HIGHLY LOCALIZED SUMMABILITY KERNELS
ON THE SPHERE INDUCED BY NEWTONIAN KERNELS

KAMEN IVANOV AND PENCHO PETRUSHEV

ABSTRACT. The purpose of this article is to construct highly localized
summability kernels on the unit sphere in R% that are restrictions to
the sphere of linear combinations of a small number of shifts of the
fundamental solution of the Laplace equation (Newtonian kernel) with
poles outside the unit ball in R%. The same problem is also solved for
the subspace R%~! in R%.

1. INTRODUCTION

The shifts of the fundamental solution of the Laplace equation Iw\% in
dimensions d > 2 or ln‘?l| if d = 2 with |z| being the Euclidean norm of
x € R? are basic building blocks in Potential theory. As is customary, we
shall term the harmonic function m% or In ﬁ “Newtonian kernel”.

We are interested in the problem for approximation of harmonic func-
tions on the unit ball B in R? from finite linear combinations of shifts
of the Newtonian kernel. More explicitly, the problem is for a given har-
monic function U on B? and n > 1 to find n locations {y;} in R*\ B¢ and
coefficients {¢;} in C such that

(1.1) Co+Z — if d>2 or co—i—chln ! if d=2
E= 2y
approximates U well (near best) in the harmonic Hardy space HP(B?),

0<p< o0

This problem is also important in the case when U is harmonic on Rd\ﬁ
and the poles {y;} are in B? or U is harmonic on R% and the poles {y,} are
in R? .

An alternative formulation of the problem is to approximate a given
potential U by the potential of n point masses (using terminology from
Geodesy) or by the potential of n point charges (in terms of Electrostatics)

or by the potential of n magnetic poles (in Magnetism).
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It should be pointed out that there is a great deal of work done on the
Method of Fundamental Solutions for the Dirichlet problem of the Laplace
equation in Numerical Analysis. This theme is directly related to the prob-
lems we consider here. We refer the reader to [2, 6, 8] for the basics of
Potential theory.

The poor localization of the Newtonian kernel makes the above approx-
imation problem unamenable and challenging. An important step forward
in solving this problem (see [7]) is to construct highly localized summability
kernels on the unit sphere S9! in R? that are restrictions to the sphere
of linear combinations of finitely many (fixed number) shifts of the New-
tonian kernel. This is the main goal of this article. The highly localized
kernels constructed in this paper are the building blocks in the approxi-
mation process developed in [7]. With their aid it was possible to obtain
in [7] sharp estimates for the rates of nonlinear n-term approximation of
functions in harmonic Besov spaces on the unit ball B in R? from shifts of
the Newtonian kernel in the harmonic Hardy spaces H?(B%).

The simple fact that

(1.2) w—anP =a®+1-2a(z-n), =neS,

implies that the restriction of any shift of the Newtonian kernel to S¢! is
a zonal function, i.e. it is the composition F'(z - n) of an appropriate uni-
variate function £ : [—1,1] — R and the dot product z -7, z,n € S4~1. This
leads us to the following explicit formulation of the problem at hand:

Problem 1. Let M > d — 1. For given ¢ € (0,1] find 2m + 1 constants
b, € R, a, > 1 so that the restriction F.(x-n) to the unit sphere S™! C R4
of the function

nesSt zeRIN\U™ {an}, ifd>2, or

1.4 ' (2) = 1
Ay Fle) =+ Yl

nesS, reR*\U™ {a,n}, if d =2, satisfies the following conditions:

ce~ 4l

d—1,
Areipmpyh THnES

(1.5) [Fe(z-n)| <

(1.6) /S Fiz-n)do(z) =1, ¥nesi
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with constants m € N and ¢ > 0 depending only on M and d. Here p(x,n) :=
arccos (x - 1) is the geodesic distance between 2,7 € S¥! and o denotes the
Lebesgue measure on S 1.

We shall present two solutions (three in dimension d = 2) of Problem 1.
Observe that to solve this problem it suffices to solve any of the following
two problems:

Problem 2. Let M > d — 1. For given € € (0,1] find constants a; > 1 and
bj,c; € R so that the restriction F.(z -n) to S™™! of the function

(1.7) fonla Z\x—an|d2+zcﬂ7 V(f_an‘d 2)

ne STt xe R\ {ain,...,amn}, ifd > 2 or
1

|z — aj77|,

(1.8) fon() =bo+ Y _¢;(n-V)In

j=1
nesS,zeRIN\{am,...,ann}, if d = 2, satisfies conditions (1.5)—(1.6),
where as above the constants m € N and ¢ > 0 depend only on M and d.
Problem 3. Let M > d—1. For given ¢ € (0,1] find m+1 constants by € R
and a > 1 so that the restriction F.(x -n) to ST of the function

(1.9) fen(z be n-V) < a77|d 2)

n €St x e RU\ {an}, ifd > 2 or
1

|z — an|

)

(1.10) fen() =bo+ > bi(n-V)'In
/=1

n e St xe R\ {an}, if d = 2, satisfies conditions (1.5)—(1.6), where as
above the constants m € N and ¢ > 0 depend only on M and d.

As is well known the /th directional derivative operator (- V)¢, where
V stands for the gradient operator, is approximated well by the finite differ-
ence operator D¢ (n) = t=¢ 34 _ (=1 (0T (n, kt), where T(n,t)f(z) :=
f(x+1tn), z € R More precisely, if d > 2, £ >1,a > 1, and n € S¢!, then

[0+ V) |z — an™" = Di(n)le — anl’™|| . ay = 0 as t =0,

and a similar statement is valid when d = 2. Having in mind that
D¢(n)|x —an|>~? is a linear combination of Newtonian kernels with poles at
(a —kt)n, k =0,...,¢, we see that, a solution of Problem 2 or Problem 3
leads immediately to a solution of Problem 1.

It is easy to see that a properly dilated and normalized version of the

Poisson kernel provides a solution of Problem 2 and Problem 3 in the case
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M = d. Indeed, the Poisson kernel for a ball of radius a > 1 in R? takes the
form
1 a®— |z|?
1.11 P = — =a, < a,
(1.11) (y,2) awon o =g lyl=a, |z|<a
where wy = 27%2/T'(d/2) is the Lebesgue measure of S?~!. Restricting

P(y,r) to S¥1 as a function of z and setting y = an with n € S~ and

1 a?-1
awg |z—an|t”

a:=1+¢ we get Plan,z) = A straightforward derivation shows
that
(1.12)

(n-V)|z—an|** = (d—2)(2a) |z —an|* 4 +27 (d—2)waP(an, z), ifd > 2.

Hence, the kernel F.(z - n) := P(an,x) is of the forms (1.7) and (1.9) with
m = 1. It is also easy to see that in dimension d = 2
1 1
—— 47P .
and hence the kernel F.(x - n) := P(an,z) is of the forms (1.8) and (1.10)

with m = 1.

(1.13) (n-V)ln

Furthermore, it is easy to show that (see (3.7))

(1.14)
57 e+ p(z,n) < |z —an <2(e+pla,n)), ST if 0<e<1,

Therefore, 0 < F.(x - n) < ce (1 + e 1p(z,n))~¢ and hence F.(x - n):=
P(an, x) solves Problem 2 and Problem 3 for M = d.

To solve Problem 2 or Problem 3 for an arbitrary M > d is not so easy.
When trying to solve Problem 3 in the general case the first question that
occurs is whether the mth directional derivative (n-V)™|z —an|?>~% if d > 2
or (n-V)"Inl/|z — an| if d = 2 for sufficiently large m, depending on M,
can solve the problem. The well known Maxwell formula (see e.g. [1, p. 479,
ex. 13]) asserts that if d > 1, 7 € S 1, u >0, m € N, then

1 m T-m 1
o (1) m!qggo( ) P € RN\{0},

|z]

(1.15)  (n- V)"

where C% is the mth degree ultraspherical polynomial normalized by the
identity C%(1) = ("+271) . Now, using that lim, o4 (20) (|2~ — 1) =
In |71\ and lim,, o4 (211) *CY(t) = m~'T},,(t) one obtains by letting  — 0
in (1.15)

1 T-m
(1.16) (n-V)"In— = (=1)"(m — 1)!T,, (—)

|z ||
where T), is the mth degree Chebyshev polynomial of the first kind nor-
malized by T,,(1) = 1. Let n € S !, a ;== 1+¢, ¢ > 0, and m € N. Then

1

| ™

z € R\{0},
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(1.15)~(1.16) yield

1
1.17 V) —
L1T) 0 V)" s

_ (_1)mm!0(d/2—1) (x —an)-n 1 d>9
" [z —an| ) |z —an|¢=m ’
(118) (- V)™ In —
: n - n
| — an|
[z —an| ) |z —an|™

Now, using (1.17) and (1.14) we obtain the sharp estimate

1 g—mtlo—d+1
1.19 V)" ——————| < c(m,d S
e O R (e

On the other hand, since (n - V)™ |z —an|*~¢ is a harmonic function we have

L o9y o

o
m 1 — — —-m
= Wy (T]V) m m:():wdm!c’qubl/2 1)(].)CL d+2
m—+d—3\ _, o c(m, d)
— I d+2—m — )
warm < m )a (1+ g)mtd—2

Therefore, if we set
F(x-n):=c (- V)" o —an*

with a normalization constant ¢* so that F.(z - 1) obeys (1.6) then in light
of the additional multiplier e™™*! in (1.19) |F.(x - )| with m > 2 cannot
have the decay from (1.5) for any M > d — 1. The same argument applies if
d = 2. The conclusion is that Problem 2 cannot be solved by using a single
mth directional derivative of the Newtonian kernel.

In this article we present two main results. First, modifying Lemma 2.5
in L. Colzani [3] we show that the function

m

Flo ) = Y0 (M) P+ o),

j=1
where P is the Poisson kernel (1.11) and m > M — d, solves Problem 2.
Secondly, we show that Problem 3 is solved by the simpler kernel

with / F.(x-n)do(z) =1,
§d—1

where m > (M —d+2)/2,a = 1+¢, and ¢* > 0 is a normalization constant.

C*€2m71

Fe(z-n) = |z — an[2m+d=2

While the proof of the first result is straightforward, the proof of the second
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(more surprising) result is quite involved and this is the main novelty in this
paper.

Our solution of Problem 3 (and hence of Problem 1) has an obvious
advantage over Colzani’s solution of Problem 2: it is amenable to general-
izations. Our scheme can be used for the solution of the analog of Problem 3
and consequently Problem 1 for domains with much more complicated ge-
ometry than the ball, while Colzani’s solution of Problem 2 relying on the
Poisson kernel is limited to domains for which the Poisson kernel is available
in a convenient concrete form.

The rest of this article is organized as follows. In Section 2 we presents a
solution of Problem 2 based on an idea of L. Colzani from [3]. In Section 3 we
present the solution of Problem 3 mentioned above. In Section 4 we present
a second solution of Problem 3 in dimension d = 2. Section 5 treats in brief
the localization on S*! of harmonic functions on R?\ B?. As a natural
progression of our development, in Section 6 we also solve the analogues of

Problems 2 and 3 and as a consequence the analogue of Problem 1 with
S4-1 replaced by R 1.

2. LOCALIZED KERNELS ON S% ! IN TERMS OF NEWTONIAN KERNELS:
SOLUTION OF PROBLEM 2

In this section we present a solution of Problem 2 from §1 based on the
idea from [3, Lemma 2.5].

Theorem 2.1. Let m € N, d > 2, n € S¥', and 0 < ¢ < 1. Consider the
function

(21) foole) =3 (-1 ( )(1+15)d (L4 je)n a),

J=1
r € RY \ U;'n:1{(1 + je)nt,

where P is the Poisson kernel (1.11). Then the restriction F.(x -n) of the

function f.,(x) on S*' has these properties:

C€_d+1

(14 e tp(x,n))mtd-1’

(2.2) [Fe(z-n)| < Va,n € ST,

and

(2.3) / Fuz-n)do(z) =1, ¥nesi,
§d—1
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where ¢ > 0 is a constant depending only on m and d. Furthermore, f.,(z)

can be represented in the form

1
24) J. V) (——), i d>2
(24) el Z’:L’ aﬂ?’d2+;cj(n V)<\x—aj77\d2> i d>
or
- 1
(2.5) fam(a:):bojLch(n-V)ln_—am, if d=2,
=1 !

where a; == 1+ je.

Proof. From the definition of f.,(z) and (1.12)—(1.13) it readily follows
fen(z) can be represented in the form (2.4) or (2.5).
From the harmonicity of the Poisson kernel we know that

/ Plan,2)do(z) = waP(an,0) = a=', a1,
Sd 1

implying

gd-1

fen(z ij J“() 1,

j=1
which confirms (2.3).
To prove (2.2) we first observe that for z,n € S¥™* and a > 1 (see (1.2))

(2.6) |z —an|® = (1 —a)® + asin’(5/2) with B := p(z,n),
and hence, using (1.11),
1 a?—1
awq [(a — 1)2 + asin?(5/2)]4/2
If p(x,n) < g, then it follows from above that |P((1 + je)n,z)| < ce~4+1

This and the definition of f. ,(x) yield (2.2).
Let p(z,n) > e. Clearly, P(n,z) = 0 since x,n € S¥1, 2 # n. Hence,

(2.7) P(an,z) =

m

fem(z) = Z(—l)jJrl (T) (1+5e)'P((1 + je)n, x).

j=0

Denote g(u) := (1 +u)41P((1 4+ u)n, z) with ,n € S** fixed. Then
fem(z) = (= 1™ ATg(0)

= m+1/ / () (uy + - A ) duy - . iy,
We claim that

(2.8) 19 (u)] < <

0<u<
T T e
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where ¢ is a constant depending only on m and d. Indeed, from (2.7)
(w) (2 +u)(1 +u)? u
u) =
g wa (u? + (1 + ) sin(8/2))4/2
— pu)u(u? + (1 + ) sin(8/2)) 2.

Using this representation of g(u) it easily follows that (2.8) holds.
Finally, (2.8) coupled with (2.6) yields (2.2). O

3. LOCALIZED KERNELS ON S% ! IN TERMS OF NEWTONIAN KERNELS:
SOLUTION OF PROBLEM 3

The solution of Problem 3 from the introduction is essentially contained
in the following

Theorem 3.1. Let m €N, d>2,neS¥ !, and0<e<1. Seta:=1+¢
and § := 1 — a=2. Consider the function

d/2
Fo(t) := (4/2)m1 a®m 6P a2 + 1 — 2at)" V2 e [—1,1].

2m!

The function F. has these properties:

d/2),,—
(3.1) Folz-n) = ( /2731‘ La2m g2 g — ap| 22 g e §T
—d+1
Gi€ d-1
(3.2) 0< Fo(z-n) < (4 p( ) Vae,ne S,
and
(3.3) Fo(x-n)do(x) > cy >0, VnpeSi

gd—1

where c1,co > 0 are constants depending only on m and d. Furthermore,

F.(x - ) is the restriction on S ! of the harmonic function, defined on

R\ {an},

2—d 4" 'a ¢ 2-d .
(3.4) F.m(an, x) :== qo|lz—an)| +Z =2 nV) |z—an)| ifd > 3,
or
52 1 Z
(3.5) Femlan, x) = qo + Z )é In ifd=2
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where the coefficients qq, . . ., ¢y are determined as the solution of the linear

system of m + 1 equations:

m 5471
o + Z(d/2)5—1ﬁﬂu =0,
(=1 )

k

¢
>, (=t <€ i k) (d/2+v— 1)kz% Gv+e =0,

Here (u)g :=1, (u)g :=u(u+1)---(u+ k — 1) denotes the Pochhammer’s

symbol and (u), := max{0,u}.

Remark 3.2. Unlike (3.4) identity (3.5) contains the constant term qo

instead of a Newtonian kernel term like qoIn m

Remark 3.3. [t is easy to show that (see [7, Corollary 5.5]) the partial
derivatives of the kernel F.(x -n) from Theorem 3.1 are very well localized.
This fact plays an important role in developing in [7] the theory of nonlin-
ear n-term approzimation of harmonic functions on B from shifts of the

Newtonian kernel in the harmonic Hardy spaces HP(B<).
Theorem 3.1 immediately implies

Corollary 3.4. Letd > 2, M > d—1. Under the hypotheses of Theorem 3.1
define

@)= Tolana) ([ Tomlana)do)) ", x RO fan),

where F. , is from (3.4) or (3.5) and m = [(M —d+2)/2]. Then the
function f., solves Problem & from the introduction.

We shall carry out the proof of Theorem 3.1 in three steps.

3.1. Proof of (3.1)—(3.3). Representation (3.1) is immediate from the
definition of F. and (1.2).
We claim that

(3.7) 5 e+ plz,m) < |z —an| <2(e+ p(z,m), z,neS

Indeed, let 2,7 € S¥~1 and denote by 3 (0 < 3 < 7) the angle between x
and 7. Using n - x = cos p(z,n) = cos B in (1.2) we get

|z — an|* = sin® B+ (a — cos B)? = sin® B + (¢ + 2sin*(5/2))>.
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Assume 0 < 8 < 7/2. Using the obvious inequalities (2/7)5 < sin§ < 3
we obtain (2/7)26%+¢* < |z —an|® < B2+ (e + $%/2)?, which implies (3.7).
In the case 7/2 < 8 < 7 inequalities (3.7) are trivial. Now estimate (3.2)
readily follows by (3.1) and (3.7).

Also, from (3.1) we derive

Fo(x-n)do(z / F-(u u?) @32y,
gd—1

d/2)m—
( /2)‘ 1 q2m§2m— 1wd_1/ (a 41— 2au)( 2m— d+2)/2(1—u2)(d_3)/2du.
m -1

Restricting the interval of integration to [1 — e%,/1] and using that
a® 4+ 1 — 2au < 5¢? for w in this range we get

1
Fo(x-n)do(z) > 052’”_1/ g 2mmdt2 (] ) d=3/2 gy,
1—¢2

Sd-1

> cemdt12((@d-8)/2+1) _

with ¢ > 0 depending only on d and m. This proves (3.3).

3.2. Solution of linear system (3.6). Clearly, system (3.6) has an up-
per triangular matrix with 1’s on the main diagonal. Hence qq, ..., ¢, are
uniquely determined by (3.6).

Also from (3.6) we get by induction on v =m —1,m —2,...,0 that the
qe’s satisty

(3.8) a0 = qu(d,m,d) = Zam (=0,1,...,m,

with some coefficients ayr = oy (d, m) depending only on d and m, where
Qm = Qmp = 1. Moreover, ay;(d, m) is a polynomial of d of degree k and,
hence, ayy does not depend on d. Observe also that oy, = 0, i.e. gy is a
polynomial of degree m — 1. The ¢,’s for m = 1,2, 3,4 are given in Remark
3.8.

Lemma 3.5. For m € N the numbers ay(m) := apo(d,m), £ =1,...,m,
satisfy

2m — 10 —1)!
(3.9) ap(m) = s T (=1,2,...,m,

and ag(m) = —ai(m) /2.
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Proof. The numbers a,(m) satisfy the limit case of (3.6) when § = 0, i.e.
ag(m) + a;(m)/2 =0 and

min{v,m—v}

3100 Y (—1)K<Z)ay+g(m) =0, v=1,....m—1 an(m)=L1

=0
Note that (3.10) has coefficients independent of d, which also justifies that
ay(m) does not depends on d.
In order to remove the dependence of the upper bound of the sum in
(3.10) on m — v we set ay(m) := 0 for £ > m. Then (3.10) becomes

(3.11) DYa,(m) = (=1)"0ym, v=12,...,m,

where 9, ,, is the Kronecker § and ®" denotes the vth forward finite differ-
ence operator, i.e. D"z; := > 7 _(—1)"™* (V) zj 4.
We shall show that the solutions «a,(m) of (3.11) for all m € N are

uniquely determined by the following recursive procedure:

(3.12) ag(m) =0k m, k>m, meN;
(3.13) ag(m) := agp1(m)+ag_1(m—1), k=m—1,m—2,...,2, m>3;

(3.14) aj(m) = as(m), m>2

where (3.13) is applied inductively on m and for given m inductively on k.

In order to establish this we prove by induction on m € N that ag(m),
k € N, from (3.12)—(3.14) satisfy (3.11). Observe that (3.11) trivially follows
from (3.14) for v = 1, m > 2, and from (3.12) for v = m, m > 1. Hence
(3.11) is true for m = 1 and m = 2. For m > 3 assume (3.11) is true for for
m — 1. Using (3.13) we get for v =2,...,m —1

DY, (m) = D" a1 (m) — D" a,(m)
= —-0" Ya,(m) — a,41(m)) = =D ta,_1(m —1) = 0.

This verifies (3.11) by induction.

Now, one establishes directly that the non-zero entries in (3.12)—(3.14)
are given by (3.9) and hence (3.9) solves (3.10). This completes the proof
of Lemma 3.5. g

Remark 3.6. The numbers ap,(m) from (3.9) are known as ballot numbers,
see [5, pp. 68, 76]. The numbers C,, = a;(n+ 1), n =0,1,..., are known
as Catalan numbers, see [5, pp. 6, 17]. Several values of cy(m) are given in

the following table.
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m\ 1 2 3 4 ) 6 7 8 9 10
1 1 0 0 0 0 0 0 0 0 0
2 1 1 0 0 0 0 0 0 0 0
3 2 2 1 0 0 0 0 0 0 0
4 ) ) 3 1 0 0 0 0 0 0
) 14 14 9 4 1 0 0 0 0 0
6 42 42 28 14 ) 1 0 0 0 0
7 132 132 90 48 20 6 1 0 0 0
8 429 429 297 165 727 7 1 0 0
9 1430 1430 1001 572 275 110 35 8 1 0
10 4862 4862 3432 2002 1001 429 154 44 9 1

TABLE 1. ay(m) for 1 < ¢,m < 10.

3.3. Completion of the proof of Theorem 3.1. Using the fact that C’é”)
and T are even functions for even ¢ and odd functions for odd ¢ we rewrite
the derivatives of the Newtonian kernel (1.17)—(1.18) as

_ — an —x)-n _ _
313) (19 le - gt = act ) (D0 i

(3.16) (- V)'Inl/|x —ay| = (£ — T <%) lan — x| .

By [9, p. 442, (18.5.10)] for ¢ > 1 we have

[€/2] s
(3.17) O V) = 2= 1) Y s any
2 verg— o 1)1

Now, by (3.17) and (3.15) substituted in the right-hand side of (3.4) or by
(3.18) and (3.16) substituted in the right-hand side of (3.5) we get for d > 2

(3.19) F.m(an,x) = golan — x>
oy

+Z 5@1@2 )°(d/2) 51 2(a77—$)'77 6_25| _ |—d+2—e
a 23' 0 —2s)! lan — x| “are '

To ﬁnd a convenient representation of the values of ¥, ,,(an,z) for |z| =

1 we denote by 6 the angle between the vectors an — x and 7, implying
lan — x| cos @ = (an — x) - . By the Law of Cosines we have

lan — z|* + a* — 2|an — z|acosd = |z,
which, with the notation

(3.20) ri=lan —z|/a, |x|=1,
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can be written as (recall § = (a® — 1)/a?)
(3.21) 2cosf =r+dor ', |z| =1

Using (3.20), (3.21) and (3.23) in (3.19) we get

(3.22)
m 14/2]
|an — x| T, (an, x)’|x\:1 =G+ Z 6" bes(r + 60 1) 72y
/=1 s=0
m [¢/2]
=qo+ Zqé(sé—l Z b£75(]— + 5T—2)E—28T—2s —. 147
/=1 s=0
where
(=1)°(d/2)e—s1
3.23 bes = bps(d) := .
(323) : ta(d) 2s!(0 — 2s)!

We rewrite (3.22) as follows. In the expression

m [£/2] ¢—2s

A=qo+ Z Z Z Gebes (5 _1625) §lHk—1,~2s—2k

(=1 s=0 k=0

we set k = v — s and get

m /2] s {— 2s l+v—s—1,_—2v
A=q+) > D abes v_s)° '
m ¢ min{yl—v}

=qo+ Z Z Z qeby,s (ﬁy—_25> g sy,

(=1 v=0 s=0
Separating the terms for v = 0 (which implies s = 0) and shifting the order

of summation in ¢ and v in the triple sum above we get

m m m min{y,l—v}
A= q0 + ; QZbé,OCSZ_l + Z Z Z CI(bé,s (gy__zj) 6€+V—8—1r—21/.

v=1 {=v s=0

In the triple sum we set s = ¢ — v — k with ({ —2v), < k < /¢ — v and get

(324) A=qo+ ) qibod

=1
m m {—v
v — 1042k 1 —9
DD ST L L
v=1 l=v k=(—2v)4+

2m—1,,—2m
= mem,05 r )

where we used (3.6) for the last equality. Indeed, if the summation index
in the v + 1-st row of (3.6) is changed from ¢ to ¢ — v and this equation is
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multiplied by b, o then

m l—v
2u— 0+ 2k
§: E: b o =0.
Qe 0, 0—v k( I )5 0
l=v k=({—2v)4

Now, (3.24), ¢, = 1, (3.22) and (3.20) yield F.(z - n) = F.n(an,z) for
x € S, which completes the proof of Theorem 3.1. O

The asymptotic of F.,,(an,0) as e — 0 (and of [, , Fe(x - 1) do(z) as
well) is given by

Proposition 3.7. Under the assumptions of Theorem 3.1 we have

((+d-3)
(3.25) F.pm(an,0) = (qo—i-z a9, 06! 1)

Proof. In order to evaluate F. ,,,(an, 0) in the case d > 3 we substitute (3.15)
n (3.4) and use that C, (d/2-1) (1) = (Hd %) to get

(¢ + d—3)!
(3.26) F.m(an,0) = (qo + Z i qzéé 1) =g +q +O0(e).

The validity of (3.26) in the case d = 2 is obtain by substituting (3.16) in
(3.5) and the use of T;(1) = 1. Note that (3.26) is the first equality in (3.25).

From the first equation of (3.6) we get g9 = —q1/2+O(e), which together
with (3.26) and (3.8) gives

(3.27) F.omlan, 0) = 41/2+ O(e) = a10/2+ O(e).

Finally, (3.27) and (3.9) with ¢ = 1 prove (3.25). O

Remark 3.8. The values of the q;’s and F. ,(an,0) form = 1,2,3,4 are
as follows:
o [fm=1, th@nCIo:—%; @ =1,
d—2 1
a® *F.1(an,0) = 3"
Note that F. 1(an, z) = 3(a — |z|?)/|an — z|?, i.e. lim._,o F. 1 (an, z)
1 a constant multiple of the Poisson kernel.
i [fm:27 th@”@loz_%‘i‘g5; 91:1_%& Q2:1;

1 d—14
ad’QS"E’Q(an, 0) = 5 + T(S.
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o Ifm =3, then gy = —1+ 425 g2 g — o (g4 1)5+ 1252,
Qsz_%(s; q3:17

d—6_ (d—4)(d—6)

d—2 2
3‘8 70 - 1 5 (5 .
a 3(an,0) + 1 + 13
o Ifm =4, then gy = —3 + A&y [L2HY 52 | ddIEH) 53
G=5— 5(d2+2) 54 B 5 d(d+24)8(d+4) 5
go =5 — 34105 4 (d+2§d+4)62, g5 =3 — 45 g =1,
) 5 5(d—8) . (d—6)(d—8) , (d—4)(d—6)(d—8)
d—2 2 3
?8 70 = = 5 6 (5 .
" Fealan, 0) = 5+ —o—0+ 16 + 384

4. LOCALIZED KERNELS ON S!: SECOND SOLUTION

In dimension d = 2 we next identify another linear combination of a
single shift of the Newtonian kernel directional derivatives with excellent
localization on the unit sphere S!.

Theorem 4.1. Let 0 <e<1,a=¢°, m €N, andn € S*. The function

22m—2 8_1

m 2 (T e2(plam) + 2en)) ™

n

(4.1) Ge(x-n) = z €S,

has the following properties:

6_1

4.2 0<G.(z-n) < , e st
2 S
with a constant ¢ > 0 depending only on m, and
m(2m — 2)!
4. (x-n)d =
(13) [ Guta-mdo(e) = T

Moreover, G.(z - n) is the restriction to S' of the following harmonic func-
tion, defined on R*\{an},

(4.4)
1 @em-2 & (2¢)""a ¢ L
Gemlan, ) == _ém + ;Qz(%) /1 (n-V)'In = —an]
where

~02m —k— ) Ap_1eo1 4o
45 )= LT e 1t

k
1%
(4.6) Apy = Z(—1)V—f(€) VIS, 0< <k,

v=~{

and Sy, denote the Stirling numbers of the second kind, defined by

k
(4.7) uk:ZSkyl,u(u—l)---(u—V%—l), E=0,1,....
v=0
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Note that Sk,O = 51970, Sk,k =1.
The proof of Theorem 4.1 is based on several auxiliary statements.

Lemma 4.2. Let m € N, € > 0 and g,,(u) := 2re (1 + (2me " u)?)™™ for

u € R. Then the Fourier transform of g, has the representation

m k—1
(4.8)  gm(v) = / gm(w)e ™ du = MEEON g (%) |
R oy ’ 2w

where

m(2m — k)12*
49 m = )
(4.9) B El(m — k)lm122m

Proof. We have g,,(u) = 0*""1(b? + u?)™™ with b := ¢/(27). Clearly, the
function g, is even. Hence, it suffices to prove (4.8) only for v > 0. From

<k<m.

identity 1.3.7 in [4, p.11] (which gives the Fourier cosine transform) with
V=m — % we get

v m—1/2

2@) / () K1 o (bv),

where K,,_;/5 is the modified Bessel function of the second kind for half

(4.10) G(0) = 262 L 12 (

an odd integer index. According to identity 10.47.9 in [9, p. 262] K,,_1/s is
related to the modified spherical Bessel function k,,_; by

(4.11) Kp1o(2) = \/Qﬂzkml(z)

and k,,,_; has the explicit form (identities 10.49.12 and 10.49.1 in [9, p. 264])

m—1
T _ (m—1+v)!
4.12 Ky — =—e " v
(4.12) m-1(2) 2¢ ; (m—1—v)Wwl2v
Now (4.8) follows from (4.10), (4.11) and (4.12). O

Lemma 4.3. Let k € N andt € C, |t| < 1. Then

9] k
(4.13) S o =N A (-7
n=0 /=1

where Ay are defined in (4.6).

Proof. Identity (4.13) for k = 1 reduces to the geometric series Y > " =
(1 —1t)"!. Let k > 2. We differentiate the previous identity v times, then
multiply by t” and finally apply the binomial formula to obtain

o0

n(n—=1)...(n—v+ " =t (1 —)™"

_ ! :0 (Z) (t— 11—t = vl g(—nv-f (Z) (1— 1)~
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This coupled with (4.7), where k replaced by k — 1, leads to

inklt” ZSk 1,,2 n—=1)-(n—v+1t"
n=0 n=0
_Zsk lyV'Z I/ Z(V) 1_t)—£fl

which proves the lemma. Il

Theorem 4.4. Letm € N, e > 0, a = ¢, gy, (u) := 2me (14 (2metu)?)™
foru €R, and z = e ¥, Then

(4.14) ) gm(v+u)

VEZ
= —Bm-1,0+2 Z Z 5m71,k71Ak71,2715k71a£Re {(a - Z)ie} .
(=1 k=t

Proof. Applying Lemma 4.2 and the Poisson summation formula:

Z gm(v+u) = Z Gm (27n) e~ 2w
we get
(415) io: gm 1/_|_u Zﬁm Lk 15 Z |n|k’ 1 —\n|a —27rmu

For the evaluation of the inner sum in the right-hand side of (4.15) we use

Lemma 4.3 with t = a~ 'z and with t = a7z to get

(416) Z |n|k—16—\n\86—27rinu

n=—oo

k
= Z A1 [(L—a2) + (1 —a'2) 7" = 0]
=1

k

= —0k1 + Z Ak,l,g,12a€Re {(a — z)’e} ,
=1
where 0y ; stands for the Kronecker 4 as in the proof of Lemma 3.5. Substi-
tuting (4.16) in (4.15) we arrive at (4.14). O

Proof of Theorem 4.1. Due to the rotational invariance we may assume that
the vector = (1,0) in (4.1). For any = = (z1,72) € S' we apply Theo-

rem 4.4 with z = xy + izy = e 2™ |u| < 1/2. Thus p(x,n) = 27|u| and
_ (@=an)n

_ _ _ 1P —
a— z = |xr — an|e’¥, where cosp = ]

Using the Maxwell formula
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(1.18) we get

(4.17) Re {(a — z)”z} = Re {(a — Z)’é} = cos(lp)|x — an\’é

e, (e v 1o 1
-0 () e Y ey

Now, combining (4.17) with (4.14) we get

(4.18) Y 2me 'L+ (p(z,n) + 2m)?) "

= —Bm-1,0+2 Z Z Bt g1 Ak 101" a"
=1 k=t
whenever u > 0. Identity (4.18) is also valid for u < 0 because the left-hand
side of (4.14) is an even function of u. Now, multiplying both sides of (4.18)
by 227:;3 we obtain (4.1).
Inequalities (4.2) follow readily by (4.1). From (4.1) and (4.8) we get

22m—2 22m—2 2 —2)
/(1—|—u2)_mdu = _r2m =2
R

1 , 1
- n. -
(¢—1) (n-V)'In |z — an|

Gem(an, z) do(z) = Gm(0)

st m m (m—1)m!’

which confirms (4.3). O

Remark 4.5. Some similarities and differences between the functions

Fem(an, x) defined in (3.5) and G. ,,,(an, z) defined by (4.4) are:

o J.,, is defined for every d > 2, while G, ,,, is defined only for d = 2.

e In (3.5) a=1+¢, while a = ¢ in (4.4).

e g, and Q, are polynomials of the same degree and q,(§) — Qu(2e) =
Oe), t=1,...,m.

e The polynomials Q) are given explicitly, while the q,’s are only known

recursively.

5. LOCALIZATION ON S%! OF HARMONIC FUNCTIONS ON R?\ Bd

Having solved Problem 1 one can easily solve the analogous problem for
localization on S?~! of linear combinations of shifts of the Newtonian kernel
with poles inside the unit ball. The answer is given by an inversion in a
sphere by the Kelvin transform.

Proposition 5.1. Ford > 2, n € S ! and a, > 1 the harmonic functions
on R\ UL {a,n}

m bl,
b -
ot Z 7 — a2
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and the harmonic functions on R4\ U™, {a, 'n}
b, my,z d
b
Uns Z |z — a;'n|i-2

coincide on ST
Ford=2,n€S" and a, > 1 the harmonic functions on R*\ U™ {a,n}

b0+2b ln

and the harmonic functions on R? \ U™ 1{a_117}

b0+Zb In +Zb In—— x_a_l

- a,,77|

l
coincide on S'.
The proof follows immediately by the symmetry lemma:

alr —a'n| = |v —anl, x,neS! a>0.

6. LOCALIZED KERNELS ON Rd_l IN TERMS OF NEWTONIAN KERNELS
In this section we construct highly localized kernels on the subspace
(6.1) R ={zeR: 2= (11,...,24-1,0)} of RL

In this case the problem is less involved compared to the case on S%~! and

the solution is simpler.

Theorem 6.1. Let m e N, d>2,¢ >0, andn=(0,...,0,—1). Denote
22m—2(d/2)m_1 €2m—1

8 o d—1
(6.2) Fin(x) = g P——T x e R
The function FZ,, has the following properties:

—d+1
* €€ d—1
6.3 0<F Vr € R
(63) m(2) < (1 + e 1]a|)2m+d2’ x )
and
(64) / dl’l drg_1 > co > O,
Rd-1

where c1,co > 0 are constants depending only on m and d. Furthermore,

FZ,, 1s the restriction to R4 of the harmonic function F:,., defined on
R\ {en},

& 12 2m — 0 — 1
(65 (m ) {—1o¢ Zde?),

16—1‘m'm Md—2)° Yz —eyfd-
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(=12 2m — £ —1)! 1 1
6.6) I d5In fd=2
( ; (¢ —1)!m!(m —£)! |z — en| ’ ’

where Oy stands for the partial derivative with respect to 4.
From Theorem 6.1 we immediately get

Corollary 6.2. Under the hypotheses of Theorem 6.1 define

(6.7) FZ(x) = f:’m(x)<4d_l f;vm(y)dy)_l, xr e R

Then F?,,(x) is a summability kernel with decay just as in (6.3) that can be
represented as a linear combination of 95|x—en|*~4ifd > 2 or 05In 1/|z—en|
ifd>2fort=1,...,m

Proof of Theorem 6.1. We shall derive this result from Theorem 3.1 by a
limiting process.

Our first step is to obtain a version of Theorem 3.1 for an arbitrary
sphere of radius R in R%. Let m € N, d > 2,¢ >0, n € S!, 2 € R?, and
R >¢e. Set § = T + (R + ¢)n. Denote by S(z, R) the sphere in R? centered
at 7 of radius R, i.e. S(z, R) := {z} + RS?!. Scaling by a factor of 1/R
the sphere S(Z, R) and the pole location y we arrive at the sphere S(z/R, 1)
and pole location at y/R = z/R+ (1+¢/R)n. By (3.1) with ¢/R and z/R
in the place of € and & we get for /R € S(z/R, 1)
r—T (d/2)m-1 (e/R)*™ (24 ¢/R)*™!

Fe/Ram ( R ’77> ~ oml (1+¢/R)?m2 R E‘
We multiply both sides above by R'~¢ and factor 1/R out of the norm to
obtain

Rl_dFE/R,m (

—d+2—-2m

T—T _ (A2 24 /R L, —1—d+2-2m
R "7) = oml (te/Rp2 1T ‘
Now, using Theorem 3.1 and (3.8) we obtain the follow representations of
the functions R'"™F, g ((x —Z)R™" - n) for x € S(z, R): In the case d > 3
we have

(6.8)

(d/2)m-1 (2+ 5/R)Qm_1€2m71|x _ g|—d+2—2m
2m' (1+¢/R)?m—2

m—

5/R *2+¢e/R)*
Z L+e/Rm

2—d

|z — 7l
=0

m m—

(2+¢e/R)1 1 g/R *(2+¢e/R)k p oy
+Z; 1+€/R‘f 201(d — 2) Z 13m0 V) le =yl
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and in the case d = 2

1 (2+¢/R)*™ 1 g2m-l (e/R*2+¢e/R)* __|
6.9
(6.9) 2m (14 ¢/R)2m—2 |z — g2m ZO‘O"? (1+e/R)% R

(24 /RIS (e/R)M(2+ /R
2 e/ @ 5 ez )]

1
lz— gl

We are now prepared to prove identities (6.5)—(6.6). Assume ¢ > 0 and
n = (0,...,0,—-1). Fix 2* = (23,...,2% ,,0) € R (see (6.1)) and let
R > max{|z*|,¢}.

We choose Z := —Rn, § := en = (0,...,0,—¢), and consider the point
x € S(z, R) defined by

xv=(xf,...,25 |, xq), where x4:=|z*]*/(R+\/R2—|z*]?).
It is easy to verify that z — 7 € RS?"'. Then (6.8) and (6.9) hold. Letting
R — oo in (6.8) or (6.9), using Lemma 3.5 and observing that x — z* we
conclude that the restriction of J7  from (6.5)-(6.6) coincides with F7,
from (6.2) at every point z* € R41.
Inequalities (6.3)—(6.4) follow trivially from (6.2). O
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