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ABSTRACT.  As is well known the kernel of the orthogonal projector onto the polynomials of
degree n in Lz(waylg, [-1, 1D, wep@) = (1 — Hne1 + t)ﬂ, can be written in terms of Jacobi
polynomials. It is shown that if the coefficients in this kernel are smoothed out by sampling a
compactly supported C*° function then the resulting function has nearly exponential (faster than
any polynomial) rate of decay away from the main diagonal. This result is used for the construction
of tight polynomial frames for Lz(waq p) with elements having almost exponential localization.

1. Introduction

A basic technique in Harmonic analysis is to represent functions or distributions as linear
combinations of functions of a particularly simple nature (building blocks), which form
bases or frames. Meyer’s wavelets [6] and the ¢-transform of Frazier and Jawerth [3] provide
such building blocks on R?. A distinctive feature of Meyer’s wavelets and the elements of
Frazier-Jawerth is their almost exponential space localization and simple structure on the
frequency side. This makes them an universal tool for decomposition of spaces of functions
and distributions on R?.

Our primary goal in this article is to develop similar building blocks for decomposition
of weighted spaces on [—1, 1] with weight

wa () =1 =01 +1)F,

and in particular, L”(wq,g), Hardy spaces H”(wq,g), Besov spaces, and more general
Triebel-Lizorkin spaces. The structure of the weighted spaces on [—1, 1] is different and
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more complicated than the structure of the spaces on R due to the fact that there are no simple
translation or dilation operators in these spaces. This creates a great deal of complications.

The Jacobi polynomials {P,fa’ﬂ )},‘;‘3:0 provide a basic vehicle for representation and
analysis of functions or distributions in the weighted spaces on [—1, 1] with weight wg_ g.

We let ¢y, p denote the normalization constant of wy g, i.€., c;;} = fil wy,g(t)dt. The

Jacobi polynomials {Pn(a‘ﬁ )}ZO:O are orthogonal with respect to wy, g, namely [8],

1
Ca,p / PP () PO (1w p (1) dt = 8, mh P
-1

where

h@B) — Fae+p+2) Fm+a+D(n+B+1)

For f € L' (w, ) the Fourier expansion in Jacobi polynomials is

oo 1 1
~ S a () (@B P@B ) d(F) = ey / PP (1ywe (1) d
10~ Lot (W) BEP@. D) =g [ FORD O

The nth partial sum of the expansion can be written in terms of the reproducing kernel
(a, )
K, (x,y)as

n 1 1
Su(f; ) =Y _dj(f) (h;a’ﬁ)) PP (x) = ca,ﬁflf(r)K,ga’m(x,r)wa,,g(t)dr,
j=0 -

where the kernel is given by

n 1
Kr(za’lg)(x’ y) = Z (hEa,ﬂ)> P](oz,ﬂ)(x)Pj(a,ﬂ)(y) ] (1.1
=0

One of our main results in this article asserts that any polynomial in two variables of
the form

(0.¢]
~(J A\ ! :
LeP,y) =Y a (;) (heP) PP PP, (1.2)

J=0

where @ € C*[0, oo) with supp @ C [1/2, 2] (or more generally suppa C [c,d], ¢ > 0)
has almost exponential localization around the main diagonal y = x of [—1, 1]*. To be
more precise, let

mp(o0) o= (1w r2) R (12

Then for o, B > —1/2 and any k > 1, there is a constant ¢, > 0 such that

a.p " 1
|L" (cos 9, cos¢)’ = VWa,p(n; cos 0)/wy, p(n; cos p)(1 +nlo — )k (13)

for 0 < 0,¢ < m. This result is a far reaching extension of the recent discovery in [7]
that Lﬁ’)‘(x, 1) (with A a half integer) has almost exponential localization around x = 1,
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which is utilized in [7] for the construction of frames on the n dimensional sphere. The
above result shows that if one smooths out the coefficients of the kernel in (1.1) by sampling
a C function then the resulting function decays away from the main diagonal at nearly
exponential (faster than any polynomial) rate. This fact, which is well known for the
trigonometric system, has apparently been overlooked. We believe that it will play an
important role in various problems for weighted spaces.

The polynomials Lf{’ﬂ give us a handy tool for constructing tight frames in Lz(wa, 8)
and other weighted spaces (with weight wg g) on [—1, 1]. Our construction of frames
utilizes a semi-discrete Calderon type decomposition coupled with discretization using the
Gaussian quadrature formula (see Section 3). A similar scheme is used in [7] for the
construction of frames on the sphere.

Let us denote by ¢, § € X, the constructed frame elements (Section 3), where
X = UC/?‘;OX ' is a multilevel index set consisting of the localization points (poles) of the
Ye’s. Then our frame is defined by

Vo= {Yeleex

We show that every function f € Lz(wa, ) has the representation

1/2
f=) L veve and I fll2a,, = ( OIS ws>|2> :

EeX teX

i.e., W is a tight frame in Lz(wa,ﬂ).
A distinctive property of the jthlevel frame elements ¥z (§ € X)) is their localization:

2J/2

W 5(27; cos 0) (1 + 2716 — arccos £)*

which is analogous to the localization of Meyer’s wavelets. It is worthwhile to point out

|re (cos )| < c vk, (1.4)

that the factor ,/wg, g (2/; cos 6) in the denominator in (1.4) as well as the corresponding

terms in (1.3) reflect the expected “effect” at the end points of [—1, 1] and play a critical
role in our development. Notice that this term is present even in the case when wy, g(¢) = 1
(a=p=0).

The superb localization of the frame elements {y¢} prompted us to term them
needlets. This along with the semi-orthogonal structure of W and the increasing num-
ber of vanishing moments of the y/¢’s enables one to utilize the needlet system W for
decomposition of spaces other than L?(wy, ) such as Besov and Triebel-Lizorkin spaces.
We shall report on results of this kind in a follow-up article.

We do not discuss here the literature on polynomial bases and frames on the interval
because to the best of our knowledge the elements of the existing bases or frames do not
have the localization of the needlets. It is an open problem to construct bases in L% (wy, )
with basis elements having localization similar to (1.4).

This article is organized as follows. In Section 2, we establish the localization (1.3)
of the polynomials Lz’ﬂ from (1.2), where in Section 2.1 we consider the particular case
¢ =0 (y = 1), while in Section 2.2 we prove (1.3) in general. In Section 3, we construct
our polynomial frames and establish their main properties.

Throughout the article positive constants are denoted by c, cy, ... ; unless specified,
their values may vary at every occurrence. The notation A ~ B means cjA < B < A,
and A := B or B =: A stands for “A is by definition equal to B.”
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2. Localized Polynomials in Terms of Jacobi
Polynomials

In this section we establish the localization properties of Lf,{”3 (x, y) from (1.2) depending
on the smoothness of a@. We first prove (1.3) when ¢ = 0 (y = 1) and then consider the
general case.

2.1 The Localization of Lz’ﬁ (x,y)inthe Case y =1

Theorem 1. Leta € C*[0,00) with k > 1 and suppa C [1/2,2]. Assume that
o > B > —1/2 and define

0o . 1
LY (cos ) = Za@ (15”) PP P cost) @n
=0

Then there exists a constant c; > 0 depending only on k, a, B, and a such that
n2a+2

km, 05057’[ (22)

]L‘,’f’ﬂ(cos 0)] <c

The dependence of cx on @ is of the form ¢, = c(«, B, k) max| <)<k ||?i(”) 1.

Proof. Since P,,(a’ﬂ)(l) =(a+Dy/n!'=Tw+a+ 1)/[C(@+ DHI'(n + 1)] (cf. [8,
(4.1.1)]) it is easy to verify that

rg+1

Lz’ﬂ(cos 0) = F(oc+—,3+2) 2.3)
N[\ Qi+a+B+DIG+a+B+1D  @wp
xZa(;) TGP+ P;*P (cos6) .
j=0

Notice that since suppa C [1/2, 2], the sum in (2.1) [and (2.3)] is finite; in fact it is over
n/2 < j<2n.

We first prove (2.2) for 0 < 6 < m/n. Using the fact that [8, Theorem 7.32.1]
||P;a'ﬂ)||L°o[—1,1] ~cj%andT(j 4+a)/T(j+1) ~ j*Tas j — oo, it follows that

2n
}Lg’ﬁ(cos )| < chz‘”l < cn?t? |
Jj=0

which yields (2.2).
Letm/n <6 < m. We will use the identity [4]:

P,fla‘ﬂ)(cose) — o
—Gh . = 0, p(1 — cos0) cos[m—+ (¢+ B+ 1)/2]¢
P, (1) 0
(cos ¢ — cos §)*1/2 a+pB a—p n 1 cosf —cos¢ ¢
« . Z.
(+cospyetprz 2\ T2 7 YT T Teose ’

for 0 < & < m and @ > —1/2, where ,F] denotes the hypergeometric function and
dyp =2@TPHD20 (@ + 1) /(7T (@ + 1/2)). Recall the identity [8, (4.1.3)] P,i,a”g)(x) =
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=nm P,f,ﬁ ’a)(—x). Now changing first the variables ¢ — m — ¢ in the integral, and then
setting 6 — 7 — 0 and interchanging the places of & and 8, we obtain

Pn(f‘ﬂ)(cos 0)
P (1)

(cos8 — cos ¢p)P—1/2 a+B p—a

(1 —cosg)ermz 2"\ 77

= dp.o(1 4 cosf) P f cos[mp — (@ + B+ D(xr —¢)/2]  (2.4)
6

B+

1 cos¢ —cosé
S =E ) g
2" 1—cosf

Since P;ﬁ’“)(l) =T( + B+ 1)/[T(B+ DI + 1], we have

r+1) T(j+a+p+1) 1 FG+a+B+1
Fa+B+2) T(G+B+1)  T(@+B+2) rG+1

PP (1)

Using this and combining (2.3) with (2.4), we get

LyP (cos0) = dj 5(1 + cos§) ™’

x /0 [cos(kqﬁ — W) AS (@) — sin(hep — m)A;i“(qS)] °5)
(cos 8 — cos ¢p)P~1/2 a+pB B—a 1 cos¢ —cos®
(1 — cos ) @+h)/2 2Fl< 2 2 Pt T Tese ) a9 .

where d;,ﬂ =2dgo/T(ax+p+1)and

o0
ASS(9) = Za 0s jO ,
j=0
. ML+ 22
s n rg+1mn

(1) (J+MIG+28)
n rg+1mn

with A := (¢ + 8+ 1)/2.

The idea of the proof is to derive (2.2) from the analogous localization of the trigono-
metric polynomials AS* and Afj“. This in turn will follow by employing the fact that
any trigonometric polynomial A, (0) = 2?11 a jeif % has an excellent localization around
zero whenever the coefficients a; come from sampling of a smooth compactly supported
function.

Define

Gy = IEVIEH2Y .
C¢+1)

Notice that2A = o+ 8+ 1 > 0,sincea > 8 > —1/2.
With the next lemma we establish the smoothness and decay as ¢t — oco of G and its
derivatives.

Lemma 1. The function G is analytic on [0, 00) and for any k > 0
GO0 <ext™*, 1> 1, (2.6)

where cy depends only on k and .



562 Pencho Petrushev and Yuan Xu

Proof. We first show thatforb >a > 0,0 :=a+1—b,andt > 0,

d* T'(t +a)
dt* T(t + b)

ro- k 1
— (—1*BY (@) (F(bi:) L (140G as =00, @)

where B} (u) (here n = 0) are the generalized Bernoulli polynomials defined in [1, (C.4.2)].
We will slightly modify the argument from [1].
The relation between Gamma and Beta functions gives

1
F(t + a) — 1 / ul-Hl—l(l _ u)b—a—l du
Tt+b) Tkb-a)

= _ /oo e_s(""“)(l - e_s)b_a_l ds .
re-—a)ly

It is readily seen that the last integral is an analytic function for + > 0 and it can be
differentiated with respect to ¢ as follows

d* T'(t +a) (=DF [ —\b—a—1
dfkTG+b) Th-al, ¢ 7€ (1-e7) s

Now exactly as in [1, C.4, p. 615],

Ske—as

o (—1)"
= E B (a)s" k1) <27,
(1—e=)" = n » (@ !

and by Watson’s lemma, we obtain the asymptotic expansion

d* T(t +a) (=D Th—a+k+n) 1
di* Tt + b) Z o O O T T e S 10

n=0

which implies (2.7).
Leta := 2A — [2X], where | x| denotes the largest integer less than x. Then 0 < a <
1. Using that I'(1 + x) = xI"(x), we have

(t+ D@+ +22)

r+2)
B ~ feta _  HLeta
=+ DEFDEF2 =D o) g = PO

where p(t) is a polynomial of degree |2A| + 2. Now by (2.7),

G(t) =

C
- t27a+v ’

d’ T'(t +a)
drv T(t +2)

and hence

k k—v
d F(t+a)

G(k)(t)| < Z( >|p(”)(t)| ‘ -
= dtk= F(t+2)

k [2A]+2—v
Z ! < o2k
t2 —a+k—v — !

| /\
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Thus, (2.6) is established. L]

Now relying on the smoothness and localization properties of @ and G, we derive the
desired localization of A7 and A",

Lemma 2. If A, = A% or A, = AS™, then
2x+1

A,0)| < cp——m—,
A O = e

0] <7, (2.8)

where ci is of the form ¢y = c(a, B, k) max|<,<k ||E<“) |1 with c(e, B, k) depending only
ona, B, and k.

Proof. Letn > 2 and set
An(®) =Y adljl/ms(HG(jDe’
JEZ

where s(¢) = 1 or s(t) = signt. Evidently, A,(6) = 2A;®(©0) if s(t) = 1 and A,(0) =
2i ASin(9) if s(¢) = signt.

Set &3,,(0 :=a(|t|/n)s(t)G(|t]) and define ®, (1) := % fR én(g)eifé d§. Clearly,
5,1 (1) € ck (R) and supp 5,1 C [-2n, —n/2] U [n/2, 2n]. Consequently,

o (z)—i/d—kd? (6)e''s d&
= on Jo agk oS¢

and using (2.6),

dk
k ~
o, < [ | Frlaemaee]|de
k
K\ 1 . 4
=y (,-)ﬁ /R [@9) (& /m) G (6)| d
j=0
k 2
2} (k>£f @9 )G D (nu)| du
P VRV

k 2
< cn2—k+1 Z <k>/ ’a(j)(u)’uZH-j—k du
=0 J/ J172

< en? 1 max ”Z?(j)HL, = cknz}‘_kJrl .

O0=<j=k
Therefore, |®, (1) < can)‘_k+1|t|_". As above (with &k = 0) but easier, we obtain
|®,(1)| < cn**1. Combining these, we get
p 241
D, (1) < ckm, teR. 2.9)
Applying the Poisson summation formula

20y f@rjy =) F()

JEL JEZL
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to the function f () := ®,,(r + 0) (then f(t) = 6,, (1)e''?), we get

An(0) =) ®u(j)e'’? =21y " @, Q2mj+6).

JjEZ JEZL

Now using (2.9), we obtain for |0| < &,

2A+1
A, (0) =2 ®,(2nj +0
|An(0)] =27 Z n(27j +6) cz(l+n|2n]+9|)k
JEL
n2A+1 Sl nzx+1

c———  +¢
~ (1 +n|opF §(1+n(2j—1)7r)k
20t s g2 &
¢ ¢
~ (L+nlopk (1 +n)k i
201

<c———
(14 n|o)*

ik

and estimate (2.8) follows. L]

We are now in a position to complete the proof of estimate (2.2) in the case 7 /n <
0 <m. Since 0 < (cosf —cos¢)/(1 —cosf) < 1forf < ¢ < m, the absolute value of
the » F; term under the integral in (2.5) is bounded by a constant. Hence, using (2.5) and
Lemma 2, we infer

L cose)] < (1 +cose)* [ i PR )
P (cos c cos . .

! B o (L+np)k (1 —cosg)th)/?

In the followmg we will use the identities cos & — cos ¢ = 2 sin —+ 0+¢ sin =2 ,1 —cos¢ =

2sin? 5, and 1 + cos ¢ = 2 cos? %5
Consider first the case 7/n <6 < /2. Thenforf < ¢ <m,

232 O+¢ _0+9¢

—(9+¢)<s1n $-6 i ¢_9<¢_9.

2_2andﬂ§sm2_2

Using these in (2.10), we get

2 2\B—-1/2
%
|L%F (cos 0)] < cn°‘+ﬁ+2/ u do
o (1+ng)koeth
2 T (2 B—1/2
< opetprz_ 9 P v (1) du
- (ng)kgonrﬂ uk+atp
a2 00 (uz _ 1)/5—1/2 i a2

= Cp)kra—p wretp S T e h

In the case /2 < 0 < m, estimate (2.10) evidently gives

at+p+2

7 0 _ B—1/2
k(1+cos9)—ﬁ/ (cosf —cosd)™ = .

n
L9F(cos )| < c——
| L5 (cos )|_C(1+n9) ) (1 —cos)ath
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Let® = m — 0. Then0 < 6’ < m/2. Hence, we have, for0 < ¢ < 0, (0 £ ¢)/m <
sin[(0" &+ ¢)/2] < (8’ = ¢)/2. Consequently, substituting ¢ > 7 — ¢ gives

o (1 — cos @)ath (1+ cosp)*+h 49

/

T (cos6 — cos ¢)P1/2 i — /9/ (cos¢ —cos0')P 72
~Jo
0

<c / (07 =2 ap =o'

0
Since 1 +cos® = 1 — cos @’ = 2sin>(8'/2) ~ (6')2, this shows that
na+/3+2 n2a+2

<
A+ n0)k = (1 Fno)yk+a—p

‘Lf’l’ﬁ(cos )| <

as w/2 < 6 < m. The proof of Theorem 1 is complete. L]

2.2 The Localization of Lz”g (x, y) in the General Case
Recall the definition of Lg‘ﬂ(x, y) from (1.2):
L&P(x,y) = Za(-) (n?) " PP PP ()

c n
J=0

In this subsection we estimate the localization of Lz’ﬁ (x, ) around the main diagonal y = x
of [—1, 1]?, which depends on the smoothness of @. To this end we will need the quantity

We p(n; x) 1= (1= x +n ) T2 (1 4 x 4 n72)PH2 2.11)

Notice that since sin % ~ sin 6 on [0, 277/3] and cos % ~sinf on [ /3, ], then

we,p(n; cos0) ~ (sinf +n~")*" 0<0<27/3, 2.12)

and
we,p(n; cos0) ~ (sinf +n~ )P m3<6 <7 2.13)

Theorem 2. Let o, > —1/2 and let @ € C¥[0, 00) with k > 2a + 28 + 3 and
suppda C [1/2,2]. Then there is a constant ¢, > 0 depending only on k, a, B, and @ such
that for) <0,¢ <m

n

VWa,p(n; €08 0)/wy g (n; cos ) (1 +n|o — ¢|)°

,  (2.14)

|L‘,’f’ﬁ(cosé’, cos d))‘ <ck
where 0 = k — 2a — 28 — 3. Here the dependence of ci on @ is of the form ¢, =

c(a, B, k) maxj<y< @ 1.

Proof. We need the product formula of Jacobi polynomials [5]: Fora > 8 > —1/2,

(a,B) (o, B) T 1
Py ()P ()
n (aﬁ)n = Ca.p pn(a,ﬂ)(t(x, v, 1)) dm(r, ) ,
Py (1) o Jo
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where

te,y, ) = A4+ 00+ ) + 51— 00 —yr? +rvV1—x2/1 - y2cosy — 1,

the integral is against
dm(r, ) = (1 =) P28 (siny) P dr dy

and the constant c,, g is selected so that

T 1
ca,;;/ / ldm@, ) =1.
0 0

Once (2.14) is established for o > g > —1/2, the case § > « > —1/2 will follow from
the relation P,fa’ﬂ) (cosO) = (—1)" P,,(ﬁ’a)(cos(n —0)). Inthecasea =8 =1 — 1/2 we
use the product formula of Gegenbauer polynomials (cf. [2, Vol. I, Section 3.15.1, (20)])
CJA- (cos Q)C? (cos ¢)
Ci(

1
= cx/ C?(Cos@cos¢ + usin®sing)(1 — uz))“_l du ,
—1

where ¢, is the normalization constant of the weight function (1 — u?)*~1_ Since the case
a = B is much easier, we shall only give the proof when o > S.

The product formula allows us to write Lg’ﬁ (cos 8, cos ¢) in terms of Lg’ﬁ (1) defined
in Theorem 1, namely,

T 1
L‘,’l”ﬂ(x,y)zcaﬁ/o /0 LY (t(x, y,r,9)) dm(r, ) . (2.15)

Fort = cos6 with 0 < 6 < m, we have 6 ~ sinf6/2 ~ /1 — ¢, and consequently
the estimate of |Lﬁ’ﬂ (t)| from Theorem 1 can be rewritten as

n2a+2

|IL%F ()] < & —1<r<1. (2.16)

(1 +ny/T=p) e’

We will apply this estimate with t = 7(x, y,r, V). Let x = cosf and y = cos¢, 0 <
0,¢ < m. Then
1—t(x,y,r,¥)=1—cosfcos¢ — sin0 sin ¢

+ %(l —cosf)(1 — cosqb)(l — r2) +sinfsing(l —rcosy) (2.17)

0
= 25sin? ¢ + 2sin? 5 sin’ %(l — r2) +sinfsing(l —rcosy) ,
yielding
) 6 — ¢ 2
1—t(x,y,r,¥) > 2sin 5 ~ @ —¢).
Then by (2.15)—(2.16), we get
2042
| L% (cos 6, cos p)| < o L 0<6.p<7. (2.18)
" T (1 +n|0 — gkte—p B B
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Our next step is to show that this estimate can be substantially improved away from
the end points of the interval.

Case (a): 0 <6 <27/3and 0 < ¢ < /2. By (2.17), we have
1—1(x,y, 1, ¥) > c(10 — ¢|* +sinfsing(1 — rcos ) .
Then by (2.15)—(2.16),

(1 — rz)a*ﬁ*1r2ﬂ+](sin 1[/)2'5 dr d{/f
1+ n[|9 — ¢|?2 +sin@singp(1 — r cos Iﬁ)]l/2)" )

T pl
|LZ’/3(COS€’ cos¢)i Scn2°‘+2/ /
0 JoO (

where 0 =k +a — B. Set F(u) := 1/(1 +n(|0 — ¢|> +sinfsing (1 —u))/?)°. In the
following we evaluate the double integral by changing the variables several times:

b4 1 1 1
[[ [ Fecospramen = [ [ Fesn -2y om0 -2 Ras ar
0 0 0 -1
1 r
= / / FQr(l - ;’2)‘”_‘3_1(1"2 — uz)ﬁ_l/2 dudr
0 —r
1 1

= / F(u) r(l — rz)m_ﬂ_l(r2 — uz)ﬂ_l/z drdu
—1

ful

1
= c/ F(u)(l - uz)ail/zdu ,

1

where ¢ = (1/2) fol VA12(1 — )@ Bl gy (here v = (r* — u?)/(1 — u?) is the last
substitution). This gives

1 1—u®)* 2 au
’Lg’ﬁ(cos 0, cos ¢)| < cn2“+2/ ( ) TR
-1 (1 +n[l0 — ¢2 + sin@sing (1 —u)]"/ )

We now split up the last integral into two integrals: One over [—1, 0] and the other over
[0, 1]. For the first integral, 1 — u > 1 and hence

[* Fott - = :
1 - (1 +n[|6—¢|2+sin6sin¢>]l/2)a

c
<

B (n2 sin @ sin ¢)a+1/2(1 +nl0 — p|)k—a—B-1 '

To estimate the integral over [0, 1] we apply the substitution r = 1 — u and obtain

1 1 Na—1)2
/ F(M)(l _ MZ)O(—I/z du < C/ (1 u) du VoI
0 0 (1+n[|9_¢|2+sm9sm¢(1—u)] /)
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c 12172 gy
<

/l’lz sin 6 sin ¢
— . . 1/2 o
(n?sin 6 sin (;5)0‘+ 2 Jo (1 + [n2(0 — ¢)% + t]l/z)

c /00 tozfl/Zdt
<
(n2sin6sing)* (1 +nlo — ppo—22-2Jo (1 +0)**!
C

(14716 — plyk—ep=2

=
(n?sin 6 sin )

a+1/2

Putting these estimates together, we get

cn
LB 0, < .
| L3 (cos6, cos $)] < (sin @ sin p)*H1/2(1 + n|o — p|)k—2—A-2

(2.19)

Our last step here is to show that estimates (2.18)—(2.19) imply (2.14). Observe first
that since 0 < 6, ¢ < 27 /3, we have by (2.12),

We,g(1; €Os B)wey, g(1; cos @) ~ (sin9 + n_1)2a+1(sin¢ + n_1)2a+1 (2.20)
~ (9 + n_1)2a+1(¢ + n_1)201+1 )
We need the following simple inequality
O+n)p+n"") <300 +n2) A +nl0 — ¢, 6,¢>0. (2.21)

To prove this we assume that ¢ > 6 and define y > 1 from ¢ = y0. Suppose y > 3.
Then (2.21) will follow if we show that (6 + ¢)n~! < 3n=2n|0 — ¢|, which is equivalent
toy + 1 < 3(y — 1). But this holds since y > 3.

Let now 1 < y < 3. Then it suffices to show that (0 + ¢)n~! < 2(0¢p +n~2). In
turn this inequality holds if 40n~" < 2(6% + n—2), which is apparently true. Thus, (2.21)
is established.

It is now readily seen that (2.18)—(2.19) yield (2.14) by using (2.20)—(2.21).

Case (b): 7/3 <0 <mand /2 < ¢ < m. In this case, we have by (2.17)
1—t(x,y,r) > C(IQ - (}5|2 + (1 —=r)+r(l —cosy)sind sin¢) (2.22)
upon writing 1 —rcosyy =1 —r 4+ r(1 — cos ¢). In particular,
L=ty ) = c(10 =9 + (1 —r),

which shows, using (2.15)—(2.16) , that

—B—1
|Lg’ﬁ(c0s9, cos ¢)| < cn2et? /1 (1 — r2)°‘ F26+1 g .
0 (1 10— P2+ (1 — r)]1/2)
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with o := k 4+ a — B as before. Applying the substitution n%(1 — r) = s, we get

i el
|Lz’ﬁ(COS9,COS¢)| < Cn2a+2/ (1-=r) dr .
’ (1+”(|9—¢|2+(1—r)) / )

(2.23)

n2

—p-1
0 (14 (120 - gl +5)'"%)
n2ﬂ+2 [e'e} solfﬂfl ds
<
N C(l +nl0 — )0 —2@=p)=1/2 /0 (1 +5)e—B+I/3
2642

= W nlo = pPF—erFi2
Furthermore, using (2.15)—(2.16), and (2.22), we obtain
|L°"ﬂ(cos 0, cos @)|
2042 / / (1= r2)* P71 2800 (sin g )2 dyr dr
14n |9 o2+ —r)+r(1 —cosy)sind smqb] )

The inner integral can be estimated by changing the variables. Set A := |0 — ¢|> 4+ 1 —r.

Then
/2 1 (1- s)ﬁ—l/Z ds
/0 _/(; (14 n[A+r(1 —s)sin6 sin¢]/2)”

2

1 /n rsin 0 sin ¢ tﬁ—l/Z dt
B (n?r sin 6 sin ¢)ﬂ+1/2 0 (1 +(n2A + t)1/2>U

1 B=1/2 gy

o
(n?r sin 6 sin ¢)ﬁ+1/2(1 + nA1/2)°'72’372 [) (1+1)p+
c

<
~ (n?rsin@sin ¢)’3+]/2(1 +nAl/?)

andsince ] —s > 1for—1<s <0,

IA

kta—3p-2 °

/ /‘ — )12 g5 c
/2 1 +n(A +r(1 —s5)sinfsing)’ ~ (1 +n(A + rsin6 sin¢)1/2)”
c

B (nzr sin 6 sin ¢) +1/2(1 +nAl/?)

k+ta—3p—2 °

Combining these, we get

cn2et? (1 — rz)aiﬁflrﬁ“/zdr

1
o sng P (L +no—or+a-r)")

|L‘,’l"ﬂ(cos 0, cos ¢)| <

where T := k + o — 38 — 2. The last integral (with o in place of t) has already been
estimated in (2.23). Consequently,

Cn25+2

L%P(cos 6, cos p)| < .
4 | (n?sin6 sin¢)ﬂ+1/2(1 +n|0 — g|)k—a—B=5/2
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As in Case (a), this estimate along with (2.23) implies (2.14), using (2.13) and (2.21).

Case (¢): Either0 <0 <m/3andn/2 <¢p <mor2n/3 <0 <mand0 <¢ <7m/2. In
this case, we have |0 — ¢| > 7/6, so that

l—t(x,y, ) >cl0—¢p>>c>0.

Hence, by (2.15)-(2.16),

Cn2a+2

+n)k+a7ﬂ = (1 +n)k—a—ﬁ—l ?

cn

|LZ’ﬂ(cos 0, cos¢)| < a

which yields (2.14) since wq, g(n; cos 0)wq, g(n; cos ¢) < c. The proof of Theorem 2 is
complete. L]

The estimate of |LZ”3 (x, y)| from Theorem 2 allows us to control its L? integral.
Proposition 1. Letk > 3a + 38 +5. Thenfor1 < p < oo,
p—1

1
L%F(x, y)|” dy <c——
[1\ P G| wa () y_c(wa,ﬂ(n;x)),,_1

l<x<l. (2.24)
Proof. We will prove (2.24) only in the case 0 < x < 1, since the case —1 < x < 0 is

the same. Let x =: cos 6 and set I[4 5] = fab |Lz'ﬁ(x, WP wq,g(y) dy. We first estimate
I1—12,17. Using Theorem 2 and (2.12) and substituting y = cos ¢, we get

Ii—1p2,11 <

np /-211/3 (Sin¢)2a+1 do
C
Wap(m; XDP2 Jo (sing +n=1) TP (1 4l — gyor

with 0 = k — 2a — 28 — 3. Denoting the last integral by J, we use the relation sin¢ ~ ¢
for 0 < ¢ < 2m/3 and apply the substitution # = n6 to obtain

n(a+l/2)p 21 /3 d¢
J=<c¢
— n2e+l ,[) 1+ n¢)(a+l/2)(p—2)(l +nl0 — ¢|)oP
n(a+l/2)p 2nm/3 du
< C—m ———
=cC 2042 /0 a +u)(a+1/2)(p—2)(1 + |u — nb|)or .

If p > 2, then we split the last integral into two integrals: One over [0, n6/2] and the
other over [n6/2, 2nm /3]. We have

/n9/2 c /n9/2 du - c
< -
o (40 Jy A+ @ De-D = (14 neyorT

and

2nm/3 - c 2nm/3 du
/ne/z (1 4+ no)@tl/20-2) /ne/z (1 + [u —no))oP
< C
~ (1 +no)etrl/Dp=2)°

using that the last integral is bounded by ffooo(l + |u|)~°?du < c.
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The assumption k > 3« 4+ 38 + S yieldsop — 1 > a(p — 2) and hence

nlat1/2)p c
J<c <
T p2et2(] 4 )@ t1/2(p=2) T p(@ 4 p—1)@t1/2)(p-2)
c
<

n(we,p(n; cos9))P/2=1 "

If p < 2, then we have

; n@+1/2p /2nn/3 (1 + u)@r1/22=-p gy
< S —
=T (1+ [u —no)P
n@+1/2)p /n(2n/30) (1 + v +nd)@F1/DC=p) gy
= C—m——
n2a 2 | (1 + [v])or

Using the inequality (A + B)¢ < 29(A? + B“) we conclude that

(@+1/2
P /"o dv +(n9)<a+1/2><27p>/°° v
= 242 o (14 |v])oP—(@+1/2)2=p) o (14 Jv])er

plet1/2)p

Cc

= el Gl ng) @ TIRE=) < <
n

= n(wg,pg(n; cos9))P/2=1"

which is the same as in the case of p > 2. Here we have used that k > 3o + 38 + 5, which
yieldsop — (¢ +1/2)2 — p) > 1.
Putting these estimates together, we conclude that

nPJ nP~1

¢ (wa,ﬂ(l’l§ )C))p/2 =c (wa,ﬁ(n; x))P—l . (2.25)

Ii—1p11 <

To estimate I[_1,_1,/2) we again apply the substitution y = cos ¢. Notice that since
0 <60 <m/2and 27/3 < ¢ < m, we have |0 — ¢| > 7/6. Employing Theorem 2
and (2.13), we obtain as above

nP nB+1/2p rm (Sin¢)2ﬁ+l
I—1 - <c d
2= S g p (1)) P2 o /271/3 (1 4+ nsing)B+1/2p ?
nP nB+1/2)p 1 nP—1

< C < C )
- (wa’ﬂ(n;x))l’/z nop nB+1/2)(p=1) — (wa,ﬂ(n;x))P_l

using the trivial inequalities n~Cath < We,g(n; cosf) < cfor0 < 6O < /2 and the fact
that k > 3« + 38 + 5. The last estimate coupled with (2.25) yields (2.24). The proof of
Proposition 1 is complete. L]

3. Tight Polynomial Frames in L?(wq,g)

We now turn to the construction of polynomial frames. In addition to the localized poly-
nomials from Section 2, we shall need the Gaussian quadrature formula. Let §; = cosé;,

1 < j < n, denote the zeros of the Jacobi polynomial Pn(“’ﬁ )(t), ordered so that

0="60y<b)1 <--- <6, <bOy11:=m.
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Let A, (¢) be the Christoffel function and b, = A, (&,). It is known that
Opy1 — 6y ~ n~! and hence Oy ~vnt(1<v<n);

and also '
by ~n " wepE)(1—E2)? ~ n g p(n: &) .

Here the constants of equivalence depend only on «, 8 (cf. [9, p. 282]). These quantities
appear in the well-known Gaussian quadrature:

Proposition 2. For each n > 1, the quadrature
1 n
Cap / FOwap)dt ~ Y by f(&) (€B))
-1 v=1

is exact for all polynomials of degree 2n — 1.

We shall utilize Proposition 2 with n = 2/. Let us denote by & jvand bj, (v =
1,2,...,27) the knots and the coefficients of the Gaussian quadrature when n = 2/, and
set

Xj=1{&v:v=12,...,27}, and bg:=b;, if £=¢&;,.

Then the Gaussian quadrature

1
Ca,p L f O we p(t) dt ~ Z be f (&) (3.2)

EGXJ'

is exact for all polynomials of degree at most 2/+! — 1.
Let a satisfy the conditions:

aeC®R), a=>0, suppac[l/2,2], (3.3)
a(t) > c >0, it re[3/5,5/3], (3.4)
() +a%Qr) =1, if refl/2,1]. (3.5)

It follows from these conditions that
0
Y@@ =1, tell,o). (3.6)
v=0

It is easy to construct functions that satisfy properties (3.3)—(3.5). Indeed, a standard
construction (e.g., in wavelets) shows that there exists a function g with the properties:
g € C®([R), suppg = [—1,1], g(1) > Oon (=1, 1), g(=1) = g(1), g(0) = 1 and
|g(t)|2 + |g(t + 1)|2 = 1 on [—1, 0]. Then the function a(¢) := g(log, t) has the required
properties.

We introduce the orthonormal Jacobi polynomials P,(fl’ﬂ )

, which are given by
-1/2
Pf,a’ﬁ)(X) — (h}(layﬁ)) / pn(Ol,ﬁ)(x) )

The sequence {P](f)"’S )}310 is an orthonormal basis in Lz(wa, g» [—1, 1]) with inner product

1 —
(f.8) = Ca,ﬁ/If(t)g(t)wa,ﬂ(t)dt-
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Assuming that @ satisfies conditions (3.3)—(3.5), we write Lg’ﬂ :=1and

L9 (e y) = ZA(ZI I)P(“ﬁ)(x)P(aﬁ)(y) j=12 ... (3.7)

v=0

We now define our frame elements (needlets) by

Ye(x) = /bs - LSP(x.£) for EeX; j=0.1...., (3.8)

where X is the set of knots and the b¢’s are the weights in the Gaussian quadrature (3.2).

Denote X' := U?’;OX i, where every two points &, n € X from different levels X; #
X} are considered to be different elements of X even if they coincide. We use X as an
index set in the definition of the needlet system

Vo= {Yeleen

which as will be shown in Theorem 4 below is a tight frame in Lz(wa, 8)-

We next show that each ¢ has nearly exponential (faster than any polynomial) rate
of decay away from &. This property of needlets is critical for their implementation to
decomposition of spaces other than L (wy, 8)-

Theorem 3. For any k > 1 there exists a constant ci depending only on k, a, B, and a
such thatforé € X, j=1,2,...,

2J/2
[ e (cosB)] < cx = 6 e[0,m], 3.9
wq,p(27; cos0) (1 + 27|60 — arccos £|)
and, consequently, forv =1,2,...,2/,
2J/2
Vg, (cosO)] < ck ., 6el0,7]. (3.10)

wa,6(27; cos0) (1 + 2710 — vzfj})k

Proof. Estimates (3.9)~(3.10) follow immediately from the estimate in Theorem 2,
taking into account the simple fact that 1 + 27160 £¢27/| ~142/6 if 0 < 0 < 7 and the
fact that bg ~ 27wy g(277/; £). Since by assumption @ is in C, estimates (3.9)—(3.10)
holds for every k > 1.

Remark. It is worthwhile to mention that the estimate (3.9) or (3.10) (also Proposition 1
with p = 2) immediately yields [V, , | 12y, p=C¢

Our next theorem shows that W is a tight frame in Lz(wa, 8)-

Theorem 4. If f € L*(wq.p), then

co 2/
F=Y0 Y e e, = D (fve)ve  in LA (wap) (3.11)
j=0 v=1 feX
and
1/2
112 ) = ( D Iﬁs)|2> : (3.12)
teX
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Proof. Suppose f € L?(wgqp). Then f = Zﬁiodv(f)P,(,a’ﬁ), where d,(f) =

(f, ng’ﬁ )). Here and elsewhere in the following the convergence is in Lz(u)a, ). Denote
briefly

1
(Lj % [)(X) = cap f L9 (. 0) f (O wap(r) d

—1

where L% are defined in (3.7). One can regard this as a nonstandard convolution which is
evidently associative but not commutative. We next show that the following Calderon type
decomposition holds

o0
_ o,p a,f
f_ZLj *« 7P x f (3.13)

=0
Indeed, clearly for j > 1,

2J

2R
13 = Salgpacnet”

v=1

and then

2J
A Vv
LEP LS 5 f = Zaz(zj__l)dv(f)p‘()mﬂ) '
v=1

Consequently,

o0
S L ersh e
=0

o
<.

K

do(FIPED + 37 3@ (55 ) (HIPEP

j—1
. 2

v

~.
I

2
WK

(/PGP +

@ (577 )do(HPP)
1

v 1

~.
Il

=D (PP =7,

v=0
where we used (3.6). Thus, (3.13) is established.
As we already mentioned L‘;’ﬂ >x<L‘;f"3 xf = (L?’ﬁ *L‘;”S) % f. Since L?’ﬁ(x, t)L‘;f”3
(t, y) is a polynomial of degree at most 2/*! — 1 in ¢ and the quadrature formula (3.2) is
exact for such polynomials, we have

1
(L5 5 LYY, y) = ca,ﬂflL‘;’ﬂ(x,r)Lj?’ﬁ(t,y)wa,ﬂ(t) dt
= Y Ve 5P, 8) b LSP (6 y)
EEX]'

= > YY)

SGX]‘

Here we also used that L‘;’ﬂ (x,y) = L‘}‘”g (v, x) and the definition of the frame elements
in (3.8). Consequently,

LY w3 f = 3 )b

feX;
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which along with (3.13) yields (3.11).

For the proof of (3.12) we denote F; f := Z]J'=0 D ke x, ¢ f, ¥e)ye. Evidently,

J
(L Frfy=Y" Y Wfvell

J=0 £eX;

and passing to the limit as J — oo we arrive at (3.12). L]
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