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Abstract. We investigate the efficiency of approximation by linear combinations of ridge func-
tions in the metric of Lo (Bd) with B? the unit ball in R®. If X,, is an n-dimensional linear space
of univariate functions in Lo(I), I = [~1,1], and Q is a subset of the unit sphere S¢~! in R¢ of
cardinality m, then the space Yy, := span{r(x-§) : r € Xp,w € Q} is a linear space of ridge functions
of dimension < mn. We show that if X, provides order of approximation O(n~") for univariate
functions with 7 derivatives in L2 (I), and Q are properly chosen sets of cardinality O(n%~1), then Y,
will provide approximation of order O(n~"=4/2+1/2) for every function f € La(B¢) with smoothness
of order 74d/2—1/2 in La(B%). Thus, the theorems we obtain show that this form of ridge approx-
imation has the same efficiency of approximation as other more traditional methods of multivariate
approximation such as polynomials, splines, or wavelets. The theorems we obtain can be applied
to show that a feed-forward neural network with one hidden layer of computational nodes given
by certain sigmoidal function o will also have this approximation efficiency. Minimal requirements
are made of the sigmoidal functions and in particular our results hold for the unit-impulse function

T = X[0,00)"
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1. Introduction. A ridge function is a multivariate function of the form r(x-w),
where 7 is a univariate function, w is a fixed vector in R?, the variable x € R?, and
X - w is the inner product of x and w. These functions appear naturally in harmonic
analysis, special function theory, and in several applications such as tomography and
neural networks. In most applications, we are interested in representing or approx-
imating a general function f on a domain @ C R? by linear combinations of ridge
functions. It is surprising therefore that the most fundamental questions concerning
the efficiency of approximation by ridge functions are unanswered.

In this paper, we shall consider approximating functions in Lo(B?), B¢ the unit
ball in R¢, d > 2, by linear combinations of ridge functions. Using extension theorems,
the set B can be replaced by more general sets £ C R%.

Let X,, be a linear space of univariate functions in Lo(I), I := [—1,1] and let
Q,, € 8% ! be a finite subset of the unit sphere S?~! in R¢. Then

(L.1) Y, :=span{r(x-w):r € X,, we Q,}

is a space of multivariate ridge functions of dimension < n#<},, where #{2,, is the
cardinality of 2,,. We shall relate the approximation efficiency of Y,, to that of X,
and the distribution of the vectors of §,, in S¢~1.

Let W#(L2(I)) denote the univariate Sobolev spaces. We say that a sequence of
spaces X,,,n =1,2,..., dim(X,,) = n, provides approximation of order s if

(1.2) E(g, X)L,y < c(8)n" llgllws Loy, 9 € W (La(1)),
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where
E(g, X, = inf -
(9 Xn) Lao(1) Tleg(an 7|l Lo (1)

is the error in approximating the univariate function ¢ in the Lo(I) norm by the
elements of X,,. We denote similarly the multivariate Sobolev space W?*(Lz(B%)) on
B? and the approximation error

E(f,Yn)p,Ba) = ngi |f = RllL,Ba

for any f € Lo(B?). Our main result, given in section 8, shows that for any sequence of

spaces X,,,n = 1,2,..., which provide approximation of order s, and for appropriately
chosen sets (2, with #Q,, = O(n?"!), the sequence of spaces Y,,,n = 1,2, ..., given
in (1.1), provide the following approximation: for A := s+ (d — 1)/2,

(1.3) E(f,Yn) Loy < cNn M fllwaa@ay, € WHLa(BY).

Note that there is in a certain sense an unexpected gain in the multivariate approx-
imation order s + (d — 1)/2 over the univariate order s. This gain will be explained
later (see section 9).

One can generate the space Y,, appearing in (1.3) by using very general univariate
spaces X, such as splines or wavelets. In particular, our results apply to feed-forward
neural networks using a very general activation function o. A complete discussion of
the application to neural networks is given in section 9. In this introduction, we wish
to illustrate the typical result by considering the following simple example. Let o =

X[0.00) and define X, as the univariate space spanned by o(z—k/n), 0 < k < n. Then,

defining Y;, for this X,, as described above, we obtain a space of dimension O(n?) of
certain piecewise constant functions. The space Y, can be realized computationally
by a feed-forward neural network with O(n9~!) computational nodes. In this case
(see section 9 for details), (1.3) provides the approximation order 1 + 451. One
might expect the estimate (1.3) to be 1 since we are using piecewise constants in the
approximation. As noted in (1.3), the gain of % in the approximation rate persists
in general (see also Theorem 8.2).

There is a standard method in approximation theory (see [DL, Chapter 7]) which
derives from (1.3) the estimate

(14)  E(f.Yn) e < c(wr(f,n iama + 1 l,@an™) . f € La(BY)

with w, the rth order modulus of smoothness of f. In the case that Y,, contains all
polynomials of total degree < r (in d variables), the last term on the right can be
eliminated.

Since Y, is a linear space of dimension O(n?) then it follows from the general
theory of n-widths that for all m > 0,

(1.5) sup E(f,Y,) > con™™
Hf“wm(Lz(Bd))Sl

with ¢g > 0 a constant depending only on m and d. In this sense, the estimates (1.3)
cannot be improved.

We also note that (1.3) shows that, in general, linear spaces of ridge functions are
at least as efficient as other methods of multivariate approximation such as polyno-
mials, wavelets, and splines.
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This paper is an extension of the results from [DOP], where we considered the
case d = 2. Throughout the paper we assume that d > 2, although most of the
statements hold when d = 2.

The results of this paper differ from other work in this field in the following
respects. We are able to begin with a very general class of univariate spaces X,.
Other authors (most notably Mhaskar and Micchelli [MM], [MM1], and Mhaskar [M])
have also considered approximation problems of the type treated here. The work of
Mhaskar and Micchelli does not give the best order of approximation. Mhaskar [M]
has given best possible results but only in the case that X, is generated using a rather
restrictive class of sigmoidal functions.

Our results are, for the present, limited to approximation in Ls, and it remains an
important open question in ridge approximation to understand to what extent results
such as those presented in this paper are valid in L,, p # 2.

It is also an interesting question to understand which sets ,, C S%~!, when used
in defining the spaces Y;,, will provide the approximation order of (1.3). In the case
d = 2, as was shown in [DOP], n equally spaced points on S! are the most natural
choice. There is no direct analogy of equally spaced points in S~ 1, d > 2. It will
become clear from section 4 that any set €2, which permits a cubature formula that
is exact for spherical polynomials of degree < n and with good localization properties
will provide spaces Y,, which satisfy (1.3). Since we could not find in the literature
examples of such sets §2,,, we construct some in section 4. There should be more
elegant and more natural constructions than ours. In some sense, one might expect
that a natural quadrature formula might provide the analogue of equally spaced points
in St d > 2.

We prove (1.3) by first understanding well the structure of ridge polynomials.
Our main vehicle (given in section 3) is a fundamental orthogonal decomposition of
a general function f € Ly(B?) into ridge polynomials. This decomposition uses the
univariate Gegenbauer polynomials.

An outline of this paper is the following. The properties we need about Gegen-
bauer polynomials are given in section 2. In section 3, we give the fundamental
orthogonal decomposition of functions in Ly(B9) in terms of ridge polynomials. In
section 4, we give our construction of cubature (quadrature) formulas. In sections 5-6,
we introduce smoothness spaces (the Sobolev spaces) and recall their characterization
by polynomial approximation. In section 7, we prove the main theorem about approx-
imation by ridge functions. In section 8, we discuss how to improve the theorem of
section 7 to be more amenable to applications. In section 9, we give some applications
of our results, in particular to feed-forward neural networks.

Throughout the paper, the constants are denoted by ¢, ¢y, ... and they may vary
at every occurrence. The constants usually depend on some parameters (like the
dimension d) that will be sometimes indicated explicitly.

2. The Gegenbauer (ultraspherical) polynomials. Special functions ap-
pear naturally when we represent a general function in terms of ridge polynomials as
will be done in the next section. In particular, the Gegenbauer polynomials will play
an important role in this paper. In this section, we shall present the essential proper-
ties of Gegenbauer polynomials and bring out their role in the Radon transform. We
refer the reader to [E] and [Sz] as general references for this section.

The Gegenbauer polynomials are usually defined by the following generating func-
tion
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(1 -2tz 425" = Z ) (t)z™
m=0

where |z| < 1, |[t| <1, and A > 0. The coefficients C),(t) are algebraic polynomials
of degree m which are called the Gegenbauer polynomials associated with A. The
family of polynomials {C}5°_, is a complete orthogonal system for the weighted

space Ly(I,w), I :=[—1,1], w(t) := wx(t) := (1 — t2)*~2 and we have
0 m#n . T /220, LA+ 1)
1 A A = J = 2
(2.1) /ICm(t)C’n(t)w(t)dt { b D with By i T

where we use here and later the standard notation
(a)o:=0, (a)p:=ala+1)...(a+n—-1)=T(a+n)/T(a).
Also, we have

(2N)n

n!

(2.2) CHM—t) = (=1)"CN(t), CM1) = ., and Cj(t)=1.

The Gegenbauer polynomials can also be defined by the following identity (called
Rodrigues’ formula):

2\
n127(A 4 3),
There is an identity that relates Gegenbauer polynomials with different weights:

(2.4) <d)m CMt) = 2" N)mCOT™ (), m=1,2,...,n.

1 d " 1
(23) G0 = (1Pana(1 =) () (1= o =

dt n—m

Special cases of the Gegenbauer polynomials are the Legendre polynomials P,
and the Chebyshev polynomials of second kind U,, which correspond to A = 1/2 and
A =1, respectively. Namely,

no =0 () a-or-cro,

2npl \ dt

sin(n + 1) arccost
V1-12

The Chebyshev polynomials of the first kind T;,(t) := cosnarccost can be considered

as the Gegenbauer polynomials C? associated with the weight wo(t) = (1 — 2)~2.
We shall also need the Gegenbauer polynomials C;' when A\ < 0 and, in partic-

ular, when A = —1,-2,.... Note that a, » = 0 when A = —1,-2,... and n > 2v.

Therefore, we cannot use (2.3) to define C,;¥ when v = 1,2,.... However, we can
define (see [Sz, Chapter IV )

Un(t) :== = CL(t).

(2.5) CMt) == a1 — t2) A3 (i) (1—)" =3 X <0,

where « is any constant independent of . To our goals the normalization of C;
(A < 0) is not essential. Identity (2.4) remains valid except for a constant factor (see
[Sz, Chapter IV ]): for any A, we have

(2.6) (;i) CMt) = cOM™(t), m=1,2,...,n,

where c is independent of .
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The Gegenbauer polynomials play a fundamental role in inverting the Radon
transform. We shall show in Lemma 2.1 that follows that the Gegenbauer polynomials
C) for A=k and A = k+1/2 (k an integer) are eigenfunctions for certain differential
operators that occur in the Radon transform inversion formula. These operators will
play an important role in defining an equivalent norm for the weighted Sobolev spaces
W#(Lo(I,w)) (see section 8).

We begin with a brief discussion of the Hilbert transform H on R and its analogue

H for the interval I := [—1,1]. For any g € L,(I) we define
o o : O(p) . g(t), tel,
(2.7) Hg:=Hyg with g°(t) :== { 0, £ € (—o00, 00\,

where Hg° is the Hilbert transform of ¢°. It follows that

Hy(t) = %p.v./R 9°(5) 4o — lp.v./ 9(5) 4.

1t—s us rt—s

The analogue of the Hilbert transform on the circle T is the conjugate operator
(see [Z, Chapter II]). If g € L1(T), we denote its conjugate function by

g(7) = ip.v./Tg(@) cot

T or

T—0

de.

For any (nonnegative) weight function w, let LY(I,w) be the space of all g €
Ly (I, w) with weighted mean value zero: [; g(t) w(t)dt = 0. The following proposition
gives some properties of H which we shall use.

PROPOSITION 2.1. If g € L1(I), we define Tg(0) := sgnfg(cosf)sind for 6 €
[—7, 7). The Hilbert transform H satisfies the following properties:

(a) If g € L1(I) then

1

sinT

(2.8) Hg(cosT) = ———Tg(r) a.e. on (0,m).

(b) We have, on (—1,1), Hw;* =0,

(2.9) Hw;'Th1] = -U, and Hw,U,]=T,1 forn=0,1,...,
and hence

d
(2.10) H% [w1Up] = (n+ 1)U,.

(c) The functions Vy, := wi'Tn, n = 0,1,... (in analogy to {U,}%,) form a
complete orthogonal system for Lo(I,w1).
(d) H is a one-to-one mapping of LY(I,w1) onto La(I,wy) with
1
H 'h=——H(wh) forhe& Ly(I,wy)
w1

and

(211) ”HgHLz(Lwl) = HgHLz(Lwl) fO’f’g € Lg(‘[7w1)
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(e) The operators H and % commute: for any polynomial P, we have

(G np)) = & @),

Proof. (a) We apply the substitution s = cosf to the integral that defines Hg

and replace t by cos7, 0 < 7 < 7 and obtain

1 T Tg(0
Hg(cosT) = fp.v./ _T90)
0 o cosT —cosf

oy / _T9(0) 4

27 . CcosT —cosf

do

since the integrand is even. Note that p.v. fI ...ds = p.v. fow ...d# above since the
substituting function and its inverse are smooth enough. Now, we use the identity

1 B 1 CotT_o—FctT_Hg
cosT —cosf  2sinT 2 © 2

to obtain

1 1 T T—0 1 T T+0
Hg(cosT) = ~Sainr {%p.v. [ﬂ Tg(0) cot 5 de + 2. PV [ﬂ Tg(0) cot 5 de| .
After substituting # = —6’ in the second integral above and using that Tg is even, we

see that the two integrals are equal and, therefore, we obtain (a).

(b) For any function g € Ly(I,w; "), we have T[w; 'g](f) = g(cosf). Since the
conjugate function of cosnf is sinnf, n = 0,1,..., the first two statements in (b)
follow from (a). Similar calculations give the last two statements.

(c) This is trivial.

(d) This follows from (b) by using the two bases for Lo(I,w;) given in (c).

(e) This follows from (2.10). O

We shall next show that the Gegenbauer polynomials are eigenfunctions of certain
differential operators that arise in inverting the Radon transform. For functions g
defined on B¢, we introduce the following differential operators:

NG
(2.12) Ag = (dt) [wa/29] ,
and
(2.13) D:=A, dodd, D:=HA, deven.

LEMMA 2.1. Let d > 2 and define U,, := 05/2 forn=0,1,.... Then we have

(2.14) DU, = (- T plhy, n=0,1,...,
and

(2.15) AU, = (1)U, n=0,1,...,
where

. n=M+1)g_1=xn", n=0,1,....
(2.16) pin = (n41) -1 0,1
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Proof. We first consider (2.14) in the case when d is odd, d = 2k + 1. From (2.3)
and (2.4), we find

2k n+2k
DU, = DCF+1/2 = <d> [w%kck-i-l/ﬂ —c (d) w%n+2k
" " dt n dt

d k
- <dt) Co% = 2OV = eyl

By examining the coefficients of t" we obtain that co = (—1)¥u,. Thus (2.14) is
proved in this case.
Assume now that d is even, d =: 2k. Then, again using (2.3), (2.4), and (2.10)

(recall that C! = U,,) and the commutativity of % and H, we obtain

d 2k—1 d 2k—1 d n
DU, = DC* = ((ﬁ) H [wfk_l(}ﬁ] =c (dt) H ((ﬁ) w22kl

AN T (AN e ()T g
=C (dt) H (dt) wy + =C (dt) Ha [wlcrll-‘rk—ljl

d k—1
= C2 <dt> C»,ll+k71 = CgC,rli = 0305/2 = Cgun.

We can calculate c3 as follows. Let CF(t) =: c,t" + --- and U,.(t) =: a,t" + - -
with r :=n + 2k — 2. We find

2k—1 ok—1
(i) H [wfk—lc,’f(t)} =cy <jt) H [wl(t) ((71)k71tn+2k72 4o )}

-yl (jt) G 0 (00ka(0) 1]

2k—2
= (—l)kflcfn(n +2k—1) (d> Unyor—2(t) + - -]

a, dt
2k—2
— (~1)F e (n + 2k — 1) (i) (122 g

= (=DM 4 Daperen (" + ) = (=) 1+ 1) Op (1),

where we used identities (2.3), (2.4), and (2.10). Thus (2.14) is proved in this case as
well.
Finally, we consider (2.15). From (2.3) and (2.5), respectively, we have

n+d—
AU, = AC¥? = ¢ (d> o {(1 — tz)””/?*l/?]
" " dt

d n+d—1

_. (@ 1 — g2yntd=10] _ 42 —d/2+1/2]

o(5)  [a-erea-e
= c1(1— #2) 7220 R

Hence, applying A once again and using (2.6) gives

AN
Azun - Achf/z = (dt) Cn_ﬁéitl = 6203/2 = colly,.

By calculating the coefficients of ¢, we find that c; = (—1)?"'u2 and we arrive at

(2.15). O
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3. An orthogonal decomposition of L, (Bd) in terms of ridge polyno-
mials. Since we are interested in approximating functions f € Ly(B9) by elements
from spaces of ridge functions, it is natural to find a decomposition of f in terms of
fundamental building blocks of ridge functions. We shall show in this section that
we can take as the building blocks certain ridge polynomials. We begin by describing
this decomposition.

If f,g € Ly(B?), we define the inner product

(3.1) (fra):= [ f(x)g(x)dx.
Bd

This inner product induces the norm

1/2
I fll Loy = (/Bd f(x)|2dx> )

We also define, for f,g € Ly(S?"!), the inner product

(32 (ro)e= [ reate i

1/2
e Y GIRO

where d¢ stands for the area (volume) element on S?~! the unit sphere in R%.

and the norm

The Gegenbauer polynomials Cff/ % are the building blocks for our decomposition.
Let

(3.3) Uy = (hnap) 2 CH2 n=01,...,

where hy, g2 is from (2.1). Then [[Uy,| 1, (1,w) = 1 and hence {Uy,}72, is a complete
orthonormal system for the weighted space La(I, w), w(t) := wq/2(t) = (l—tQ)%. Of
course, U,, depends on the space dimension d, but we are suppressing this dependence
in our notation. The reader should think of the space dimension d as arbitrary but
fixed throughout.

Let P,, denote the set of all algebraic polynomials of total degree n in d real vari-
ables. That is, each P € P, is a linear combination of monomials x™ := z7" ... z)"
with x := (21,...,24), m is a d-tuple (mq,...,mgy) of nonnegative integers, and
lm|:=mi+ - +my <n.

The polynomials U, (¢ - x), & € S9!, are in P,, and U, (£ - x) are orthogonal to
P,_1 in Ly(B%) (proved in the appendix):

(3.4) / U, (€ - x)P(x)dx =0 for €S and PP, ;.
Bd

This is why the ridge polynomials U, (¢ - x) occur in our decomposition of Lo(B?).
THEOREM 3.1. Each function f € Ly(BY) can be represented uniquely as

(3.5) FE3Qu),

n=0
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where
(3.6) QulFx) = v [ A1 €U (€ x) de

gd—1
with
(37) AL = [ F(E 3 dy.

Bd
and

 (n+1)g1 (n+1)n+2)---(n+d—1)

(3:8) YT Sen)dT T 2(27)d-1 '
Moreover, the operators Q,,, n = 0,1,..., are the orthogonal projectors from Lo(B?)

onto Pp © Pn—1 and the following Parseval identity holds

(3.9) 17,8y = D NQu(NNF ey = Y vallAnllZ, a1y
n=0

n=0

Next we make a few remarks which will help explain the nature of this decompo-
sition.

(i) For each n = 0,1,..., the function @,(f) is an algebraic polynomial (in d
variables) of degree n. Indeed, each of the U,, (£ - x) is a ridge polynomial of degree n
and @, (f) is a linear combination of these.

(ii) For each n = 0,1,..., the function A, (f,¢), £ € S?!, is a spherical polyno-
mial of degree n. This follows from the fact that each of the U, (¢ - x), z € B, is of
this type.

(iii) The constants v,, n = 0,1,..., are eigenvalues which occur in the Radon
inversion formula (see (3.26)).

(iv) Among other reasons, the polynomials U, occur in this formula because for
each £ € 841 the weight wg/(t) = (1 — ¢?)(?"1/2 is a constant multiple of the
d — 1-dimensional volume of the intersection of B? with the hyperplane x - £ = ¢.

(v) The orthogonality of the functions @, (f) occurs because for each ¢ € S~
the polynomial U, (x - £) is orthogonal to all algebraic polynomials of degree < n on
B? (see (3.4)).

(vi) One can imagine that the integral representation of @, (f) can be rewritten as
a discrete sum by using some sort of quadrature formula on S%~! and thereby obtain a
discrete decomposition of f in terms of ridge polynomials. In the case d = 2, one can
simply take the canonical quadrature formula for integrating spherical polynomials
(i.e., trigonometric polynomials) which uses equally spaced points on the unit circle.
This then gives the orthonormal system {U,(w-x)}, w € Q,, n = 0,1,..., where
Q, = {(coskm/n,sinkn/n)}}_,. This was used in [DOP] as the vehicle for proving
approximation results for ridge functions in two variables. In the case d > 3, we know
no analogous quadrature formula. This necessitates a substantial effort (executed in
the following section) to derive (less elegant) quadrature formulas which can be used
to discretize the integral representation of @, (f).

(vii) The decomposition of Theorem 3.1 is in essence known (see, e.g., [RK] and
[LS] for the case d = 2). However, we could find no reference which gives it in the
above form.
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There are several ways in which the decomposition of Theorem 3.1 can be de-
rived. One approach is to derive it from the theory of spherical harmonics. A second
approach is Radon transforms and in particular (3.5) is a rewriting of the Radon
inversion formula (see [RK]). We shall briefly explain this at the end of this section.

We shall give a simple and direct proof of this decomposition using fundamental
identities for the ridge polynomials U, (¢ - x), ¢ € S9!, To keep our exposition
more fluid, we shall state these identities without proof and relegate the proofs to the
appendix.

We start with the following two fundamental identities (proved in the appendix):
for each &, € S?!, we have

_ Z/{n(£ i 77)
(3.10) - Un (& -x)Up(n-x)dx = U,
and, for each n € S%~1, we have
(3.11) Lttt mag = %D ),

Proof of Theorem 3.1. Let f € La(B?), d > 2. From remark (i) and (3.4),
it follows that Q,(f) is in P, © Pp_1. From identities (3.10) and (3.11), we have
Qn(g9) = g whenever g(x) = U, (n-x), n € S¥L. Therefore, Q2 = @Q,, and hence Q,,
is a projector onto a subspace Y;, of P, ©P,_1. Thus, to prove (3.5), it remains only
to show that

(3.12) dim (Y;,) = dim (P, © P,_;) = dim (P"),

where P" denotes the space of all homogeneous polynomials of degree n.

To prove (3.12), we recall a few well-known facts about spherical harmonics which
can be found in Stein and Weiss [SW, Chapter 4]; see also [Se]. Let H,, denote the
space of spherical harmonics of degree n; i.e., H,, is the set of those functions on S%~!
which are the restriction to S~1 of a function from P? which is harmonic in B¢. The
spherical harmonics of degree n are orthogonal to those of dimension m # n with
respect to the inner product (3.2). We have

. _ _(n+td=1\ [(n+d-3
(3.13) dim (H,) = N(d,n) := ( n ) ( n_9 )
and
(3.14) dim (P") = dim (H, @ Hp—2 @ - © H,),

where € = 0 if n is even and € = 1 if n is odd.
Write

N(d,n _
Kn(t) := |Sd1|cs(d—2))/2(1)cr(zd 22(1),

where [S471| = [(,, 1dE = lzngd//;) is the surface area of S~!. The function K, (£-n)

is the reproducing kernel for H,; i.e.,

(3.15) L, S©K (€ nds =St S e,
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Moreover, a simple identity for Gegenbauer polynomials (see Appendix A3) gives that

Og/2 vply,
3.16 Kn+Kpod - K= = .
(3.16) v Ky o4+ ST = (1)

Hence, the right side of (3.16) is the reproducing kernel for H,, ® Hp—2 @ -+ & H;
ie.,

Un

1) [ SO e =S(). S M e Hua® B K

Note that A, (f,§) is a spherical polynomial of degree n since U, (£ - y) is a
spherical polynomial of degree n in {. We have U,,(—t) = (—1)"U,,(t) (see (2.2)) and
hence A, (f, —&) = (—1)"A,(f,&). Therefore, A,,(f) € Hp, ® Hp—2 & - - - B H,. Thus,
Q,, can be considered as a linear operator mapping H,, ® H,_2 ® -+ & H, into Y,,.
On the other hand, after multiplying both sides of (3.6) by U,,(n - x) and integrating
over B¢ we obtain

[ auruxix= [ 5.9 (v [ ol xta(eox) i) ae

Un

- /sdﬂ An(f, f)mb{n(n -§)d€ = An(f,9),

where we used (3.10) and (3.17). Hence, A,, is an operator mapping Y,, onto H,, &
Hp—2®- - B He and it is the inverse operator of @Q,,. Therefore, dim (Y,,) = dim (H,, ®
Hp—2 @ -+ ®H,) which together with (3.14) implies (3.12).

Since Q,(f) is in P,, © Pp_1, it is orthogonal to Q;(f), j # n, and therefore we
have the first equality in (3.9). For the proof of the second equality in (3.9), we use
(3.10) to write

2 _ .2 . .
[ Qurrix=rz [ [ A OAG U € XU x) dxdgdr

~2 ol )
_ .2 /S L A oana S S e an

Since A, (f) € Hn ®Hp—2® - - - ® H,, then we can use (3.17) to complete the integral
with respect to n above. We get

L @urrtax=u, [ Aot

This completes the proof of (3.9) and the theorem. O
In the same way that we have proved (3.9) of Theorem 3.1 we obtain the following
formulas for calculating inner products:

(3.18) fog) = v / An(f,€)An(g,€) de.
=0 Sd—1

We next consider the decomposition (3.5) for ridge functions. Let r be a univariate
function in Ly(I,w), w := wq/3. Then

(3.19) r(t) =S Fn)Ua(t), F(n) = /1 P (U (£)w(2) dt.
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It follows that for any p € S9!, the ridge function R(x) := 7(p-x) has the represen-
tation

(3.20) R(x) =Y _#(n),

n=0

Using (3.10) and (3.4), we see that

(3.21) An(R, &) =7(n) U, (1)

Moreover, if R; and Ry are two such ridge functions corresponding to r1, p; and ra,
p2, respectively, then from (3.4), (3.11), and (3.18) we have

A U (p1 - p2)
(3.22) (Ry,Ry) = ZO ) 7%(1) .

There is another approach to deducing the decomposition of Theorem 3.1 which
we want to mention since it brings out the connections between this paper and Radon
transforms. For each f € L;(B%) the Radon transform is defined by

(323) RUEH= [ Ty by

where ¢ € 8971 ¢t € [~1,1], and ¢+ := {y € R? : y - £ = 0}. So, the integration is
over the intersection of the hyperplane y - £ = t and B<.

We can recover f from its Radon transform by using the Radon transform in-
version formula. The Radon transform inversion formula uses the operator (see, e.g.,
[L)

d—1

_ d—1
2(21,3)(12:1 () g for d odd,

I~

(3.24) Kg(t) := Kig(t) ==

—1g-? d-1
%H (%) g(t) for d even,

where H is the Hilbert transform (see (2.7)). The following relation is the Radon
inversion formula for functions defined on B¢: for every sufficiently smooth function
f supported on B¢

B2) S = [ hEx-9dE with hED) = KiR(fE.D)
Lemma 2.1 gives that the functions U, are eigenfunctions for the operator K (we):

(3.26) K (wihy) = vl

We now show the idea of using the Radon inversion formula to derive a represen-
tation of f in terms of the ridge polynomials {{,(x-&)}. Since {U,}52 is a complete
orthonormal system for Lo (I, w), we can expand R(f; &, e)/w in terms of the {U, }5
to obtain

(3.27) f &) ZA
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with
(3.28) An(6) = / RUf: €. 1) Uy (1) di = / S Un(y - €) dy

After multiplying both sides of (3.27) by the weight w and applying the operator
K = K; we get

f €7 ZA wun Zyn n Un,

where we used (3.26). Finally, we insert the above in (3.25) and find

/ KR(f;&,x-€)dé = Zun . An(&)Un(x - €) dE

which is the decomposition from Theorem 3.1. We leave the details of verifying this
approach to the reader.

4. Discrete representation of functions and norms. In this section we shall
deduce from Theorem 3.1 a discrete representation of functions by ridge polynomials.
To this end we shall use a cubature formula for integration on S?!, d > 2. We
need a cubature formula that is exact for all spherical polynomials of degree n. In
the case d = 2 we used in [DOP] a quadrature formula with equally spaced nodes
on the unit circle. Unfortunately, we do not know any “equally spaced points” on
S4=1 d > 2. Also, we do not know effectively any cubature formula with near equally
spaced nodes on S~ For this reason we shall use a cubature formula, determined
by using spherical coordinates on S4~!. The results of this section are somewhat
technical and the reader may just wish to read them briefly at first and proceed to
section 5.

The spherical coordinates (6,¢) := (61,0s,...,04_2,¢) on S9! are defined as
usual by

& =cosby, & =sinficosby, ..., Eg_o =sinfb;sinbs...sinfy_3cosby_o,
g1 =sinfysinfs...sinfy_3sinfy_ocosp, &g =sinfhysinfs...sinfy_3sinby_o sin @,

0<6; <mj=12,...,d—-2; 0 < ¢ < 2m. We shall denote these identities in
vector form briefly by £ := £(6,¢). In these coordinates, the surface element d€ of
S?=1 becomes

(4.1) d€ = (sin )9 (sin )73 .. . sinfy_odfy dbs ... dbg_ode =: J(0) db do.

We have the following identity for integration in spherical coordinates

az [ s@ae= [T [T [T o ons@ .. a0

where J(6) is the Jacobian given by (4.1). We shall use this to define our cubature.

We wish to construct a cubature that is exact for all spherical polynomials of
degree 2n. Every spherical polynomial of degree 2n can obviously be represented in
spherical coordinates as a linear combination of terms

d—2

(4.3) (cos ¢p)*a-1(sin ) ‘a1 H (cos 6;)" (sin 6;)%,

Jj=1
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where k;,¢; > 0, and max{k;+¢; : j =1,2,...,d—1} < 2(d—1)n. Also, the Jacobian
J is represented in the same terms (see (4.1)). So, we need quadrature formulas for
integration over [0, 2] and [0, 7] that are exact for trigonometric polynomial of degree
2d—1)n+d—-2.

We shall use the following quadrature formula for integration on [0,27] with
respect to ¢

2k 2m
(4.4) Qualo) =Y 0,90 ~ [ g(@)do,
=0 0
where v; = 35 + Qi%jl and g; = 2T The quadrature (4.4) is exact for all

trigonometric polynomials of degree k (see [Z, Chapter X]).

Since 0 < §; < 7, we need a quadrature for integration over [0, 7] that is exact for
all trigonometric polynomials of degree k. In addition to this, the quadrature should
have good localization properties. We also need to control (asymptotically) the nodes
and the coefficients of the quadrature. Since we do not know any quadrature like this,
we shall construct one in the following lemma.

LEMMA 4.1. For any k =1,2,..., there exists a quadrature

2% .
(4.5) Qo) =S Nals) ~ / o(0) db
=0 0

with the following properties:
(a) Qo,k(g) is exact for all trigonometric polynomials of degree k;
(b) 0< By <fy <+ < By, <,

(4.6) Bi—Bi—1 <7k~ j=0,1,...,2k+1;
(c)
(4.7) 0<X; <c(Bjy1—B51), §=0,1,...,2k,

where 3_1 :=0, By, =7, and c is an absolute constant.

The ezact values of the nodes B; and the coefficients \; of the quadrature (4.5)
are given in Remark 4.1 below.

Proof. For symmetry reasons we shall prove the lemma with the interval of
integration [0, 7] replaced by [—7/2,7/2]. We shall build a quadrature

k w/2

(18) Q)= > na®) ~ [ g@)as

-k —m/2

j
with symmetric nodes 6; and coefficients A; (6_; = 6;, 6y := 0, and A_; = X;). Then
Qr(g) will be automatically exact for odd polynomials. Therefore, it is enough to
construct Q(g) exact only for all even trigonometric polynomials of degree k. To
this end it is sufficient to have

k w/2 /2
(4.9) Qr(P(cosh)) := Z A P(cosb;) :/ P(cos6)df = 2/0 P(cos®)do

=k —7/2
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for each algebraic polynomial P of degree k. We shall apply the substitution 6 :=
2 a

0(c) := arccos (cos? §) to the last integral in (4.9). Simple calculations show that

a
d cos 5

L) = —2
da () V14 cos?§

and hence 6(«) is increasing on [0, 7] and maps [0, 7] on [0, 7/2]. We obtain

(4.10) Ala) =

(4.11) /Oﬂ/2 P(cost)df = /07T P (0082 %) Ala)da = ;/_T; P (cos2 %) Aa) da,

where we used that the integrand is even. We now extend A(«) 2m-periodically by

A(a) :=|cos | /y/T+cos? .

We shall use the Dirichlet kernel Dy (u) : sin(ktl/2u ¢, interpolate the trigono-

~ T 2sin u/2
metric polynomial of degree m: P(cos2 %) = P (HC%) at the points a; :=
%, j=0,£1,...,£k. We have (see [Z, Chapter X])

k
zg)zi (cos® U De(or —
P(cos 5 ST -ka cos” - Di(a — aj).

J==

This and (4.11) imply

w/2 k ) ™
/0 P(cos o) da = 2k1—|— T jZkP (0052 %) LW A(a)Dy(a — o) da

k
(4.12) = :Zk n; P (Cos2 %)

j —

k
2 @0 2%
no P (cos 7) + E 2n; P (cos 5 ) ,

j=1

where

(4.13) ni= gy | A@Dia—a))da
2k+1) .

and we used that n_; = 7; since A is even and a_; = —¢;.

We now define the nodes and the coefficients of our quadrature. Set

0; := arccos ((3052 %) for j=0,1,...,kand 0; := —0_; for j = —1,-2,...,—k.
Also, set
Aji=2n; for j=0,1,...,k and X;:=X_; for j=-1,-2,...,-k.

We obtain by (4.9), (4.12) and the symmetry that quadrature (4.8) with the above
defined nodes and coefficients is exact for all trigonometric polynomials of degree m.
It remains to prove that the nodes and the coefficients of the quadrature satisfy the
required properties.
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We have 9]' - Gj_l = 0’(Cj)(aj — Olj_l) = A(Cj)(aj — Otj_l) for some Cj S
(cj—1, ;) and hence, by (4.10),
1 i 27 Qa;
14) — (cosZ) 2" <p. 9. | < (cos
(4.14) ﬂ<0052>2k‘+1*9j 9J17<0052)

Therefore, the proof will be completed if we show that

2 T
< j=12. .k
%e+1 k7

(4.15) 0<77j§ck_1cos%, ji=1,2... k.
By (4.13) it follows that
n; = 7(2k +1)7'Sk(A)(a;), where Si(A)(a):= L™ A(B)Dy(B — ) dp

is the kth partial Fourier sum of A. In order to simplify our further calculations we
shift A by 7 and obtain

o(@) == Ala+7) = ’sm‘;“/,/usin?;‘ .

The function ¢ is even and, therefore, its Fourier coeflicients associated with sin va
are all equal to zero. Let
I 1

2
o(a)da and a, ::f/ p(a)cosvada, v=1,2,...
0

apg = —
21 0 ™

be the Fourier coefficients of ¢ associated with cosva. Obviously, ag > 0. Let

v =1,2,.... Then using integration by parts (twice) we get
1 2
a, = —— ¢ (a) sinva da
v Jo
1 1 27
=2 [¢'(2r7) — ¢'(07)] — W/o ¢" () cosva da
1 27
=— () (1 — dov.
2 ¢"(a)(1 — cosva) da
Therefore,
2 2 Vo
4.1 y = — /! in? —— da.
(4.16) = —3 ¢"(a) sin 5 do

Simple calculations show that

1 3/2
o (a) = 5 €0 % /(1 + sin %) and ¢"(a) <0 for 0<a < 2.
This and (4.16) imply that a, < 0 and

2 27 2 27 2 B 2
lay] < — / (@) da=—— [ ¢'(a)da=—— (@) — & (O0")] = —.
0 0

T2 T2

Thus, we have

2
(4.17) ——5<a, <0, v=12...
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Therefore p(a) = ag + Y0, ay cosva, where ag > 0 and a, < 0, v = 1,2,..., and
hence
k k
Sk()(a) = a0+ Y _a,cosva > ag+ Y a, = Sk(¢)(0)
v=1 . v=1
= Sk(p)(0) —p(0) == > a, >0
v=k+1

Thus Si(¢)(a) > 0 for a € [—m,m) and hence S, (A)(a) > 0 for a € [—m, m) which
implies the lower bound in (4.15).
The inequalities (4.17) imply

1A = Sk(A)lle = llp = Sk(p)lle < ek~
Using this, we obtain
Il < ck™HSe(A) ()] < ek (|A(ay)| + [|A = Se(A)]|e)
< op—1 aj 1) < -1 aj X\ o g1 aj
< ck (cos 5 +k )_ck (cos 5 + cos 2>_ck cos 5

where we used that cos(ay/2) = cos (7k/(2k + 1)) > ck~!. Thus the upper estimate
in (4.15) is proved. Lemma 4.1 is proved. a

REMARK 4.1. The exact values of the nodes B; and the coefficients \; of the
quadrature (4.5) from Lemma 4.1 are the following:

T o (k—g)m .
@—2 arccos(cos 2k—|—1>’ 7=0,1,...,k,

and Bj =7 — Pok—j, Jj=k+ 1L, k+2,...,2k;

2 i « 5 a\~1/2 2r(k — j) .
)\j—m/ COS§(1+COS 5) Dk(a_%H dO{7 ]—0,17...,]{7,

and \j = dop—j, j=k+1,k+2,...,2k, where Dy, is the Dirichlet kernel of degree
k.
We are now in a position to construct our cubature formula for integration over
S9=1 (d > 2). We shall use (4.2), (4.3), and the quadratures from (4.4) and (4.5).
Definition of cubature Q,,. Given n = 1,2,... we select k := 2(d — )n +d — 2.
Let J, be the set of all indices j := (j1,...,Ja—1) such that 0 < j, < 2k; ie.,
Jn =10,1,...,2k}4"1. Note that the cardinality of J, is #J,, = (2k+1)4"1 < nd-1,
d—2
Set B5 1= (Bjrs - Bja—a)s % 7= Yiaor» @i = &(85,7), and X := J(B5)eju—, [T,=1 Asis
where v;, 0, 8, and A; are the nodes and the coefficients of quadratures (4.4) and
(4.5), respectively, and J is from (4.1). We define

(118) Q=Y nufe) ~ [ e

JETn

When it is possible we shall write this cubature with the following simpler indices.
Let €2, be the set of all nodes w = wj, and A, := A,; := Aj, j € Jn. Then cubature
(4.18) can be rewritten in the form

(4.19) Qhi= X af@) ~ [ f

d—1
wEN, 5

Observe that #,, < n?=1.
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As we mentioned in the beginning of this section, every spherical polynomial of
degree 2n can be represented in spherical coordinates as a linear combination of terms
like those in (4.3) and the Jacobian J is represented in a similar way (see (4.1)). On
the other hand, quadratures (4.4) and (4.5) are exact for trigonometric polynomials
of degree k := 2(d — 1)n + d — 2. Therefore (see (4.2)), cubature (4.18) (or (4.19)) is
exact for all spherical polynomials of degree 2n; i.e., for every spherical polynomial S
of degree < 2n we have

(4.20) Q.(5):= 3 AuS(w) = / S(€) de.

wEDy Sd-t

Note that A, > 0 and, since (4.20) holds for S = 1, then

(4.21) > sz/ ldg= 1841

weN, 8

Identity (4.20) implies discrete representations of the projection @, (f) of any f €
Lo (B%) onto Py, &Pp—1 and || Ay, (f)| 1, (s2-1) (see (3.6) and (3.7) from Theorem 3.1).
Namely, since A,,(f, &)Uy, (x - &) and A2 (f,€), for m < n, are spherical polynomials
of degree < 2m < 2n, then

(4.22) Qu(f, %) == vm /S AU (6 ) dE = v 3 N () ()

we,

and

@2 Al = [ AnRORdE= 3 AlAn(f 0,

weN,

Since quadratures (4.4) and (4.5) have good localization properties, then cubature
(4.18) (or (4.19)) has such properties. We shall use them to prove the following lemma.

LEMMA 4.2. Letn=1,2,..., m=1,2,..., and let, for v € (0, 7], K, (cosvy) :=
co min{m?=1, m4=1/(m~)4} with co > 0 a constant. Then we have

(4.24) Qn(Km(e-m) < e[l + (m/n)*™"]  forne S,

where Q,, is the cubature from (4.19) and ¢ depends only on d and cp.

Proof. In what follows, we shall assume that n > ng, where ng is sufficiently large
and depends only on the dimension d. Estimate (4.24) obviously holds for n < ng
by (4.21). We first construct a tiling of S9! which is determined by the nodes of
cubature (4.18). We associate with each node wj the spherical box (tile) Tj consisting
of all points & € S9! for which ¢ = £(6, ¢) with

(97(;5) € [ajl’ajl+1) X X [ajd—27ajd—2+1) X [bjd—17bjd—1+1)7

where a; := 1(8; 4+ 8;j-1) and b; := 3(v; +~;—1) with 8; from (4.5) and ~; from (4.4).
Observe that w; € Tj is the (spherical) center of Tj. Obviously T3 7; = 0, j # i, and
the tiles T} cover S?=1 excluding small regions around the poles. The most important
property of our cubature is that

(4.25) 0<Aj§c/ 1dE =: c|Tj| forj € Jn.

Tj
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This property follows readily by (4.7), the definition of «y; from (4.4), and the definition
of our cubature (see (4.18)).

The second important property of our tiling is that the diameter of each tile Tj is
<cen~l Welet p(&,n) := arccos&-n, &, € S! denote the angular distance on S9!
(the angle between vectors £ and 7). It is easily seen that p(§,n) satisfies the axioms
for a distance on S?~1. Since 8; — Bj_1 < en~1, by (4.6), and v; —v;_1 < cn”1, by
the definition of -;, then

(4.26) sup{p(&,m) : &, €Ty} < en™ ',

where ¢; depends only on d.

Suppose that n € S9! is fixed. We select a new coordinate system such that n =
e} :=(1,0,...,0) is its first coordinate vector. This can be done by a suitable rotation
of the old coordinate system. For £ € S¢~1, we shall denote by 6’ := (0},...,60,_,)
and ¢’ the new spherical coordinates of £.

We define, for v =1,2,...,n,

(v —

z, = {s et T < e o) <

(v —1
={§esd—1:(” )geggm}
n n

= |3

and

n

Zr = {§€ Sd-1 :max{ﬂ-(yl)cl, —7T} <6y §min{7ﬂ/+cl7 71'}},
n

where ¢; is from (4.26). Obviously J!_, 2, = S%71.
Let 7, be the set of all tiles Tj with centers w; € Z,. It follows by (4.26) that
Urer, T C Z; and hence

(a2n) Y Im<|Z) ::/

1df§c/ 1d¢ =:¢|Z,], v=1,2,...,n.
TET, = 2y

We are now ready to estimate Q, (K. (e - n)). If v = 1, then we obtain, using
(4.25), (4.27), and the assumptions of the lemma,

Z Ao (wj - €1) < cmax{K,,(cosby): 0 <8 <m/n} Z T

wjEZ TeT

T/n
<emdYz| < cmd_l/ sin?=2 0} do|, < c(m/n)?"1L.
0

If v > 2, then
Z Ao (wj - €1) < emax{Kp,(cosb) : m(v —1)/n < 6] < 7v/n} Z T
wJEZ,, TeT,

<K (cos 7r(1/—1)) |1Z5] < K, (cos LV) |1Z,] < c/ K (€-€))de,
n n Z,

where we used that ICp,(cos Tr(VT_l)) < Ky (cos Z£), v > 2, which follows by the
definition of &, (cos~) from the assumptions of the lemma. Therefore,

(4.28) S MK - €) < e(m/n)it + ¢ /Z Ko (€ - €}) dE,

JETN
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where Z :=J!_, Z,. We obtain, using again the definition of K,,(cos~),

™

/Z m(€-e))de = 8972 ) Ko (cos 8)) sin?=2 0} d);
< c/ min{m®1, md=1/(m,)4}(6,)4 2 ¢!, < ¢ < o.
0

The above estimates and (4.28) imply (4.24). O

We shall deal with discrete sums of spherical polynomial values. For this, we need
a rapidly decaying reproducing kernel for the space of spherical polynomials of degree
m. The following well-known proposition gives us such a kernel.

PROPOSITION 4.1. There exists a constant mo = mg(d) such that for every
m > myq there exists an algebraic polynomial W,, of degree dm with the properties:

(a)
Sy = [, Wnln-§sEd, nes™,

for each spherical polynomial S of degree < m;

(b)

(4.29) [Wi(cos )| < comin{m?®~t m®1/(m7)?} for 0<7<m,
and hence
(c)
(4.30) / (Win(n-€)|dé <c< oo, neSi
Sd—l

where ¢g and ¢ are independent of m and 7.
Since we do not have a good reference for Proposition 4.1, we shall show how it
can be deduced from the following results of Kogbetliantz and Stein (see also [P]).
PROPOSITION 4.2 (see [K]). Let Sy (t) :== Yo o(v + ANC(t), A > 0, m =

0,1,..., and let 07(2) be the Cesaro means of order 6 of S ; i.e.,
6 >\ . . T(v+6+1)
v=0

Then, for —1 <6 <2XA+1,

‘ 5+1
(4.32) |0 (cosv)| < emin {(m + 1M (m 1) 0 /(sin %) } , 0<y <,

with ¢ depending only on .

PROPOSITION 4.3 (see [St]). For each positive integer r and for m = 0,1,...,
there exist r + 1 parameters ay(m), ..., ar41(m) (depending only on m and r) which
are uniformly bounded: |a,(m)| < A, A independent of m, and there exists a fized
integer N, so that the following holds:

If 307 g aw is a series of real numbers and if 05,:), m =0,1,..., are the Cesaro
means of order r of the partial sums Sy,, m = 0,1,..., of this series (see (4.31)), then

Tr(r;j) = ai(m)o,’ (r) i+ ag(m)og;,)l e+ Oér+1(m)0§2rl)m—1
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can be represented in the form

(r+1)m

(T)—Za + Z Bua, if m> N,

= v=m+1
where B, are constants depending on m and r.
Proof of Proposition 4.1. 'We have already mentioned in (3.15) that

d,m 2) /2
Ko (t) = S 1|C(,d 23/2( )C(d )/ (t)

gives the reproducing kernel K, (€ - ) for H,,. Therefore, Y " K, (& -n) is a repro-
ducing kernel for all spherical polynomials of degree < m. Simple calculations show
that

-1

Kn(@t)=2[8"(d—2)]  (m+A)Cp(t) with X:=(d—2)/2.

Therefore, 2 [|S?1|(d — 2)] ! > (v + N)C)(t) gives a reproducing kernel for the
spherical polynomials of degree < m.

We now apply Proposition 4.2 with A := (d—2)/2 and 6 :=2A+1=d—1. Then
we apply Proposition 4.3 to the resulting Cesaro means {0—5’")} withr =6 =d—-1
to conclude that W, := 2 [|S1|(d — 2)] o) satisfies (4.29) (by (4.32) and since
a,(m) are uniformly bounded) and W,,,(£-n) is a reproducing kernel for the spherical
polynomials of degree < m (by Proposition 4.3). a

Lemma 4.2 and Proposition 4.1 allow us to estimate discrete [,(€2,) norms of
spherical polynomials by their L,(S?~!) norms. In this part we use ideas from [O].

LEMMA 4.3. Letn =1,2,..., and let m > mg, where mg is from Proposition 4.1.
Then for every spherical polynomial S of degree m and for 1 < p < oo we have
(1.33 > AufS@P <+ mmy [ IS e,

weR, St
where A, and , are from (4.19), and c is independent ofS n, and m.

Proof. By Proposition 4.1 we get S(w) = [qa: (w-8)S(&)d¢, w e Q. We

obtain, using Holder’s inequality,
S@IS [ Wl 0S©@lde= [ Wl OF/#W,u(w- € /715(€) de
1-1/p 1/p
<(L_ w0 df) ([, W elisra)
Sd—1 gd—1
and hence

|S(w)|P < AP~! /sd* Wi (w - &)]|S()P dé,  where A := fsdfl W (w - )| dE.

We now multiply both sides of the above inequality by A, and sum over w € €, to
obtain

> AlS@)P gAfH/ (Z Ao Wi ( |> |S(€)[” dé

weN, weNy,

< max Qu(Wae-6)) [ ISP e

£Sd1
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It follows, by (4.29), that |[Wy,(e-&)| < Ky, (e - &), where Ky, is defined in Lemma 4.2
with ¢g from Proposition 4.1. Then Proposition 4.1 and Lemma 4.2 imply

max Q,(|[Wn(e-£)]) < max Q,(Kn(e-£)) <c[l+(m/n)¥ '] and A<c
¢egd-1 ¢egd—1

which completes the proof of Lemma 4.3. O

The following lemma relates the Lo(S?~!) norms and discrete l5(£2,) norms of
spherical polynomials written in terms of vy, Uy, (€ - w) /U (1), the reproducing kernel
for the space Hy, @ Hip—2 @ -+ - ® He (see (3.17)).

LEMMA 4.4. Letn = 1,2,..., and let c(w), w € Q,, be real constants. Let
m > mg, where mq is from Proposition 4.1. Then the spherical polynomial

S(f) = w;ﬂ )\wc(w)ﬁn(@l)um(g ’ w)
satisfies
(4.34) 1917 g1y < e[l + (m/n)*71] D7 Aufe(w)|*.
weN,

Proof. Using (3.11) we get

IS sy = [ 1P de
Sd—l

= M) (ﬂl)f L (e wtae - nyds

wER, NEQ,
VUm,
= D0 D Aedewleln) (o) = > Aye(m)S(n)
WER, NEQ, m neEQ,
1/2 1/2
< Y Ale) > AISm)?
VISV VIS

By Lemma 4.3, the last quantity above does not exceed ¢[1 + (m/n)?~1]2 1] Ly (sd-1)-
Finally, we divide by ||.S]|1,(ge-1) to complete the proof of the lemma.

5. Smoothness spaces in Ly(B?). In this section, we shall recall results about
approximation by algebraic polynomials. As earlier, we let P,, denote the space of
algebraic polynomials in d-variables. For n > 1, let

En(f) = En(f)L2(Bd) = Piélén If— P||L2(Bd)

be the error in approximating f € Lo(B?) by algebraic polynomials P of degree < n.
By Theorem 3.1 we have the following representation of the polynomial P, (f,x) of
best Lo(B%)-approximation to f:

(5.1 PalF) = D v [ An(©tn(x- )

m—0 Sd—1

where

A = A1) = [ Uy dy.
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Since A, (§)Unm(x - €) is a spherical polynomial of degree < 2m < 2n in &, we can use
the quadrature formula (4.19) to obtain

(5.2) Pul£i%) = D Ao D Vin A (@)U (x - w).
m=0

wEN,
From Theorem 3.1, we have

En(£)? = If = PalDlamey = D vl Am(DI 7,0y

m>n

(5.3) = 3 T A (D3 00

m>n

For a > 0, let W%(Lo(B?)) be the Sobolev space for the domain B?. When
a = k is an integer, then a function f € Lo(B?) is in W¥*(Ly(B9)) if and only if its
distributional derivatives D” f of order k are in Lo(B?), and

‘fﬁ/vk(LQ(Bd)) = Z ||DVfH2L2(Bd)

lv|=k

gives the seminorm for W¥(Ly(B%)). The norm for W*(Ly(B%)) is obtained by adding
lfllL,Bay to [flwk(L,(may)- For other values of a, we obtain W as the interpolation
space

W (Ly(BY) = (Lo(BY), WH(La(BY)))g2, 0 =a/k, 0<a <k,

given by the real method of interpolation (see, e.g., Bennett and Sharpley [BS]).
A fundamental result in approximation known as the Jackson theorem states that

(5.4) En(f) < c(k)n™ || fllwe (Lo may),

where the norm on the right can be replaced by the seminorm if k is an integer.
This theorem can be deduced easily from the results on univariate approximation in
Chapter 7 of [DL]. By interpolation (see, e.g., [DL, Chapter 7]), one obtains

(5.5) Y B ()Pt < ) e momay, @ >0,
n=1
with ¢(«) depending at most on «. From (5.3) and (5.5), it is easy to deduce that

(5.6) D o AN a1y < @) fva(mamay, @ >0,
n=1

with ¢(a) depending at most on a.

6. Approximation of functions in Lo (I, w). We shall also need certain re-
sults about the approximation of univariate functions in Lo (I, w) where I := [—1,1]
and w := wg/5. As we know by section 2, the Gegenbauer polynomials {Uy, }5v_, form
a complete orthonormal system for Ly (I, w) (see (3.3)). For any g € Lo(I,w) we have

(6.1) 9= gmUy with §(m):= /1 9(8)Up (s)w(s) ds.

m=0
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We shall use approximation of functions in Lo(I,w) as an intermediate tool in
establishing our results on ridge approximation. Let P, (I) denote the space of uni-
variate algebraic polynomials of degree < n. For a function g € La(I, w), we let

En(9)Ly(rw) == peglfm g = PllLszw)

be the error in approximating g by the elements of P,([). The polynomial

(6.2) Pni= Y (m)Un,
is the best Lo(I,w) approximation to g by elements of P, (I), and we have
(6.3) Bo(9) 7ty = 19 = Pallorw = D 13(m)]%.

m>n

We introduce the univariate Sobolev spaces W%(Ly (I, w)), @ € R, whose norms
are defined by

oo

(6.4) 191ve Loz = D [(m + 1) 1g(m)[]*.

m=0
It follows that for each g € W (La(I,w)),
(6.5) En(9) La(1w) < cla)n™ |l gllwe (Lo(1.w))-

Moreover, similar to (5.5), we have

(6.6) Z[naEn(g)Lz(Lw)}Znil < @glfva o mwy @>0.
n=1

There is also a Bernstein-type inequality for polynomials in P, (I) with respect
to Lo(I, w) which follows trivially from the definition: for every p € P, (I) and o > 0,
(6.7) IPlwe Loy < (04 D[Pl Lo 1 ,0)-

It is well known (see [DL, Chapter 7]) that companion inequalities like (6.5) and
(6.7) imply a characterization of approximation spaces by interpolation spaces. In
our context, the approximation spaces are the Sobolev spaces W*(Lo(I,w)) defined
by (6.4) and we therefore obtain for each 0 < « < k,

(6.8) W (Lo(I,w)) = (Lo(I,w), W*(Lao(I,w)))g2, 0 = a/k.

Further properties of the spaces W*(Ly(I,w)) are given in section 7.

7. Approximation by ridge functions. In this section, we assume that X, is
a subspace of Ly(I,w), w = wg/2, of dimension n with the following property. There
is a real number s > 0 such that, for each univariate function g € W*(La(I, w)), there
is a function r € X,, which provides the Jackson estimate

(7.1) 19 = 7l Lo(rw) < con™ llgllws (Lo (r,w))s

with ¢g a constant independent of g and n.
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We define Y;, to be the space of functions R in d variables of the form

(72) R(X) = Z Tw(x : w)? TUJ 6 X’na w 6 Q,,“
we,

where €, is the set of vectors in S4~1 from (4.19). Then Y, is a linear space of
dimension < n#Q,, < cn®. We prove the following theorem about approximation
from Y,,.

THEOREM 7.1. Let X,,, n=1,2,..., satisfy inequality (7.1) for some s > 0. If f
is a function from the space Ws'*‘%(Lg(Bd)), then there is a function R in'Y, such
that

_g_d=1
(7.3) 1F = Bllzamey < en™ = 1t o,

with ¢ a constant depending only on s and d.

REMARK 7.1. If s+ (d — 1)/2 — 1 is an integer and the space Y, contains
Pat(d—1)/2-1, then we have that || f[|yw+@-1/2(r,gay) can be replaced by the seminorm
|f|Ws+(d—1)/2(L2(Bd)),

An important element of the proof of Theorem 7.1 is the idea to get rid of the “low
frequencies” when approximating. To this end we shall use the following geometric
construction which was proven for us by Boris Kashin.

LEMMA 7.1. Let H be a Hilbert space with norm || -|| and let A, B C H be finite-
dimensional linear subspaces of H with dim A < dim B. If there exists 6, 0 < 6 < 1/2,
such that

7.4 inf [l — y|| <6,
(7.4) sup inf [lz —y|| <

Izl <1

then there is a constant ¢ depending only on 6 and a linear operator L : A — B such
that for every x € A,

7.5 Lz — || < ¢ inf |z —
(7.5) 1L — =l < ¢ inf fle —yll,

and
Lr—x 1A (Lx— x is orthogonal to A).

Proof. See [DOP, Lemma 6]. 0

Proof of Theorem 7.1. Estimate (7.3) trivially holds if n < mg, where mo = mg(d)
is the constant from Proposition 4.1.

Suppose that n > mg. Let P = P, be the polynomial in P,, given by (5.1) (or
(5.2)). Since P is the best Ly(B?) approximation of f, it satisfies (see (5.4))

(7.6) If = PllL,me < Cnfsf(dfl)/z||fHWs+(d—1>/2(L2(Bd))

with ¢ and all subsequent constants in this proof depending only on s and d. We
shall approximate P by an element R of Yy, N = kgn, where kq is a sufficiently large
constant depending only on s and d.

We have A, (P,¢) = An(f,£), m < n, and A,,(P,§) = 0, m > n. Since f €
Wetd=1/2(L,(B%)), we know from (5.6) that

n

(7.7) (m + 1)2s+2(d_1)||Am(f)”%2(sd71) = CHf||%4/s+<d—1>/2(L2(Bd))'

m=0
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From this, using (4.23), we obtain

(7.8) D (mA+ 1PN AN (An ()P < ellf Iyrrav/2p,may-

m=0 wEN,

We introduce the univariate polynomials

(7.9 pu(®) =Y vmAn(f,0)Un(t) = > VmAp(Pw)ln(t), w € Q.

m=0 m=0

We have, by (4.22) and (7.9),

(7.10) P(x) = Z Um Aw A (P w)Up, (x - w) = Z AwPw (X - w).
m=0 weN, we,
According to (6.4), we have

n

”)‘SJ/QPWH%VS(Lg(Lw)) = Z (m+ 1)28V72n>‘W|Am(fa W)\2

m=0
n

=) (mA P FEUN AL (fw) .

m=0
Hence, from (7.8),

n

Z HA}J/QPwH%Vs(LQ(I,w)) <c Z (m+ 1)25+2(d71) Z /\w|(Am(f7W))|2

we, m=0 wen
(7.11) < C||f||%ys+<d—1>/2(L2(Bd))'

We shall approximate each polynomial p,, by elements of X . We apply Lemma 7.1
in the following setting. We take for H the Hilbert space Lo (I, w) and take A = P, (1)
and B = Xy with N > kon and kg a positive integer. We next show that if kg is
large enough then the assumption (7.4) is satisfied. We mentioned earlier in (6.7) that
Pn(I) satisfies the Bernstein inequality

IPllws (Lorw)y < M+ 1)°(PlLyrw), P E Pull).

If p € P,(I), then from this Bernstein inequality and from (7.1), there is an r € Xy
such that

1P =7l Lor,w) < coN " pllwe (Lo (r,w)) < coN 2507 ||l Ly (1,0) < c02°kg * Pl Lo (1,)-

Thus, if ko is large enough, condition (7.4) is satisfied. Therefore, for each w € Q,,
we can find r,, € Xy such that r,, —p, L P, (I) with respect to the inner product in
Ly(I,w) and, by (7.1) and (7.5),

pr - Tw“%z(l,w) S Cn_QSHpW”%VS(LQ(I’w)).
Therefore,
o0
(7.12) ro=pe= Y Fulm)Un
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with
Fo(m) = /Irw(s)um(s)w(s) ds
and
(7.13) Z (M) ? = [lpw = r0llT, 1wy < ™2 1Pollfs (Lo ()
m=n+1
We define

R(x) := Z AwTw(X - w)

we,
which is an element of Y. Then we have, by (7.10) and (7.12),

Rx)=Px) =Y Y AfumUn(w-x)= Y Y Afu(m)Up(w-x).

weN, m=n+1 m=n+1weN,
We write
R (x) := Z Ao (MU, (X - w).
weN,
We have by Theorem 3.1 (see also (3.19)—(3.21))
Rm(x) = Vm i Am(Rma g)“m(é. : X) dg,
gd—
where

AR = [ Ry Oy = 3 Autalm) [ U )l y) dy

we,

_ ~ L{m(£~w)
= Z )\wrw(m)m.

We now use Theorem 3.1 and Lemma 4.4 to obtain
2

w;ﬂ ,\wm(m)um(l)um(,g - w)

||RM||%2(Bd) = Vm||Am(Rmaw)||2L2(Sd—1) =y
La(84-1)

< vyt (m/n)*t Z APy (m)[? <en” ! Z AP (m)[?,
weN, weNy

where we used that v, < m?~1 (see (3.8)). From this, (7.11), and (7.13), we find,
using the Parseval identity (3.9),

oo o0

IR =Pl e = D |Ralfyme <en™™ > > Aliu(m)?
m=n+1 m=n+1we),

o0

=en NN, Y [Fu(m)?

we, m=n+1

—2s5—d
< ep~2smdHl E ||)\i,/2pw|‘%VS(L2(I,w))
UJEQn

< Cn_QS_dH||f||€vs+(d71>/2(L2(Bd))~
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Thus there is a function R € Yy, N = kgn, such that (7.3) holds. Theorem 7.1 is now
proved. 0

REMARK 7.2. As in [DOP], it is possible to prove Theorem 7.1 without using
Lemma 7.1. In place of this lemma one uses a slightly stronger assumption than
estimate (7.1). The corresponding proof would be more constructive than the present

one. We do not provide the details of this approach but instead refer the reader to
[DOP].

8. Elimination of the weight w. The result of section 7 (Theorem 7.1) gives
sufficient conditions on a sequence of univariate spaces X,,, n = 1,2,..., in order that
the spaces Y,, defined by (7.2) with Q,, from (4.19) provide approximation rates for
functions in Sobolev spaces W<(Ly(B?)) comparable with polynomials and splines.
However, the assumption (7.1) imposed on X, is inconvenient for direct application
because of the appearance of the weight w(t) := wy2(t) := (1 — t2)(4=1/2. We shall
show in this section how the weight factor w can be avoided so that the result of
section 7 applies more directly. We shall consider approximation on the ball Bf 2=
{x € R?: |x| < 1/2} rather than B?. Approximation on B? or other balls follows by
a change of variables.

We begin by assuming that we have in hand n-dimensional linear spaces Z,, of
univariate functions defined on J := [—1/2,1/2] which satisfy a Jackson-type estimate
similar to (7.1) but with weight = 1. Let W™(Ly(J)), m = 1,2,..., be the Sobolev
space of functions g € Lo(J) such that g™ is in Ly(.J). The seminorm and norm for
W™(Ly(J)) are defined by

|9|Wm(L2(J)) = ”g(m)”Lz(J) ; ”g”Wm(Lz(J)) = ||g(m)HL2(J) + ||g||L2(J)~
For 0 < s < m not an integer, we define W*(Lz(J)) by interpolation:
(8.1) W2 (La(J)) := (Lo(J), W™ (L2(J)))o2, 0 :=s/m,

with the norm as the interpolation space norm. For a given value of s, different values
of m > s give equivalent norms (see [DL]).

Our assumption on Z, is that for a certain fixed value of s, we have that for each
g € W#5(Ly(J)), there is a function ¢, € Z, such that

(8.2) 19 — CallLocry < e(s)n™llgllws(La(ay)

with the constant ¢(s) depending only on s.
Let X, be the space of univariate functions r such that for some p € P, (I) and
some ( € Z,,

- 0={g 125

We shall show that under the assumption (8.2) on the Z,, the spaces X, n =
1,2,..., satisfy the assumption (7.1). To prove this, we recall the definition (6.4) of
the spaces W<(Ly(I,w)) and the operator A of (2.12):

(5.4) Ag = (jt) fwg]

According to (2.15), we have AU, = (—1)"p2U,,. Since p, =< n9~! (see (2.16)), it
follows that for each g € W™ (Ly(I,w)), A =2(d — 1), m = 1,2,..., we have

(8.5) lgllw (Lo (1)) = 1Al Ly (10)
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with the constants of equivalency depending only on d.
LEMMA 8.1. For each m = kX, with X\ := 2(d — 1) and k a nonnegative integer,
we have

(8.6) 9llwm Loy < eldsm)l|gllwm(Lyrwyy  for g € W(La(1,w))

with the constant ¢(d, m) depending only on d and m.
Proof. We first observe that the weight w is strictly positive on J and, therefore,
w~1! is infinitely times differentiable on .J. Then the following identity holds:

£(d—1)—1

(8.7) g(e(dil)) = Z ujg(j) + Ug(d_l)Aeg, (=1,2,...,
j=0

where u; are obtained from w™! and its derivatives. Indeed, (8.7) can be proved by
induction on ¢. For ¢ =1, (8.7) follows from Leibniz’s formula for differentiating the
product g = w™ ! (wg). Suppose that (8.7) holds for some ¢ > 1. Then one writes A‘g
as w™' (wA’g) and differentiates both sides of (8.7) d — 1 times to prove it for £+ 1.

It follows from (8.7), with £ = 2k and m = k), that

m—1

(8.8) 19 o) < €D 199N Loy + cllA*gl Lo()-

=0

We shall use next the following well-known inequality (see, e.g., [BS])

(89) ||g(])HL2(J) < C<57]||g||L2(J) +6m7j||g(m)||L2(J)) ) .] = 172a"'7m7

where § > 0 is arbitrary and ¢ depends only on m. Combining (8.8) with (8.9) we
get, for 0 < 6 < 1,

(810) N9 lzoer) < €67 gl + 619" o) + A gl a0,

where ¢* > 1 is independent of . We now select § such that ¢*§ = 1/2 and bring the
second term on the right in (8.10) to the left-hand side. We obtain

19" Loy < elllglla + 1A% g) 2y 0ry)
< c(lwgllzy@y + lwA gl 1)
< cllgllwm (Lo (1,w))-

THEOREM 8.1. If the sequence of spaces Z,, n = 1,2, ..., satisfies (8.2), then the
spaces X, n=1,2,..., defined by (8.3) satisfy the Jackson estimates (7.1); i.e., for
each univariate function g € W*(Lo(I,w)), there is a function r € X,, which provides
the Jackson estimate

(8.11) lg = rllLow) < en llgllws(Lor,w))s

with ¢ a constant independent of g and n.

Proof. Consider the linear operator T' that associates with every function g €
Lo(I,w) the restriction of g on J. Since w is strictly positive on J, T is a bounded
operator from Lo (I, w) into La(J). By Lemma 8.1, T is bounded from W™ (Ly (I, w))
into W™ (Ly(J)) for each m = 2k(d — 1), k = 1,2,.... This implies that, for each
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0<s<2k(d—1)and 6 := s/(2k(d — 1)), we have by interpolation (see (6.8) and
(8.1)) that for each g € W*(La(I,w)),

lgllws(z,0y) = Hg”(LQ(J)7W2k(d*1)(L2(J)))

< cHgH(LQ(I,w),Wzk(dfl)(LQ(]yw)))e ) = gllws(zar,w)-

0,2

Now, given g € W*(Lao(I,w)), we let ¢ € Z, satisfy (8.2). Then, from (8.6),

9 = Cllzoy < en™ llgllws oy < en™*llgllws(La,w))-

Similarly, let p be the best approximation in Lo(I,w) to g from P, (I). Then, from
(6.5),

lg —plLsrw) < 8 lgllws (Lo rw))-

It now follows that the function r € X,, defined by (8.3) for these ¢ and p satisfies
(8.11). O

THEOREM 8.2. If the sequence of spaces Z,,n = 1,2,..., satisfy (8.2), then for
any function f € WS+(d_1)/2(L2(B(1i/2)), there are functions r,, € Z, such that

(8.12) R(x)= Y ru(w-x)
w€eN,
satisfies
(813) Hf — RHLz(Bf/Z) < Cn_s_(d_l)/2Hf”WS‘*'(d—l)/?(Lz(Bf/Q))

with ¢ independent of f and n.
Proof. We first recall (see, e.g., [A, Chapter IV]) that f can be extended to a
function fy defined on all of R? such that f, vanishes outside of Bg /4 and
I follwer@-1r2(n,may) < C”f”WS+<d*1)/2(L2(B‘f/2))

with a constant ¢ depending only on s and d.

We define X,, as in (8.3). From Theorem 8.1, we obtain that condition (7.1) is
satisfied. Therefore, from Theorem 7.1 there are functions r, € X,,, w € ,, such
that the function

weNy,
satisfies
[ fo— RllL,me) < cn_r_(d_l)m||f0va‘+<d*1>/2(Lz(Bd))
(8.14) < C’n]iri(dil)/2||f||WT+(d71)/2(L2(B(11/2))'

On the ball B‘f/Q, fo=fand r, is in Z, for each w € Q,,. Therefore, (8.13) follows
from (8.14). O
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9. Examples and further remarks. In this section, we shall give some appli-
cations of the results of section 8. Theorem 8.2 implies that for any sequence of spaces
Zn,n=1,2,..., contained in Lo(J), J = [-1/2,1/2], that satisfy (8.2) we have the
estimate (8.13) for f € Ws+(@=1/2(L,(.J)). The condition (8.2) is satisfied by all the
standard spaces of approximation such as algebraic polynomials and spline functions
(discussed in more detail later in this section). We wish to single out, for further
elaboration, one particular example which appears frequently in wavelet theory, as
well as in computer aided design.

Let ¢ be a univariate function with compact support on R. Let ¢ be the smallest
integer such that ¢ or one of its shifts ¢p(z — k), k € Z, is supported on [0,¢]. If
necessary, we can redefine ¢ to be one of its integer shifts and thereby require that
¢ is supported on [0,¢]. We denote by S := S(¢) the shift-invariant space which is
the Lo (R)-closure of finite linear combinations of the shifts ¢(- — j), j € Z, of ¢. By
dilation, we obtain the univariate spaces

Sk.={S(2*):5€S8}, keZ.

The approximation properties of the family of spaces S* is well understood. In
[BDR], there is a complete characterization (in terms of the Fourier transform of ¢)
of when the spaces S* provide the Jackson estimates

(9.1) dist(g, ") L) < C27* |lgllws (Lo (m))-
For an integer s, we say that ¢ satisfies the Strang—Fix conditions of order s if
(9.2) $(0) £ 0, and DIp(2kn) =0, ke Z, k40, j=0,1,...,s— 1.

If ¢ satisfies (9.2) and ¢ is piecewise continuous and of bounded variation, then S*
provides the approximation estimate (9.1) (see, e.g., [DL, Chapter 13]).

We denote by S¥(J), k > 1, the restrictions of the spaces S* to the interval
J = [~1/2,1/2]. The functions ¢(2*t — j), j = —¢+ 1 —2F1 .  2¥=1 _ 1 gpan
S*¥(J). Each function g in W*(Lo(J)) can be extended to R with

Hg”WS(Lz(R)) < CHgHWS(LQ(J))-

It follows therefore that the spaces S¥(.J) provide the approximation property (8.2)
and hence Theorem 8.2 applies with n = 2¥. The functions R appearing in Theo-
rem 8.2 are of the form

2k_1

Rx)= S 3 c(w)e@x-w—j).

J=—l+1—2k—1 WEQ

There is another representation of the functions in S*(J) related to sigmoidal
functions. Let

o0
(9:3) o(t) =Y _ ¢t —j).

j=0
Then the functions o (2%t —j), j = —¢+1—-2F"1 ... 2F=1 1 also span S¥(J). The
function o is 0 for ¢ sufficiently large negative and 1 for t sufficiently large positive.
However, it is not necessarily monotone (without additional assumptions on ¢).
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COROLLARY 9.1. Let ¢ satisfy the Strang—Fiz conditions (9.2) of order s. Then
for each function f € WSJF(d*l)/Q(LQ(BfM)), there is a function

2k—1_1

R(x) = Z Z o(2fx-w —7)

J=—L+142F-1 weQ, i
such that
If = Rllr.se,,) <c2” G4 @D F s a1 cop k=12

with ¢ independent of f and k.

For certain choices of ¢ above, we obtain that o of (9.3) is a sigmoidal function
in the terminology of neural networks. We recall that a sigmoidal function is a non-
negative, monotone, univariate function which has limits = 0 as ¢ — —oco and = 1

as t — oo. To obtain examples of such sigmoidal functions, we can take ¢ to be a
B-spline. Let ¢ := Ny, where for each j € Z and s = 1,2,..., N;, := s ' M; , is the

B-spline of order s (see [DL, Chapter 5]) with breakpoints 5-,.. ., j +S . The function
(oo}
oi(t):= Y Nj.t), teR
Jj=—s+1

of (9.3) is a sigmoidal function, and, in the case s = 1, it is the unit impulse function
X[0,00)" The functions o4 (t — 5-), j = — ,n+ s — 1, form a basis for S, ; the
space of all sphnes of degree s—1 deﬁned on J with breakpoints belonging to the set
=ptl —nd2 | nol} From Theorem 8.2, we obtain the following.
COROLLARY 9.2. Forany f € WS"’(d_l)/Q(Lg(Bf/z)), there are constants c(k,w),
we€Q,, k=—n,...,n+s—1, such that

0 R = Y etbon (xo- £

wEN, k=—n

satisfies
If— RHLQ(BCL ) Sen”T @=D72)| £l yyoscan D/2(La(BY )

with ¢ independent of f and n.

The functions R in (9.4) correspond to the outputs of a feed-forward neural net-
work with O(n%~1) nodes of computation. Thus, the corollary shows that such neural
networks have computational efficiency comparable with standard methods of approx-
imation like splines and wavelets.

The special case s = 1 in Corollary 9.2 is also noteworthy. In this case the
function o is the unit-impulse function and the functions R are piecewise constant.
The order of approximation provided by Corollary 9.2 is somewhat surprising. One
might expect that such piecewise constants could only provide approximation order
1 while the corollary gives approximation order (d 4+ 1)/2.
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10. Appendix.
Al. Proof of (3.4). Since P, is invariant under rotations, it is sufficient to
prove that (P(x),U,(x1)) =0 for each P € P,,_; or that
(x™, Un(x1)) ::/ x"Up(21)dx =0 when |m|<n-—1.
B4

Write

B, = {xX' = (22,...,2q) i 25+ -+ 23 <127}

e (o)) = [ o ( /

Because of the symmetry it is obvious that the inner integral above is equal to zero
if at least one of ma, ..., mg is odd. Consider the case when all mo, ..., mg are even.
We now change the rectangular coordinates in the inner integral to spherical and find

We have

3 dx’) Uy (z1) dy.

T

(1—a)'/?
— 1 —
/ x;nz m:ind dX/ _ C/ ng—&- +mg+d QdT — C(l _ x%)z,(mg—i- +mg+d 1)7

where ¢ depends on d, mo, ..., mg. Therefore,
(x™, Cp(1)) = C/x’{“ (1 —a?)3tmatetmayy ()(1 - a3) T day = 0
I

since the univariate polynomial U, is orthogonal to P,,_1(I) in Lo(I, w) (see (3.3) and
(2.1)). 0

A2. Proof of (3.10). We first show that for each g € Li(1, wg—1)/2)

R(g(n-x);&,t) = |Bd_2|(1—t2)% /g(cos@coszb—i—usin@sin@b)(l—uz)% du,
I

(10.1)
where t =: cosf, t € I, ¢ € [0,7] is the angle between & and 1 (cost) = £ - ), |B472|
is the volume of the unit ball B4~2 in R972, |B472| = W%T;/%’ and R is the

Radon transform defined in (3.23). Indeed, it is easily seen that

V1—t2

R(g(n-x);&,t) = IB‘HI/_ 1_tgg(tcos¢+vsimw)(l—t2_v?)% dv.

Substituting v = (1 — t2)'/2u in the above integral we get (10.1).
Our second step is to prove that
297112(d/2)n!
I'(n+d)

Indeed, the classical addition theorem for Legendre (Gegenbauer) polynomials can be
written as follows (see [E, p. 178]):

(10.2) R(Cy/2(n-x);&,t) = B (1) CaPOCI2 (€ ).

C(cos B cos 1) + sin 6 sin 1) cos )

N [(N)m]?
_202 @A +2m = 1)(n—m)l Gy

X (sin0)™C2 ™ (cos 0) (sin ) CAE™ (cos 1h) CA71/2 (cos o)

m m
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and hence, for A = d/2, and u := cos ¢, u € I, we have
C%2(cos  cos b + usin fsin 1)

N am(d g 2m - 1) — L DnT
_7;02 (d+2 1)( )!(d—l)n+m+1

X (sin H)mCi/j,tm(cos 6)(sin zb)mCz/_z,:m(cos Y)CU=D/2(y,),
We now insert this into (10.1) and use the fact that Cr(,f_l)m(u), m=1,2,..., are
orthogonal to the constants in Lo ([, w(4—1)/2) to obtain
R(C2 (- x);6,1)

_ |
= |BI72|(1 — ?)ld-1)/2 (d = Ln! 03/2((;059)03/2(0051/))/(1fu2)<d*2>/2 du.

(d - 1)n+1 I
This implies (10.2).
We finally use (10.2) to obtain
[ cirmenciie xdx = [ REPm-x:60082 0 d
B I

24-112(d/2)n!
I'(n+d)

= 'Vn,ngﬂ(n : 5)7

=B CI-€) [ IR - )

where
2d*1I‘2(9)n!
md = |BITH T2 .
Yn,d = | | Tt d) e
Simple calculations show that this is (3.10). See [RK]. O

A3. Proof of (3.16). The following relation between contiguous Gegenbauer
polynomials holds (see [E, p. 178], (36)):

m+NChii=0-1D[Ch—Cp ], A>1
Also, C(t) = 1 and C{(t) = 2)t. These identities readily imply

[n/2] .
(10.3) o=y n-2j+A-1 a0

n A—1 n—2j
=0

Simple calculations show that (10.3) with A = d/2 (d > 2) is (3.16). O

A4. Proof of (3.11). Identity (3.11) follows from the fact that i,(£ - x) (as a
function of £) is a spherical polynomial in H,, @ H,,—2 B+ - - B H, and v, Uy, (€-7) /UL (1)
is the reproducing kernel for this space (see (3.17)). d
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