two:

fv=fm+ (fu — fm). Using Lemma 2.5 we get

1 C
ﬂ/,'fm<x>|dx< m/jZ Y lagea(e)|de

J>mQEQ;,
QCJ

<Y X lael)" < eltaa} e

i>mQ€eQ;

Denote F,,, := f, — fm and fix y € J. We claim that

1
7/ |Fl/m(x) - Fum(y)| dr < CH{QQ}HZT(V)-
1)
Indeed, let Q € Q;, j < m, and assume Q N J # (). Then for z € Q

v (@) = va)| < |o — yllvglle < clz —yllQI™".

Fix x € J and assume that x belongs to the interior of some Q* € Q,,
the above we get

Fom(@) = Fom@) < Y. > laglleg(x) — ¢(y)]

j=v+1QeQj;,
Q3x
m
<cl{aQtlerey Y. D le—yllQI™
J=rv+1Q€Q;,
Q3z
< cl{aglewlI1 D> > 1QI™
Jj<mQEQ;,
Q3z

< cl{aQ}ler | TNQ*I™" < cl{ag}Hlerw)-

(8.3)

. Using

Here we used that ., > 0co, 050 Q7! < ¢|@Q*| ™1, which follows from the
conditions on the underlying regular multilevel partition Z. Estimate (8.4)

follows readily from the above inequalities.
From (8.3) and (8.4) it follows that

57 [ 18:@) = Fon(w)lde < cll{agHler.
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which implies (8.2).
In the easier case v > m (8.2) will follow directly from an estimate similar
to (8.3). In turn, (8.2) implies that for any v, u € Z, u > v,

las 1/r
1fv = fullBmo < C( Z Z |GQ|T) / —0 as wv,pu— —o0.
J=r+1QeQ;

Since BMO is complete, it follows that lim, _,_., f, = f for some f € BMO,
where the convergence is in the BMO-norm. It also follows that ||f|lsmo <
c|ll{ag}ler, which confirms (2.20).

Finally, because the norm |[{ag}|l¢- does not change when reshuffling the
terms in its definition, it readily follows from the above proof that the conver-
gence in Yoo aQyq is unconditional in BMO. O

8.2. Proof of Equivalence (3.3)

Denote
1/7

11 gy = (D (17 wil £, 20))7)

IeT
Denote by D, the mth level dyadic intervals (|J| = 2=™ if J € D,;,) and set
D := UmezDm. Clearly, see (2.12),

we(£,27™)7 < > wi(f 2k + 1)J)T
JED,,

From the conditions on Z it follows that for each J € D the interval (2k +1)J
is contained in some interval Q;, I € Z, of minimum lenght (hence, || ~ |J]),

and each Q, I € 7, contains a uniformly bounded number of such intervals
J € D. Therefore,

1F e ~ > 2™wn(f,27™)7

me7Z

<e w26+ DN <> (1117 7wk Q)2)

JED IeT
and hence || f[| gax < [ f] Bk ()
For the estimate in the other direction we use (2.15). We obtain

S (w900

IeZ, F<2m|I|<2

2]
<e Y |1r|—2/0 /Q|A’,§(f,x,91)|fdxdh
I

Iez,f<2m|I|<2

c2™™
< c22m / /R |AF f(2)|"dadh
0

< 2Mwp(f,e27™)7 < 2w (f,277)7
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Here we used that only finitely many of the intervals {€; : I € Z, 1 <2m|I| <2}
may overlap at any point z € R, and wg(f,c27™), < dwi(f,27™),. From
above and (3.2) we get

-1 T m —mN\T T
1l ) = D2 (I £, 20)0)7 < e 37 2™ (£,27™)7 < el flon.
IeT meZ

This and the estimate in the other direction from above yield the equivalence
Hf||3<;v’“ ~ Hf“Bf’k(E)' O

8.3. Proof of Theorem 3.1

Let f € Bﬁ"k (E,q). In light of Proposition 3.2 there exists a polynomial
P € Iy such that [|f — Pllsmo < c|[fllgar(E.q). Let Tpnq be the quasi-
interpolant from (2.19)

(a) First we show that

lim ||f — P - Tm7q(f - P)”BMO =0. (85)

m—r o0
Fix € > 0. In light of (3.5) there exists mo € N such that
ST T E(f )y <€ (8.6)
Jj=mo I€Z;

Fix m > mg. Let J be an arbitrary compact interval and let v be its level (see
§2.2). We next consider two cases depending on the size of |.J|.

Case 1: v > m. There exist two adjacent intervals I, I> in Z, such that
J C 1 Uy, |J| ~ |I1] ~ |I2|. For an appropriate constant ¢ (to be selected)
we have

1 019 dor ¢ ) — e
= M/J|f(I)qu(f)(x)c | dz < |J| /J|f( ) Tu,q(f)( )| d

+ ol Toal(F) = Trna(£) = [} gy = 51 + 52
To estimate S; we use Lemma 2.4 and (8.6) to obtain

1

S1< —
|J‘ IZUls

|f(x) = Ty q(f)(z)|%dz
< || T ER(f,90,)8 + el | T ER(f,9Q1,)7 < c2?. (8.8)

To estimate Sy we shall use the abbreviated notation q; := T} 4(f) — Tj—1,4(f)
(see (3.6)). We fix y € J and select the constant ¢® := T, ¢(f)(y) — Tm.,q(f)(y).
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Then for any x € J we have

Iy (f)(@) = T (F) —c°\—12 @) = s )| <11 Y 10z~

j=m-+1 Jj=m+1

The choice of v implies that for any j = m + 1,..., v there exist two adjacent
intervals I7, I/ in Z; such that J C I; U I{. Using that q; is a polynomial of
degree k — 1 on I; and on I} we obtain from Lemma 2.1 and (2.3)

v

S Nl < 11X (laglz=a + 0= )
j=m+1 Jj=m+1

< el Y (G aglloe gy + 1717 laglloe )
j*m-&-l

IJI _
<c Z (214 gl ey + 171 gl o)
Jj= m+1 J

Using (3.11), (8.6) and (2.4) in the above, we obtain
Sy = CHTV,q(f) - Tm,q(f) - COHqLOC(J) <eet.

This together with (8.7) and (8.8) implies
7] / |f () — Tpng(f — P)(x) — ¢®|"da < ce?. (8.9)

Case 2: v <m. Hence |J| > c[I| for all I € Z,,, and } ;7 10549 ] < c|J].
Using Lemma 2.4 and (8.6) we obtain

1 1
o [ @ -Tap@rar < S 1@ = T (@)
J T1E€Zp, INJT#£D
< m Y Bl < |C| ST et < et
I1€T,, INJ#D I€Z,,,INJ#0

In turn, this and estimate (8.9) yield
If = P = T g(f = P)llzmo < ez, Ym > my,
which implies (8.5).
(b) We next prove that
im [T, (f = P)llmyio = 0. (8.10)

m——

Let € > 0. By (3.5) it follows that there exists m; € Z such that

ST T UE(f, Q)] < €7 (8.11)

j=—o0 I€Z;
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Fix m < m;. Let J be an arbitrary compact interval and let v — 1 be its level
(see §2.2). Then J contains some interval I € Z,, and |J| ~ |I|.

As in part (a) we shall use the abbreviated notation q; := T} 4(f)—Tj-1,4(f)-
Observe that T, o(f — P) = Ty 4(f) — P. Using this we write

Tna(f = P) Z a4+ Tng(f) — P = Z Z bQ.q(flpq +Tng(f) — P,
J=N+1 J=N+1Q€Q;

where N < m, N < v and v — N is sufficiently large (to be determined).
Clearly, for any constant ¢* (to be selected) there exists a constant ¢** such
that

1 m .
m /J |T7R,q(f - P) — C**‘qdl' < CH 4 Z Z bQ’q(f)(pQHBMO (8.12)
J=N+1Q€Q;

- le /J Tn.q(f)(z) — P(z) — ¢*|%dx =: Sy + Ss.

To estimate S; we invoke Theorem 2.1, (3.9), (3.8), (3.11), (8.11) and obtain

sz S baanl) 2o X S )" 13

j=—00 QEQ]- j=—00 IEI
m q/T
< c( SN T E(, Q,);) < cet,
j=—o0 I€T;

To estimate Sy we recall that N < v and hence there are two adjacent
intervals Iy, Is in Zy such that J C I; U I5. Let I® € Zy_1 be the only parent
of Iy (I; C I°). Clearly, Q, UQ, C Qro. Let R € I} be a polynomial such
that

If = RllLa(ae) < cEr(f, re)q- (8.14)

We now choose the constant ¢* to be ¢* := R(y) — P(y), where y € J is fixed.
We have

C
52 5 [ Mva(f)@) - Pa) = [1da (8.15)
< i/ 1T (Py.q — R)(z)|%dz + i/ IR(z) — P(z) — c*|%da =: Uy + Us.
I ), ’ 1y
Using (2.17) and (2.10) we get
C
v = 5 /J T (Prvg — R)(@)|da < cl| T (Pavg = ) 1o

q q
< C||9>N,q - R||LOQ(Q11UQIQ) < CIEIN,IHé%Z)iUQIg H(PN7q - RHLoo(])
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P S (e O T
IEIN,IC§211 UQIQ

<c > (7M1 = PallFagry + I = RIGa(ry)-

I€In,1CQ, U,

By the definition of Py 4 we have || f — Pngllpary < cEx(f, 1) < cEx(f,Qr)q
(see (2.18) and (2.16)). We use this, (8.14), (8. 11) and the above estimates for
U to obtain

N
Ur<e > (|7 E(f, Q)2 < cet. (8.16)
J=N—11€L;,IN(2r, U, )#0

Here we used that in the double sum above there is a constant number (de-
pending only on k) of terms.

In estimating Us we shall use the abbreviated notation I, := I; U Is, where
I, I, € Ty are determined above. Using that R and P are polynomials on I,
and Lemma 2.1 we get

e = 15 | 1R@) = P@) = () = P < (1R~ P) =0,
= (IR - P—QMWL)<dumumm—P—w%wQ
< (DI IR = P~ 8l .

where the constant ¢ is defined by ¢ := Avg; (f—P). We now use (8.14), (2.2),
(8.11), and obtain

LI R~ P~
< AL S = Rl + LT~ P = Aver (f = Pl
< [T Bu(£,0)8 + el f = Pliigo < e? + el f = Pliiyo-

On the other hand, because |J| ~ |I| with I € Z, and I, = I; U I with
I, I € Iy, we infer from (2.4) that |J|/|L| < cp”~ Y. Putting all of the above
together we obtain

Us < ep” ™ M(e? + || f = Pllgyo)-
Combining this with (8.15) and (8.16) we get
Sy < e+ ep N f — Pl|T0-

In turn, this along with (8.12) and (8.13) yield

1
57 [ Tnald = )=l < e+ en 1)1 = Pl Vim <.
J
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Since the constant c¢ in this estimate is independent of N and f — P € BMO,
by letting N — —oo we arrive at

1
7l /J T q(f — P) — c*|%dx < ce?, Ym < my.

This estimate implies || T, 4(f — P)|lBmo < ce for all m < mq, which yields
(8.10).

Clearly, decomposition (3.18) follows at once by (8.5) and (8.10). Inequality

(3.19) follows by Lemma 3.2. The unconditional convergence in (3.18) is a
consequence of Theorem 2.1. Finally, the unconditional convergence in BMO
of the series in (3.18) and the fact that each ¢g is in Cp(R) leads to the

conclusion that f — P is in VMO. O
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