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Franklin systems induced by Courant elements over multilevel nested triangulations of polygonal domains in
R? are explored. Mild conditions are imposed on the triangulations which prevent them from deterioration and
at the same time allow for a lot of flexibility and, in particular, arbitrarily sharp angles. It is shown that such
anisotropic Franklin systems are Schauder bases for C' and L1, and unconditional bases for L, (1 < p < o0)
and the corresponding Hardy spaces H;. It is also proved that the anisotropic H; is exactly the space of
all functions in Ly for which the corresponding Franklin system expansions converge unconditionally in L;.
Finally, it is shown that the Franklin bases characterize the corresponding anisotropic BMO spaces.
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1 Introduction

The Franklin systems in the univariate case as well as in the multivariate case in regular setups are thoroughly
studied and well-known. We refer the reader to [11], [1], and [8] as references for Franklin systems.

In this article, we consider Franklin systems generated by sequences of Courant elements, i.e., piecewise
linear elements, induced by multilevel nested triangulations of compact polygonal domains in R2. For a given
polygonal domain E in R? we consider a sequence of nested triangulations 7y, 77, . .. of a general nature. Mild
conditions are imposed on the triangulations which prevent them from deterioration. At the same time these
conditions allow for a great deal of flexibility and, in particular, arbitrarily sharp angles.

We show that the Franklin systems obtained by applying the Gram—Schmidt orthogonalization process to the
corresponding Courant elements are Schauder bases for C' and L1, and unconditional bases for L, (1 < p < 00)
and the corresponding Hardy space H;. Further, we prove that H; is exactly the space of all functions in L; for
which the corresponding Franklin system expansions converge unconditionally in L;. Finally, we show that the
anisotropic Franklin systems characterize the corresponding BMO spaces. Thus we show that the basic and well-
known results on Franklin bases in the regular case have analogues in the anisotropic case. We do not consider
anisotropic atomic Hardy spaces H,, with 0 < p < 1 in this article.

The motivation for this article is two-fold. On the one hand the spaces induced by general multilevel nested
triangulations are an example of spaces on homogeneous type. There are no bases available for such spaces in
general and hence such bases are worthy to be studied. On the other hand the Franklin bases that we explore are
the only anisotropic bases over general sequences of nested triangulations. There are no constructions of spline
wavelet or prewavelet bases over such triangulations available as for now.

In [12] we show that the anisotropic Franklin systems considered in this article characterize the anisotropic
B-space (generalized Besov spaces) which are naturally associated with hierarchical sequences of nested trian-
gulations. These spaces play a fundamental role in nonlinear spline approximation (see [4, 5, 9, 10]).

The paper is organized as follows. In §2 we give all auxiliary results needed for the development of the
anisotropic Franklin bases. In §3 we introduce the anisotropic Franklin systems and state and proof our main
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results. In the Appendix we give an example which shows that the anisotropic H; spaces essentially depend on
the triangulations which are used.

Notation Throughout this article for a set G C R2, |G| denotes the Lebesgue measure of G, while G° means
the interior of G; 1 denotes the characteristic function of G, and 14 := |G |*1/ 21¢. For a finite set G, #G
denotes the cardinality of G. Positive constants are denoted by ¢, c1, . .. (if not specified, they may vary at every
occurrence), A =~ Bmeans c;A < B < ¢9B, and A := B or B =: A stands for “A is by definition equal to B”.

We set (f,g) == [ fg.

2 Preliminaries

In this section we collect all prerequisites regarding triangulations, maximal operators, Hardy spaces on spaces
of homogeneous type, and other results, which will be needed in the development of the Franklin bases. Most of
these facts are well-known and we give only the essentials and suitable references for them.

2.1 Multilevel triangulations

We call E C R? a bounded polygonal domain if its interior E° is connected and F is the union of a finite set 7
of closed triangles with disjoint interiors: E = (J 5 e7, . Following [9] we call

-

a locally regular triangulation of E or briefly an LR-triangulation with levels (7, ), if the following condi-
tions are fulfilled: -

(a) Every level 7,,, is a partition of E, thatis, £ = |J N A and 7, consists of closed triangles with disjoint
interiors.

(b) The levels (7,,) of 7 are nested, i.e., 7,,,+1 is a refinement of 7,,,.

(c) Each triangle A € 7,, has at least two and at most M children (subtriangles) in 7,,,+1, where My > 2 is
a constant.

(d) The valence N, of each vertex v of any triangle A € 7, (the number of the triangles from 7;,, which
share v as a vertex) is at most Ny, where Ny is a constant.

(e) No hanging vertices condition: No vertex of any triangle /A € 7,,, which belongs to the interior of E lies
in the interior of an edge of another triangle from 7,,,.

(f) There exist constants 0 < r < p < 1 (r < %) such that for each A € 7, (m > 0) and any child
AN € Thaq of A,

r|Al < [A'] < plA)]. 2.1)
(g) There exists a constant 0 < § < 1 such that for A’, A" € T, (m > 0) with a common vertex,

§ < |A/1A] < 67 (2.2)

The notion of a regular triangulation will be needed later on. We call 7 = |J,-_, 7, a regular triangulation of
a bounded polygonal domain £ C R? if 7 satisfies conditions (a)—(e) of LR-triangulations and also the minimal
angle condition, that is, min angle (A) > ( for every triangle A € 7, where 5 > 0 is a constant. Evidently,
every regular triangulation is locally regular but not the other way around. For other types of triangulations,
see [9].

We denote by V,, the set of all vertices of triangles from 7,,,, where if v is on the boundary of F we include in
V., as many different copies of v as is its multiplicity. The multiplicity of a vertex v € 7y on the boundary of £
can be larger than one if the interior of the union of all triangles which share v as a vertex is not connected. Also,
cuts in E along edges of triangles from 7 are possible; such edges belong to the boundary of E.

We let £, denote the set of all edges of triangles in 7,,,. We also set VV := U - V,, and £ := U ~0 Em.
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Fig. 1 A skewed cell in an LR-triangulation

We next clarify a number of issues concerning LR-triangulations, which are discussed in detail in [9] (see also
[5, 10]).

The constants My, Ny, r, p, 6, and #7; (the cardinality of 7;) associated with an LR-triangulation 7 are
assumed fixed. We refer to them as parameters of T .

It is an important observation that the collection of all LR-triangulations with given (fixed) parameters is
invariant under affine transforms. More precisely, if 7 is an LR-triangulation of £ C R? and A is an affine
transform of R?, then A(7) := {A(A) : A € T} is an LR-triangulation of the polygonal domain A (E) with
the same parameters.

The most important conditions (f)—(g) on LR-triangulations involve only areas of triangles but not angles.
Consequently, if 7 is an LR-triangulation and A’; A" € T,,, have a common edge, then it may happen that A’ is
an equilateral triangle (or close to an equilateral triangle) but /A" has a uncontrollably sharp angle (see Fig. 1).

In an LR-triangulation 7 there can be an equilateral (or close to such) triangle A° at any level T, with
descendants A1 D Ay D ... such that min angle(A;) — 0 as j — occ.

It is important to know how fast the area |A| of a triangle A € 7,,, may change when A moves away from a
fixed triangle within the same level. Condition (f) suggests a geometric rate of change but in fact it is polynomial.

Lemma 2.1 If A\, A € T,, can be connected by n intermediate edges from &,,, then
i (n+ )7 < A/IAY] < an +1)7, (2.3)

where s, c1 > 0 depend only on the parameters of T.
This result follows easily by the following lemma (see [9, Lemma 2.4]):

Lemma 2.2 Let T be an LR-triangulation of E C R2. Suppose that N', \" € T,,, (with m sufficiently large)
and I\ and " can be connected by less than 2V intermediate edges from &, with (pairwise) common vertices.
Then there exist /N1, Na € Tpn—an,, With a common vertex such that ' C /Ay and N C Ns.

From the above discussion (see Fig. 1) it follows that for two triangles A’; A" € 7, which share a vertex
|max edge (A')|/|max edge (A”)| can by uncontrollably large (or small). However, when going in depth the
maximal edges of the triangles behave similarly as their areas.

Lemma 2.3 If T is an LR-triangulation of E, there exist constants 0 < r1 < p1 < 1 depending only on the
parameters of T suchthat if N' C A, A € T, (m >0), and N € Tpyp3ngw, v > 1, then

v

|max edge (A')]
T‘l T 1 7 A N1

< pf. 24
~ |maxedge(A)| A1 24

Proof. Evidently, it suffices to prove (2.4) for v = 1 only. Let A € 7, and let e be an edge of A. If it is
also an edge of a child of A\, then the valence of at least one of the two endpoints of e will increase by one at
level m + 1. (Recall that there are always at least two children, so that a child and a parent cannot be the same
triangle.) Therefore, e will be subdivided at least once after at most S := 2(Ny — 3) + 1 steps of refinement. By
(2.1) it readily follows that any edge e’ obtained by subdividing e satisfies |¢’| < p|e].

We say that an edge of a descendant of A is a cutting edge for A if one of its endpoints is a vertex of /A and
the other lies in the interior of the opposite edge of A. Since all cutting edges must emanate from the same vertex
of A, there are totally no more than M := Ny — 3 such edges for A. Therefore, no new cutting edges for A
will be created at levels I > m + Ny — 3. (It is easy to see that, as long as no new cutting edges are created
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at a level [, they cannot be created at any further level.) Using this and the above observation, we conclude that
there will be no cutting edges at levels [ > m + M + S since they all will be subdivided. Therefore, each edge
¢’ inside A at these levels is either a proper part of an edge of /A, or has both of its endpoints in the interiors of
two different edges of A, or it has at least one endpoint in the interior of A. In all cases, condition (2.1) ensures
that |e’| < p|maxedge (A)|. Consequently, if A" € 7,,43n, then |maxedge (A')| < p|maxedge (A)], since
3Ny > M + S + 1. Thus the upper bound in (2.4) is established.

The argument for the proof of the lower bound in (2.4) is simpler. Suppose A € T,, A € Tp,41, and
A" C A. Let epax and €/ be the largest edges of A and A\, respectively. Denote by h the length of the

max

height to ep.y in A and by k' the length of the height to e/ . in /\’. Further, let R and R’ be the radii of the

circles inscribed in A and A’ respectively. A simple geometric argument shows that R < h < 3R as well as

R < I < 3R’. Since A’ C A, then R’ < R and hence i/ < 3h. We use this and (2.1) to obtain

(1/2)r lemax| h = 7[A] < [A] < (1/2) [ehaxl B < (3/2) |€nanl b

which implies |e], .| > (/3) |émax|. This obviously yields the lower bound in (2.4). O

Graph distance. We next introduce the mth level graph distance between vertices, which will play a vital role
in our further development: For any two vertices v, v” € T,,,, m > 0, we define the graph distance p,,(v',v")
as the minimum number of edges from &,,, needed to connect v’ and v"”'.

By the conditions on LR-triangulations, in particular condition (d), it follows that every edge in £ is divided at
least once after 2N steps of refinement. This immediately implies the important inequality

Pmtaney (V,0") > 2% p (0 0"), W W €V, mLv > 0. (2.5)

The following lemma is a consequence of Lemma 2.2.

Lemma 2.4 There exist constants ¢ > 0 and t > O depending only on the parameters of T such that for any
v® €V

#{0 €Vt pm(v,0°) <n} < en', n > 1. (2.6)
Furthermore, for any v',v" € Vp, with pp, (v',0") = n,
#{0 €V pn(0,0) + pm(v,0") =n+k} < e(n+k), k>0. 2.7

Proof. To prove (2.6) choose v > 1 so that 2v=1 < n < 2¥. Assume first that m > 2Nyv. Denote by
T° the set of all triangles A € 7, which have at least one vertex in the set {v € V,, : pp(v,v°) < n}. Let
A® € T° have v° as a vertex. Applying Lemma 2.2 with A® and any other triangle in 7, it readily follows that
there exists a set 77, say, consisting of a triangle Ag € 7,,,_o Nov and its neighbors (triangles in 7y, —2,, which
share a vertex with Ag) such that (J o 70 & C Uaeqo A. Evidently #7° < 3N,,.

Let Apin be a triangle in 7° with maximum area. By (2.1) and (2.2), we infer 67270 |Ag| < |Apin|- We
use this to obtain

#HT | Amin] < D |A] < BNd™ | Ag| < 3Nod2r™2No¥ | Ay
NeTO
and hence

#{v € Vi : pm(v,v°) <n} < 3H#TC < ONyd 22NV < ¢t

for some ¢, ¢t > 0 depending on Ny, r, and 4.
If m < 2Ny one proceeds in the same way using 7y in place of 7°.
Estimate (2.7) follows easily by (2.6). O

Cells. For any vertex v € V,, (m > 0), we denote by 6,, the union of all triangles from 7,,, which have v as a
common vertex. (Here we take into account the above observation about the multiplicities of vertices from Vy,,).
We denote by ©,, the set of all such cells 6, with v € V,,, and set © = |J,,,~, ©,. For a given cell § € O, we
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shall denote by vy the “central” vertex of §. We let [(#) denote the level of 6. Thus [(#) = m if 6 € O,,.

For given 6’0" € ©,,, we define the graph distance p,,(0',6") between 6’ and 0" by p,,(0',0") =
Pm (Vg vgr), Where vg:, vgrr € Vpy, are the “central vertices” of 6’ and 0”. Evidently, p,,, (-, -) is a true distance
on Q,,.

Furthermore, if ¢/,0" € O,,_1 U ©,, then vg,v9» € V,,, and we define the mth level graph distance
pm(0',0") between 6" and 6" by p,,,(0',6") := pm(ves, vgr). Evidently, if A C ©,,_1 U ©,, consists of cells
with distinct “central” points, then p,, (-, -) is a true distance on A. This will be needed in §3.2.

Definition of 8. We want to associate with each z € F acell §' € ©,,, m > 0, which contains . Since
the cells from O,,, overlap, this needs some care. We first associate with each triangle A € 7;,, acell O € ©,,
such that A C %. Such a cell can be selected in three different ways. We choose one of them for each A € 7,,,.
Then for each x € E such that z € A° with A € 7, we define 0" := 0. If z lies on the edge of a triangle
from 7,,,, we define 67" as any cell from 6,,, such that = belongs to its interior, but if x = vy for some 6 € O,,,
we set 07" := 0.

From the above definition of 67" it readily follows that for any § € ©,,, the function h(z) := pp, (9, 9;”) is
piecewise constant over 7, and hence it is measurable, which will be needed later on.

We now introduce the mth level graph “distance” between any two points =,y € E by

pm(T,y) = pTrL(92L79?n)- (2.8)

The following useful inequality is immediate from (2.5): Form > 0,v > 1,and z,y € E,

PmtaNow(T,y) > 27 Ppp(z,y) if p(z,y) > 3. (2.9)

Stars. In order to deal with graph distances and neighborhood relations it is convenient to employ the notion
of the mth level star of a set: For any set G C E and m > 0, we define the first mth level star of G by

Star,,(G) := Star! (G) = U{G €0,,:0°NG # 0} (2.10)
and inductively

Star® (@) := Star}, (Starf‘,;l(G)) , k> 1. (2.11)
When G consists of a single point z, in slight abuse of notation, we shall write Star” (z) instead of Star” ({x}).
For instance, Star’, (v) = 0, if v € V,,,.

Courant elements. The no-hanging-vertices condition (e) on LR-triangulations guarantees the existence of
Courant elements, that is, for every cell § € ©,, there exists a unique continuous piecewise linear function g on
E which is supported on 6 and satisfies g (vg) = 1. We denote @,,, := @, 7 := (cpg)eeem.

We let S,,, denote the space of all continuous piecewise linear functions over 7,,. Clearly, S € S,,, if and only
it S =3 ,cy, S()pg,. Bvidently, So C S C ... and by Lemma 2.3 it follows that |J,,,~q Sm = Lp(E),
0<p<oo.

We shall frequently use the obvious fact that all norms of a polynomial on a triangle are equivalent, namely, if
P is a polynomial of degree < k and A is a triangle in R?, then

IPllr,a) =~ APV Pl ny, 0 <p,q< oo, (2.12)

with constants of equivalence depending only on k, p, and q.

The L,-stability of ®,,, = (¢¢)eco,, is immediate from (2.12). In fact we shall need the following obvious
modification of this fact: Let A C ©,,_; U ©,, consists of cells with distinct “central points”. If (ag)gea is an
arbitrary sequence of real numbers and S := )}, agipe, then

1/p 1/p
1S1l, ~ <Z|awellz> ~ <Z|9||ae|p> , 0<p< 0. (2.13)

(AN [Z
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2.2 Quasi-distance and maximal operators

Here we introduce a quasi-distance and maximal operators induced by LR-triangulations.
We begin by recalling the definition of a quasi-distance on a set X: The mapping d : X x X — [0,00) is
called a quasi-distance on X if for z,y, 2z € X,

(a) d(l’,y) :0‘:>$:y,

(b) d(ya J)) - d(l‘, y)’
(c) d(z,2) < K(d(z,y) + d(y, z)) with K > 1.

Assuming that 7 is an LR-triangulation of a polygonal domain E C R?, we define the quasi-distance
dr : Ex E — [0,00) by

dr(z,y) := min{|0|:0 € © and z,y € 0}, (2.14)

if z, y belong to at least one cell from ©, and by dr (x, y) := | E| otherwise.
Lemma 2.5 The mapping dr : E x E — [0, 00) defined above is a quasi-distance on E.

Proof. Conditions (a) and (b) on quasi-distances are apparently satisfied by d7 (-, -). To prove that condition
(c) holds let z, y, z be three distinct points in E. Assume that d(z, z) = |#'|, where 8’ € ©,, is a cell containing
x and z, and for some cell §” € ©,, containing y and z let d(y, z) = |#”|. Suppose m < n. Since z,z € ¢, x
and z lie in two triangles from 7, with a common vertex or in the same triangle. Since m < n, the same is true
for y and z. In other words, there exist triangles A1, Ay € 7,,, which can be connected by less than 22 edges
from 7,,,, so that x € A and y € Aos.

Assume that m > 4Ny. Then by Lemma 2.2 there exists § € ©,,_4n, such that A;, Ay C 6 and hence
d(z,y) < |0|. By (2.1) and (2.2) there exists a constant ¢ depending on the parameters of 7 such that || < c|¢’|.
Therefore, d(z,y) < c(d(x, z) + d(z,y)). If m < 4Ny, we use F instead of § with the same result. O

With the following lemma we relate the quasi-distance d (-, -) to the mth level graph distance introduced
in §2.1.

Lemma 2.6 There exist constants 3 > 0 and ¢ > 0 such that for § € ©,,, (m > 0) and x € E,
dr(ve,x) < c|6] pm (6,0™)" i pm(6,677) > 2. (2.15)

Proof. Clearly, if we prove (2.15) when x = v’ with v/ € V,,, then it will hold in general with a different
constant ¢. Let dr(vg,v') = |w| withw € O, (£ > 0), i.e., the cell w is of minimum area and vg, v’ € w. Let
w* € Q be of maximum level such that vg, v’ € w*. Evidently, |w| < |w*|. Since w Nw* # 0, it follows from
(2.1) and (2.2) that

l(w) < l(w*) < l(w)+w

where vy > 0 is a constant depending only on the parameters of 7 .

Our next claim is that p,,,(ve,v’) > 2", where n := [(m — l(w*))/2Np] + 1. Assume to the contrary that
pm(ve,v") < 2. Then by Lemma 2.2 it follows that there is 7 € ©,,_2n,» such that vg,v’ € 1 and hence
m — 2Non > l(w*) orn < (m — l(w*) /2Ny, which is a contradiction. Therefore,

pm('UGavl) > 2(m7l(w*))/2N0 > 2(m7l(w)71/0)/2N0 > C2(m7l(w))/2No. (2.16)

Evidently, by (2.1) and (2.2), |w|/|0] < ¢(1/r)™!“). Combining this with (2.16), there exists 3 > 1 such that
’ (m—Il(w))/2N A IAYe]
dr(ve,v) = || < clo](2 *) < elbl pmlve, )

Above it may happen that w = 6 := E. The proof is the same. O

(© 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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The quasi-distance d (-, -) induces a maximal operator. Denote by B(y, a) the “ball” centered at y of radius
a > 0 with respect to this quasi-distance. Then for any s > 0 the maximal operator M3 __ is defined by

1 1/s
(MG, f)(z) == sup (®/B|f(y)| dy> , T€F, (2.17)

B:xeB

where the supremum is over all balls B containing x.
For our purposes it is more convenient to use the equivalent maximal operator M?#- defined by

1/s
(M5 f)(x) == sup (ﬁ/glf(y)IsdzO (2.18)

0:xc
where the supremum is over all cells § € © containing z or § = E.
Lemma 2.7 For any measurable function f
M5 f(z) ~ My, f(z), zeR?, (2.19)
where the constants of equivalence depend only on s and the parameters of 7.

This equivalence is immediate from the following lemma which will be needed later on as well.

Lemma 2.8 (a) Given a ball B = B(z,r), x € E, r > 0, there exist 0/ € © and 0" € © or 0" = E such
that

0 cBCO and r < 10" < c1|B] < 20 < cor. (2.20)
(b) For any 0 € © there exists a ball B C E (with respect to the quasi-distance dr) such that
6C B and |B| < c|f] (2.21)
Here the constants depend only on the parameters of 7.

Proof. (a) Fix aball B = B(xz,r), x € E, r > 0. Let & be a cell of minimal level, say m, such that
x € 0" C B. Clearly,

BC U 6 C Star? ()
0€O,: x€0

and by Lemma 2.2 there exists §” € ©,,_4n, or 8" = E if m < 4Np such that
¢’ ¢ B C Star? (z) C 0".

By properties (f) and (g) of LR-triangulations (§2.1), it follows that |§”| < ¢ |6’|. Evidently |¢'| < r and |8"| > r,
and (2.20) follows.

(b) Suppose that 6 € ©,, (n > 0) is with “central” vertex v. Let § := max {|0| :  C Star>(v)}. Then for
sufficiently small € > 0,

0 C Bv,d+e¢) = U 6 C Star2(v),
|6]<64¢:ved
which yields |B(v,d +¢)| < ¢|6). O
We now come to the main point in this subsection. It is well-known that the Fefferman—Stein vector valued

maximal inequality holds for maximal functions generalized by quasi-distances as in our case (see [15]). This
combined with Lemma 2.7 gives the needed maximal inequality:

Proposition 2.9 Let T be an LR-triangulation of E C R%. If0 < p < 00, 0 < ¢ < 00, and 0 < 5 <
min{p, ¢}, then for any sequence of functions (f;)32, on E,

1/q

[e%e} 1/q 0o
(Z IM%fjl"> <c (Z w) : 2.22)
j=1 » j=1

p

where c depends only on p, q, s, and the parameters of T.
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2.3 Spaces of homogeneous type on polygonal domains

Spaces of homogeneous type were first introduced in [2] as a means to extend the Calderon—Zygmund theory of
singular integral operators to more general settings.

Let X be a topological space endowed with a Borel measure i and a quasi-distance d(-, -) (see §2.2). Assume
that the balls B(z,r) := {y € X : d(z,y) < r}, x € X, r > 0, form a basis for the topology T in X, and
w(B(z,r)) > 0if r > 0. The space (X, d, u) is said to be of homogeneous type if there exists a constant A such
that forallz € X andr > 0,

0 < w(B(x,2r)) < Au(B(z,7)). (2.23)

The space of homogeneous type (E, dz, m). Suppose that E is a bounded polygonal domain and let 7 be
a LR-triangulation on E. Also, let d7(-,-) be the quasi-distance on E defined in (2.14). Finally, denote by m
the Lebesgue measure on E. It is easy to see that (E, d7,m) is a space of homogeneous type, so that we can
utilize the machinery developed in [2]. Indeed, by Lemma 2.5, d7 (-, -) is a quasi-distance on E and evidently
m(B(x,r)) = |B(x,r)| > 0 forx € E and r > 0. Further, it follows by Lemma 2.8 that condition (2.23) is
fulfilled as well.

The Hardy space H,(E, 7). We next define the Hardy space Hy := H;(F,7 ) associated with the space
(E, d7,m) by means of atomic representations (see [3]).

According to Coifmann and Weiss [3], a function a(z) is said to be a g-atom (1 < g < o0) if there exist
zo € F and r > 0 such that

(i) supp a C B(wo,r), (i) ||lally < |B(wo, )71, (i) [ a(x)dz = 0.

In addition, | E| "' 1 is by definition a g-atom as well.

We adopt the following slightly different but equivalent definition for a g-atom which better suits our purposes.

Definition 2.10 A function a(x) is said to be a g-atom (1 < g < oc0) for H1(E,T) if thereis € O or = E
such that

(a) suppa C 0,

®) [lally < [0,

(©) [ya(z)dz=0.
We also postulate |E| 11 to be a g-atom.

The equivalence of the two definitions for a g-atom is immediate by Lemma 2.8 (a).

Definition 2.11 The space H{ := H{(E,T) (1 < ¢ < 00) is defined to be the set of all functions f € L;(F)
admitting an atomic decomposition

o0
[ = ZAjaj ;
=0

where the a;’s are g-atoms and Z;io |\;| < co. Moreover, the norm of f € H{ is given by

[ fllze == inf Z|>\j| f = ijaj, a;j g-atoms

=0 =0

A fundamental fact in the theory of Hardy spaces is that H{ = H{® whenever 1 < ¢ < oo with equivalent
norms (see [3, Theorem A]). Thus all spaces H{ are the same and we shall drop the index ¢. In the following we
shall only work with the norm in H; defined by using 2-atoms.

An important fact is that the spaces Hq(E, 7T ) essentially depend on the triangulations 7. We call H1(E, 7 *)
a regular Hy-space if T* is a regular multilevel triangulation of F (see §2.1). It is readily seen that if H;(E,7*)
is regular, then it is the same (with equivalent norms) as the space H;(E) defined using atoms generated by the
Euclidean distance on E. Thus all regular spaces H;(E, T ) are the same. Consider the case when E := [—1,1]?
and denote by H;(E) the regular H;-space on [—1,1]2. As will be shown in the appendix, there exists an
LR-triangulation 7 such that Hy(E,7) # H1(E). The reason for this is that there exist LR-triangulations on
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[~1,1]? containing triangles with uncontrollably sharp angles (see §2.1). The fact that the spaces Hy(E,T),
where 7 is allowed to vary, are not all the same is not a surprise since as is well-known the norm in H; (}Rd)
(d > 1) is not invariant (like the Li-norm) under linear transforms with determinant one. We do not explore in
more detail the relationship between the various spaces Hq(FE, 7T ) in this article.
It is not hard to prove that H; (£, 7') is a Banach space and || f||,(g) < c||f| &, (&,7) for f € Hi(E,T).
Another fundamental result is that the dual of Hy(FE,7) is the space BMO := BMO(E,T) which can be
defined in our case as the set of all functions f on E such that

1/2
T ] [ @ +sm;p(|7}| / If(fv)—feIde> < s, (2.24)

where fp = ﬁ Jp f(x)dx and the supremum is taken over all § € © or § = E. More precisely, for
g € BMO(E,T) and f € Hy(F,T) with an atomic decomposition f = Z;’;l Ajaj,

lim Z)\j/ g(x)a;(z) dx (2.25)
m— oo = E

defines a continuous linear functional on H; whose norm is equivalentto || g|| 5 a0 and vice versa each continuous
linear functional on H; is of this form.

1/2
Note that an equivalent norm in BM O(FE, T) can be defined by replacing in (2.24) (\T}\ fe |f(z)— fol? dx)

by I%I fg |f(x) — fo| dz. For more details, see [3].

Finally, we observe that since H1(E,7) # H;(F) for some LR-triangulations 7, then by a duality argument
it follows that for the same triangulations BMO(E,T) # BMO(E), where BMO(E) stands for the regular
BMO space on E. Thus in general BMO(E, T) depends on the triangulation 7.

One of the advantages of introducing H; via atomic decompositions is that questions related to the bounded-
ness of Calderon—Zygmund operators (CZO) on H; can be answered by focusing on individual atoms. Evidently,
any operator 7" would be bounded if 7" maps atoms into atoms. Coifman and Weiss observed that for certain type
of operators T', for every atom a(x), T'a is a function with similar structure, which they term a molecule. We
shall use the following definition of a molecule.

Definition 2.12 For a given € > 0, we say that m(x) is an e-molecule for Hi(E, T ) centered at ¢ € E if

</E |m(z)|? dx></E |m(x)|? dr (2, 20)' ¢ dm)l/g <1 and /Em(m)dm = 0. (2.26)

It is trivial to see that every 2-atom is an e-molecule for any ¢ > 0. More importantly, ||m|| g, < ¢ for each
e-molecule m(x) (see [3, Theorem C]). From this it follows that a linear operator mapping atoms into molecules
has a bounded extension to H;.

The following result [3] will play an important role in our further development:

Proposition 2.13 Let T : Lo(E) — Lo(FE) be a bounded linear operator given by
T = [ K dy.

Suppose that for each 2-atom a # |E| ‘1

/(Ta)(m) dr =0 (2.27)
E
and there is € > 0 such that for d(x,yo) > cd(y,yo) the kernel K (-, ) satisfies
d(y7 yO))E 1
K(z,y) — K(x, <c . 2.28
KGe) ~ Kol < o G203 ) b .29)

Then Ta is a constant multiple of an e-molecule for any atom a # |E|~' 1.
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3 Anisotropic Franklin bases

In this section we explore the Franklin system F7 generated by the Courant elements associated with an arbitrary
locally regular triangulation 7 of a compact polygonal domain E in R?. We shall show that each such Franklin
system is a Schauder basis for C'(E) and Ly (F), and it is an unconditional basis for Hy(E,7) and L,(E)
(1 < p < 00). We also prove some related results.

3.1 Definition of the Franklin system. Main results

Throughout this section, we assume that 7 = | J7°_, 7,, is an LR-triangulation of E. We recall that V,,, denotes

m=0 “m
the set of all vertices of triangles from 7,,,. We set Vi = Vy and V), = V,,, \ Vi—1 for m > 1 and write

V= Um—o Vin-

Let fp := E. Choose Oiax € Op to be of maximum area and denote ©f := {0y} U Og \ {Omax}, i.c., we
replace Omax by 6y = E. Moreover, we associate 6y with vy, and set g, := 1g,. For m > 1 denote by O,
the set of all cells 6 € ©,,, with “central” vertices vy € V* and set ©* := U:no:o or,.

m

Note that for each m, the set {cpe :0elUr,0r } is linearly independent. Also,

Sm = span{yp : 0 € O,,} = span{goe 10 € U 9?} .

=0

For § € © we denote by @y the Lo-normalized version of the Courant element g, i.e., Py := ||@ally " o ~
16]71/2 p.

We consider an arbitrary (but fixed) linear order < on ©* satisfying the following conditions:

(i) If 0 € ©F and &' € ©F withm < n, thend < ¢,

(ii) Oy = 0, forall 6 € ©*. 3.1

We now define the Franklin system Fr by applying the Gram—Schmidt orthogonalization process to {&p }oco~
in Ly(E) with respect to the order <. We obtain an orthonormal system Fr := { fg}oco~ in L2(E) consisting of
continuous piecewise linear functions. Each Franklin function fy is uniquely determined (up to a multiple +1)
by the conditions:

(@) fo € span{py : 0 < 0}.

(b) (fo,pp:) =0forall ' <@,

© [[foll = 1.
Note that fp, = +14, := +|E|"/?1g.

We next state our main results on Franklin systems F7, where 7 is an arbitrary LR-triangulation of a bounded
polygonal domain E C R2.

Theorem 3.1 The Franklin system Fr := {fo}oco~ is a Schauder basis for L,(E), 1 < p < oo, with
Lo (E):=C(E).

Theorem 3.2 The Franklin system Fr = {fo}oco~ is an unconditional basis for H1(E,T) and L,(E),
1<p<oo

Theorem 3.3 The following conditions are equivalent:
(@) fe Hi(E,T);
(b) The series Y .- (f, fo) fo converges unconditionally in L, ;

1/2
© i) i= (Loeor LS fo(@)P) " € Lu;
~ /
@ Fr(@) = (Socer 10 0o} P 1a@)?) " € L.
Furthermore, if f € H{(E, T), then

[ £l =~ 1S¢lle, =~ 1FfllL, - (3.2)
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Theorem 3.4 A function f € BMO(E,T) if and only if

1/2
sup(ﬁ > |<f,fn>|2> < o0, (3.3)

0 ned*:nCo

where the supremum is taken over all 0 € © or 6 = E. Furthermore,
in (3.3).

fllBmo(e,T) is equivalent to the quantity

3.2 Representation of the Franklin functions and proof of Theorem 3.1

The exponential decay of the Franklin functions is a central issue in the study of Franklin systems. We begin with
a generalization of the well-known result of Demko [6] on the inverses of band matrices, given in [13].

Proposition 3.5 Suppose K is a finite set of indices and let p be a distance on K. Let A = [ay1]k,1cx be an
invertible band matrix of orderr > 1, i.e., ar; = 0 if p(k,l) > r. Let Al = [bk.1]k1c K be the inverse matrix of
A. Suppose that for some 1 < p < 00,

[Alle, ()=t () < My and ||A” < M,.

1H€,,(K)—>€,,(K) =
Then there exist constants ¢ > 0 and 0 < q < 1 depending only on M1, Ms, r, and p such that
lows| < cg”*®D for k,leK.
For any € ©7, (m > 0), denote
A, = 0,1U{0e€0], :0=<n}. (3.4)

Note that the cells 6 € A, have distinct “central” points vs and hence the set {¢g : § € A, } is linearly independent.
Let G, be the Gram matrix given by

Gy = lager]opren, With age = (P, Por), (3.5)

and denote G, ' =: [bgo/]o,07cn,,-

Lemma 3.6 There exist constants 0 < q < 1 and ¢ > 0 such that for any nn € %, (m > 0) we have, for the
entries of G/ L, the following estimate

lbogr| < cqPm @09 0 € A,, (3.6)
where p,,(0,0") is the mth level graph distance between 6 and ¢, introduced in §2.1.

Proof. By condition (c) on LR-triangulations, every triangle A € 7 has at most M children. Then aggr :=
(Po, Por) = 0if py,(6,6") > 2Mj and hence the Gram matrix G, is r-banded with r := 2Mj + 1. Since G, is
symmetric, then

1Gollena,)—ea(n,) = max{X: Aeigenvalue of G} and

HG#H(&(A")—»&(A") = max{l/X: \eigenvalue of G, } .

On the other hand, for any vector 2 := (24)sca, We have H EeeAn T9Pg Gz, x) and thus by (2.13)

2 p—
||L2(E) - <
there exist constants c1, co > 0 such that

cilleln,) < (Gra,a) < erllallfya,y
which implies ¢; < A < ¢o for every eigenvalue A. Hence
-1

1Gnllez(an)—e2(a,) < €2 and HG;1||42(A,7)42(A,7) <G

Finally, note that since the “central” points of the cells from A, are distinct points in Vy,, the mth level graph
distance p,, (-, -) is a true distance on A,. Thus G,, satisfies the conditions of Lemma 3.5 with p(-,-) = pp, (-, *)
and hence (3.6) holds. O
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We are now prepared to deduce an important representation of the Franklin functions.

Lemma 3.7 For any 6 € O, (m > 0) the Franklin function fy has a representation of the form

fo = > conbn, 3.7)

n€Om
with coefficients cy, satisfying
lcon| < cq” "M nEO,, (3.8)
where the constants 0 < q < 1 and ¢ > 0 depend only on the parameters of T.

Proof. Itis readily seen (and well-known) that the function gy defined by

9o = Y bocPe = Y bpcPe+ Y. boePe, (3.9)

€Ny £€Om_1 £€Or, X0

where bg¢ are entries of G(,_l, has the property (g, p,) = dg,. Here, we set bge := 0 if £ € ©_1. Therefore,
fo = :|:Hg9||2_199. Evidently, for £ € ©,,_1,

Ge = Y Pelwyllenllz@y.
NEO,:nCE

Substituting this in (3.9) and switching the order of summation, we arrive at

f@ = Z CGnSZna

nEOm,

where

lgollz* llenlla D boe@e(vy) if n€60,\A,

£€O,, _1:1CE
Conp =
Ige||21<ban+|<pn|2 > beg@g(%)) if 7€OmNAg.
£€0,, 1:1CE

Note that

1 = (g90.%0) < llgoll2l@ell2 = llgoll2

and py, (1, &) < Mo, whenever ) € ©,,_1, & € O, and & C 1. Also, [|P¢lloo = [lellyt = |€]7/2. We use
these along with properties (2.1) and (2.2) of LR-triangulations, and the estimate for |bg,| from Lemma 3.6 to
obtain, for n € ©,, N Ay,

lcon| < [bonl +cinl'® D" |bae] Belvy)
£€O,_1:1CE

< gm0 e (|nl/)1E)M? Z g"m 08 < e gpm(Om)
£€O_1:CE

The estimate of |cg,,| when n € ©,, \ Ag is the same. O
Proof of Theorem 3.1. As was already mentioned in §2.1, U:no:o Sm = Ly(E),1 < p < oo, and hence

Fr is dense in L,(E). It remains to prove that the orthogonal projector operator P, f := >, 5n< fyfo)fois
bounded on L,(E) (1 < p < 00), i.e., considered as an operator from L, into L,. It is easy to see that

Pflf(x) = 5 Z b9,9'¢9(x)(59’ (y)f(y) dy, An = Op_1 U {9 S @:1 0= T]}-
0,0€A,
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Denote Ky (z,y) := g grca, bo.orPo(x)@er (y). Then for each z € E,

~ ~ / 1/2
1K@, e, < D ool l@o@)1@olle, < e > ¢ @(0]/16') " Lo(),
0,0, 0,0,

where we used (3.6) and that ||@g]|2 = 1. Our goal is to show that || K, (z, )|z, < C < oo. Fix z €
E. Since there are at most 6 cells # € A, such that z € 6°, it suffices to show that for each § € A,,
2 oren, qPm (00 (|9|/|9’|)1/2 < ¢ < 00. By (2.3) it follows that if p,,,(0,6’) = n (n > 1), then |0|/]¢'| < cn®.
On the other hand, Lemma 2.4 yields that #{6' € A,, : p,,(6,0") = n} < cn'. Using the above, we obtain

oo
Z qpm(079')(|0|/|9/|)1/2 < Czqnnt-i-s/z < e < oo
0'el, n=1

since 0 < ¢ < 1. Consequently, || K, (z,-)||z, <C. This estimate implies
1Pyllz, =z, < o0 and ||P[L—L. < o0.
By interpolation it follows that || P, ||z, 1, < 00,1 < p < oc. O

3.3 Localization and smoothness of the Franklin functions

Here we show that the Franklin functions belong to Lip € (for some ¢ > 0) with respect to the quasi-distance
dr (-, ) introduced in (2.14) and have exponential rate of decay with respect to the corresponding graph distance.

We shall systematically use the notation introduced in §2.1. We recall, in particular, that for z € E, 07" is a
cell from ©,,, containing x, and p,, (-, -) is the mth level graph distance.

Theorem 3.8 There exist constants ¢ > 0, 0 < 1 < 1, and ¢ > 0 depending only on the parameters of T
such that for any 6 € 7, (m > 0),

dr(z,9)° [ pn(0,07 (6,67
[fala) = folw)] < cwﬁTﬁs(qf OO g 0), a ye B, (3.10)
Moreover,
fo(x)| < clo]2¢m "% zeE, 3.11)

and for any s > 0 there exist a constant cs such that
fo(@)] < csl0] 2 (M516)(2), z€E, (3.12)

where M?- is the maximal operator defined in (2.18).
In addition,

e 101P < i follnye) < Ifolls < epl0]/P712, 0 < p < o0, (3.13)
and
I follm, < cl6)/2. (3.14)

We first prove that each Courant element (g is an Lip € function with respect to the quasi-distance d7.
Lemma 3.9 There exist constants € > 0 and ¢ > 0 depending only on the parameters of T such that for any
0co

dr(x,y)¢
lpo(z) — po(y)| < C%, r,yckb. (3.15)

Proof. Let € ©,, n > 0, and assume that d7(z,y) > 0 and € 0 or y € 6. (Otherwise the claim is
trivial.) Also, let d7(z,y) = |0°| with 8° € ©,, (m > 0) and §° containing x and y.
If m < n, (3.15) is trivial because there is a constant ¢ > 0 such that |6°|/|0] > ¢ (8 N 6° # 0).
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Assume that n + 3Nok < m < n + 3Ny(k + 1) for some k > 0.

Case 1: Let x,y € /\, where A € 7, is one of the triangles forming 6. It is easy to see that estimate (3.15) is
invariant under affine transforms. So, without loss of generality we may assume that A is an equilateral triangle
with side lengths 1. Then there exist two triangles A’, A" € 7,,, with a common vertex such thatz € A/, y € A"
and A, A C A. (It may happen that A’ = A”.) By Lemma 2.3,

max{|max edge (A")], |max edge (A")|} < p¥ |maxedge (A)| < pb
with 0 < p; < 1. Choose €1 > 0 so that p; = r°, where 0 < r < 1 is from (2.1). Then

|90 (x) — Do (y)| 2 max{|maxedge (A)], [max edge (A")|}

IN
IN

IVeollLo(a)lz—yl

207 < 2(7“31\/0]“)ﬁ < 2(7“31\/0]“|A|)ﬁ < c|A)F < el6t)f,

IN

where £ = £1 /3Ny and we used (2.1). Since |0] &~ |A| = 1, estimate (3.15) follows.

Case 2: Letxz € A\ and y € Ag, where Ay, Ao € T, are distinct triangles with a common vertex vy and
Nq,Ny C 6. Since z,y € 6°, there are two smaller subtriangles A’', A" € T, of 6° containing = and y,
respectively, such that A’ C Ay and A” C As. Choose z € A’ N A”. Then using that estimate (3.15) holds in
Case 1, we obtain

IN

lpo(2) = o (2)| + va(2) — po(y)l

dr(z,2)°  dr(z, y)e) dr(z,y)°
c + < o ———,
( 10| 0] |0]°

lo(z) — po(y)]

IN

where we used that d7(x, z) < dr(x,y) since x, z € 6°, and similarly d7(z,y) < dr(z,y).

Case 3: Letx € andy ¢ 6 (ory € 6 and = ¢ 6). This case reduces to the first case by introducing an
appropriate point z on the boundary of 6 such that d7(x, z) < dr(z,y) and taking into account that @y (y) =
wo(z) =0. O

Proof of Theorem 3.8. By Lemmas 3.7 and 3.9, we have for § € ©

|fo(x) = fo(y)] Y Il leon] lon(@) — oy (y)]

nEOm,

IN

IA

Z |77|*1/2’5qpm(9”7)d7(x, y)°

NEO,: TENC or yeN°

|e|—1/2—6d7(x,y>5< DD ><|e|/|n|>1/2+sqﬂm<97">.

NEOy,: xEN®  NEO,,:yeEN®

IN

Note first that for any € E there are at most 3 cells € O,, such that x € 71°. By the definition of 6",
we have z € 07" and 07" € O,,, and hence |n| ~ |07"| if n € O,, and € 7. Also, by (2.3) it follows that
101/167| < ¢ (pm (6,607) + 1)5. Finally, we choose the constants ¢; > 0 and ¢ < ¢; < 1, depending only on g,

g, and s, so that (v + 1)(1/2+5)5q” < c14f for v > 1. We use this preparation to obtain

fqfm m 1/2+€)s p,.(0,00" o (6,077
S /)P O < e (p(0,07) + 1) gm0 < gpm@0F),

NEOm: xEN®

We similarly estimate the second sum above, and (3.10) follows.
Estimate (3.11) follows in a similar way but it is easier and will be omitted.
To prove (3.12) we need estimate (M$-1¢) () (8 € ©y,) from below. By (2.2) it follows that

(M51p)(z) > ¢ > 0 for x € Star} (6). (3.16)

Suppose z € E \ Star., (8). Then p,,, (6,67) > 2. Let d7(vg, z) = |6°| with 6° € O, and 6° containing vy and
. Evidently, ¢ < m and |6 N 6°| > ¢|¢|. Further, by Lemma 2.6, d7 (vg, ) < ¢|0]pm (6, 9;”)6. Using all of the
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above, we obtain

1/s
Mr10)@) > (g [ oman) = (o) > e (0.0)

Combining this estimate with (3.16) and (3.11) yields (3.12).
We next prove (3.13). If p < oo and § € O, by using (3.11) we have

[ee] o0
_ m (0,
falls < D73 Wfallf oy < 10177257 > Inl a7, (3.17)

v=07neXy, v=0neXy,

where X = {n € O, : pm(0,m) = v}. As above |1|/10] < c(pm(0,m) +1)° =c(v+1)®if n € X, and by
Lemma 2.4 it follows that #X% < ¢ (v + 1)'. Using these in (3.17), we find

oo
I folls < cl6]7P/2T1 Y (v + 1) gy < clgPt/rm1/2) (3.18)
v=0

We now estimate || fo||,, from below. From the proof of Lemma 3.7 it follows that fo = %||gs||5 *gs, Where
90 = Ycen, boePe, and also (9o, $g) = 1. Exactly as in (3.17) and (3.18) (with fy replaced by gg) we obtain
llgell2 < c. Therefore,

[(fo. o) = llgallz* {90, Bo)| = llgellz* > c.

On the other hand |{fy, Zo)| < |01*/% | fol| . (e)- Consequently, || fo| 1. (o) = |6]'/? and using (2.12), we infer
1 foll 0y = 6]'/P71/2,0 < p < oo,

It remains to prove that each Franklin function fy belongs to H; and (3.14) holds true. To this end it suffices
to prove that gg := || ~'/2 fy is a constant multiple of an e-molecule centered at vg. Evidently | g0 (x)? do =
|6]~1. We use Lemma 2.6 and (3.11) to obtain

[E 190(2)? do (z, 09) 1 dx < [0+ [E &m0 (o (0.0m) + 1) 704
< o7 > Il (om0, m) +1)7049) (3.19)
neEO,,
< clof,

where for the latter estimate we proceed exactly as in (3.17) and (3.18). Therefore, according to the defini-
tion of a molecule (see Definition 2.12) gy is a constant multiple of an e-molecule and hence fy € H; and
| follm, < cl6]'/2. O

3.4 Proof of Theorem 3.2

We first observe that since by Theorem 3.8 each Franklin function fy belongs to Hy, then (fq, fo)oco~ is a
biorthogonal system in H;.
We next prove a technical result which will provide the main step in the proof of Theorem 3.2.

Proposition 3.10 For any 2-atom a(zx),
a= > (afo)fo, (3.20)
0ce*

where the series converges unconditionally in H,. Moreover, there exists a constant ¢ > 0 depending only on the
parameters of T such that for any M C ©* and any sequence w = (wg)pepm With wg = £1,

> wala, fo) fo

o0eM

< ¢ (3.21)

H;

and
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) N\ 1/2
> a, fo)? 1 fo(x)] ) <ec (3.22)
fco* L
For given M C ©* and w = (wp)gec pm With wy = £1, consider the linear operator
(Trmef)(@ / Kmw(@,y)f(y)dy (3.23)
with kernel
Kpmw(,y) == > wafo(z)foly). (3.24)

With the next lemma we show that the kernel K o4, satisfies condition (2.28) of Proposition 2.13

Lemma 3.11 There exists a constant ¢ > 0 such that if d7(x,yo) > 2Kdr(y,yo), where K is the constant
from the definition of the quasi-distance dr (-, -), and min{l(0) : 0 € M} > p > 0, then

dT(y,yo))5 1
Kmw(r,y) = Kpmw(@,90)] < : 3.25
Kaaolien) =~ Kasolomnl] < v FL00) 1 (.25

where € > 0 is from Theorem 3.8, 0 < vy, < ¢, and vy, — 0 as 1 — o0.

Proof. Denote Ky, (7,y) := Y gc pmno= wofo(z)fo(y). We use (3.10) and (3.11) to obtain

Ko (y) — Kuleyo)l < 37 |fo(@)||foly) — faluo)

€0,
m m (3.26)
—1—e _pm(8,07) [ pm(0,07)  pm(0,0)
<cdr(y,y0)” > 1617 %] ( )(ql Vitg " ) :
0€0,,

We now claim that there exist constants ¢ > 0 and 0 < g < 1 such that
m (0,05 )+pm (0,0, —1—e Pm (0,0

Z |9|_1_qu (0,07)+pm (0,6,") < C|9;n| 1 qu’ (0 y). (3.27)

0cO,,

To see this set n := pp, (677, 9;“) and define

= {0 €6 :pm(0,0) +pm(0,0)") =k+n}.

By Lemma 2.4, #A;, < ¢ (n + k)?,
to obtain

, 9;”‘/|9| < Cpm(G,GL”)S if § € ©,,,. We use the above

pm (0,07 )+pm (9:9;71)

q m| 1€ m € n
Z : |0|1+e = |9y | ' Z Z (|9y |/|‘9|)1+ q1+k

0€O,, k>0 0€ Ay,

WY S 0.0y

E>00€ A,
11—
el Y ok Ry

k>0

IN

IN

IN

—1—¢
c|9m| ay

_ |9m| lepm(f) 9 ),
where q; < g2 < 1. Thus (3.27) is established.
Applying (3.27) in (3.26) we get

p?n(e 0171) qpﬂl(e 017;)) )

|Km(m7y)_Km(xay0)| < CdT(yvyO)e & 1+e + : 1+€
05| 105

(© 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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and hence

oo

K mw(,y) = Kmw(@,50)| < ZIK (,y) = Ko (2, y0)|

m=

%) pm(g””. 07n) qp’y‘n (0””. 0;’;’6)
2
< CdT y yO 6 Z < T+e T+e .

|62 |03

m=pu
To estimate the latter quantity above let us assume that dr(x, y) = |6*| with 6* € ©,,,~. Then
00 qu(9 00) m* 0o qpm(eg",e;“)
4 2 —.
S (S Y ) e
m=pu 9 ‘ m=p m=m*+1 Y

For o1, using (2.1) and (2.2), we have

m*
c * m\1ite Pm(e;nre;n)
o1 < EEE Z (|9 |/|9y) 42 '
m=p
¢ & m*—m 5
< e 2 P
m=p
< C
o dT(xvy)l-i—e .

We now estimate 0. Denote Zj, := [m* + 2Nok, m* + 2Ny(k + 1)). Note that by (2.9)

k—2 *+2N, *+2N, k—2
pe(05:0,) > 25 2 ppan (07 T2, 05 T2N0) > 9k

whenever £ > m™ + 2Ngk. We use this, (2.1) and (2.2) to obtain

oo
C 14+e pm 91 707n)
o < e 2 (01/107) e
m=m*+1
c = @ o™
< - r(m*_m)(1+g)qpm = 10y
dT(mvy)lJre m_%;rl 2
( J(1+e), 2k
e 3 e
k=0meZy
< _ T*QNo(kJrl)(lJre)
- d (Jj y)1+€ Z
k=0
&

< ——mM—
o dT (1’, y) e
Estimates (3.30) and (3.31) yield

0 Pm (05,0,7)

q C

|t92”|1+E : dr(z,y)tte

m=0

Using this inequality twice in (3.28) (for y and yo) we obtain

1 1
Kymo(z,y) — Kag oz, < cd7r(y,y0)° + .
| K pmw(,y) Mw(T,90)] 7Y, o) <d7(x,y)1+5 dT(x,yO)H—s)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

Finally, since d7(z, yo) > 2Kd7(y, yo), it follows that d(z, y) ~ d(z, yo) and (3.32) implies (3.25) with vy, = c.
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If m* 4+ 2Nok? < 5 < m* + 2N0(kh + 1) for some k% > 1, then o; = 0 and as above

c oo . qu(u—m/*)ﬂNo
o < 7’72N0(k+1)(1+6) 2 < 3
2= dr(z,y)e k;u L= ()
for some 0 < g3 < 1. This estimate yields (3.25) with vy, := cqg(km*)/wo. Evidently, v,, — 0 as u — oo. The

proof of Lemma 3.11 is complete. O

Proof of Proposition 3.10. Suppose first that a(x) = +|E| " 11g. If 6y € M, then using the orthogo-
nality of the Franklin functions and that fs, = +|F|~'/?1p it follows that T ,a = +a, while if 6§y ¢ M then
Trm,wa = 0. In both cases the result obviously holds.

Let now a(x) be a 2-atom and a # +|E|™'1g. Then [, a = 0. As above, we see that [, Trq,a = 0. Then
by Proposition 2.13 and Lemma 3.11 with M := {6 € ©* : [(f) > p} and an arbitrary sequence w = (wp)gco=
with wg = =+1, it follows that the function

hy = Y wela,fo)fo

0€0*,1(0)>u

belongs to H; and ||h, ||z, < ., where v, — 0 as yr — oo. Therefore, the series in (3.20) converges uncondi-
tionally in H;. We also know that (3.20) holds in L». Since both spaces H; and Ly are continuously embedded
in L1, it follows that (3.20) holds in H;.

Estimate (3.21) follows by Proposition 2.13 and Lemma 3.11.

It remains to prove (3.22). From above for an arbitrary sequence w = (wp)geco+ With wg = 1, we have

< c

> wola, fo) fo

fco*

> wola, fo) fo

0cO*

L1 Hl

Applying now the usual trick with Khintchine’s inequality, we infer

< c

< c.
L1 I:‘

> Ha fo) | fo(x)?

fco*

> wola, fo) fo

fco*

Ly

Proof of Theorem 3.2. We begin by proving that the Franklin system F7 is a unconditional basis for
Hy, := H{(FE,T). As we have already mentioned, fo € H; for all # € ©%*, and hence (fq, fp)oco~ is a
biorthogonal system in H;.

By Proposition 3.10 for any atom a(x), & = Y.« (a, fo) fo in Hi. This along with the definition of H;
yields that Fr is dense in H;.
By estimate (3.21) from Proposition 3.10, it readily follows that for any M C ©%,

> (f. fo)fo

0eM

< c|flla, for feH. (3.33)
H;

Therefore, 7 is a unconditional basis for H;.

We now turn to L, (1 < p < oo). Taking into account Lemma 2.3, it is obvious that F7 is dense in L,(E).
For a given M C ©%, consider the operator T := Taq,, With w = (1)germ, where T'h, is defined in (3.23).
By (3.33) T'\4 is bounded on H; and, since F is an orthogonal basis for Lo, T’z is bounded on Lo as well. Then
by interpolation it follows that Ty is bounded on L,, for 1 < p < 2. Finally, by a standard duality argument, it
easily follows that Ty is bounded on L,,2 < p < oo, as well. Consequently, F7 is a unconditional basis for
L,(E),1<p<oo. O
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3.5 Proof of Theorem 3.3

We first note that the implication (a) — (b) is immediate from the fact that F is a unconditional basis for H;
(see Theorem 3.2), since H; is embedded in L.

One applies Khintchine’s inequality as usual to show that (b) < (c¢) (see e.g. [11, 17]).

We now show that (c) < (d). We know from Theorem 3.8 that for any s > 0, |fo(z)| < ¢, (M51)(x),
z € E. Then choosing 0 < s < 1 and applying Proposition 2.9 we obtain ||Sf||L1 <c ||Ff||L1; thus (d) — (¢).

For the other direction, we first note that by Theorem 3.8, || fo|| .9y > c|6|~'/. Then since fy is linear on
each triangle of 6, there exist a set Gy C 6 with |G| > o |6] such that | fo(x)| > ¢|Gg|~'/? for = € Gy, where

¢>0and0 < o < 1 are constants depending only on the parameters of 7. Therefore, 1, (z) < c|fq(z)| for
x € E. Denote

1/2
Iy(a) = (Z |<f,fe>|2|ic9(x)|2> .

fco*

« |0]. Applying again Proposition 2.9 we infer || F¢||z, < ¢|T¢|lz, <c¢ ||Sf||L1. Consequently, (¢) — (d).
It remains to show that (d) — (a) which is the main step in the proof of Theorem 3.3. We give it in the
following proposition.

Then by the above estimate ||I's||z, < ¢||Sy|/z,. On the other hand, 1y(z) < ¢s(M1g,)(z), since |Gg| >

Proposition 3.12 Suppose that for a collection of numbers (ag)gco- we have

1/2
F(z) := <Z |a9|2\f19(3;)\2> €L, (3.34)
0co*
which is equivalent to
1/2
S(z) = (Z |a9|2|f9(a:)|2> €L;. (3.35)
0co*

Then f := 3 yco- aofo belongsto Hy and || f||x, < c|F|L,.

Proof. We shall use the idea of the proof in the wavelet case (see e.g. [14, 17]). Note first that the equivalence
IF|lz, =~ |IS||L, follows by the argument which we used above to show that (¢) < (d).
Let us denote

Gp == {z€E:F(x)>2"}, kel.

It is easy to see that

> 2% |Gk < 2||FllLym) (3.36)
kEZ

(see e.g. [17, Proposition 8.15]).
‘We introduce the collections of cells

Co == {0 €O :10NGk| > 10]/2}.

Since G+1 C Gg, then Ci11 C Cy. It is easy to see that
o =J¢.
JEZL

Indeed, if ag # 0, then |ag| |6]~'/? > 27 for some j € Z, and hence F(x) > |ag|1(x) > 27 on 6. Therefore,
0 6(%.
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Denote now

U e

0eCy

It is not hard to see that the Lebesgue differentiation theorem holds with the cells from ©. (For its proof one can
use the maximal operator M1 introduced in §2.2.) Consequently, G}, C G, modulo a set of measure zero.

By the coloring lemma in [10] (Lemma 3.2), © can be represented as a finite disjoint union of subsets (0")&_;
with K = K(Ny, My) such that each ©" has a tree structure with respect to the inclusion relation, i.e., if
0',0" € ©¥, then (8)° N (60")° =0ord C 6" ord” C¥.

Further, denote by My, the set of all maximal cells in C; N ©Y, i.e., 0 € My, if @ € C;, N O and 0 is not
contained in any other cell from C;, N ©”. Clearly, G} = Uf;l Usenr,, 0 and

Gr| < Z > 0] <22 > IGkno <2Z Gen | 0

v=10eMy, v=10eMy, 0e My,

< 2K|Gi|. (3.37)

Denote Dy, := Cj. \ Ci41. Now for any § € My, we define Dy := {n € D, N OY : n C 0}. Clearly, the sets
Dy are disjoint and

- UJU U o

k€EZv=10eMy,
We also define

Ay = Zaefa, 0 e My, .

n€Dy

We next show that mg := 27% || =1 4y is a constant multiple of an e-molecule, which will imply |||/, < c
and as a consequence || Ag||z, < 2¥ |6]. Note first that, for § € My,

[ P@daz Y el [ Bede = 3 Pl Gl
NG i1 neDe ON\Gr41 neDy
Since & Ciy1, |Gr+1 N M| < |n|/2 and hence |n \ Gi11] > |n|/2. Therefore,
1
/ F2(z)dz > 5 > anl®, 6€ My, (3.38)
ON\Gri1

n€Dey
On the other hand,

/ Fiz)de < 22*TD 10\ G| < 4-22719).
ON\Gr+1

Combining this with (3.38) we arrive at

[AolI3 = Y fagl* < c2%*10]. (3.39)

n€Dy

To prove that my is a constant multiple of an e-molecule it suffices to show that my satisfies (2.26) with the 1
in the right-hand side of (2.26) replaced by a constant ¢ > 0 (for some £ > 0). This is apparently equivalent to

(/E A dx) (/E [Ag () dr ()" da:)l/e < c(22102)" "

We choose an arbitrary € > 0, e.g. € = 1, and fix it. Taking into account (3.39) it suffices to show that
/ Ao ()| dr (2, v0) 5 dz < 22k [o[2+e | (3.40)
E

To prove this estimate we need the following lemma:

(© 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com



Math. Nachr. 279, No. 9-10 (2006) 1119

Lemma 3.13 For 6 € O, (m > 0) and x € E with p,, (9, 9;”) > 3, we have
R@@) == > |fa@)] < clo]V/2qm %) (3.41)
nee*, nCo
where the constants ¢ > 0 and 0 < g, < 1 depend only on the parameters of T.

Proof. Write briefly N := p,, (9, 9;“) and 7y, := [2Nok,2No(k + 1)), where Ny is from condition (d) on
LR-triangulations (§2.1). If v € Z;, (k > 0), then using (2.9) we obtain p,, 1, (vg, z) > 2¥72p,, (vg, z) = 2F 2N
Then by (3.11) we have for v € 7,

m+v
S h@lse 3T g

ned;, ., nCo n€d;, .., nCo

c D WP,

p>28 2N neXxk

(3.42)

IN

where
Xy = {1 €Omiv i prngw(n,077") = pandn C 0} .

By Lemma 2.4, #X. |, < cu’, and by (2.1) and (2.2) we have for n € X,

o Inl = cr”|8] > cr?Nok |g], since
7 C 6. Using these in (3.42), we obtain

Do @] < clo N N g,
neer, ., nCh pu>2k 1IN
< C|9|—1/27,_—N0k, Z qiLMt
p>2k=1N

_ k
R

IA

where 0 < ¢, < 1 and we used that 0 < ¢; < 1. Summing up the above estimates we get
00 . .
R@) < cld] 23 2Nog?™™ < clol 72 = elol gm0
k=0 O

We are now prepared to prove (3.40). Assuming that § € ©,,, m > 0, we can write

[ AP aronae = [+ f ot
E Star?, (ve) E\Star2 (vg)

m

To estimate the first integral we note that dr (v, z) < ¢ 6] if = € Star® (vg) and using (3.39) we obtain
Jo < el | Agll3 < 22 |6t (3.43)

To estimate .J; we first observe that by (3.39) it follows that |a,| < ¢2¥|6|'/2 for n € Dy. Using this and
Lemma 2.6, we obtain

Ji

/ Ao (@) dr (z, v9) < da
E\Star3 (vg)

2
= / ( Z |ag| |fn(x)|> dr (2,v9)'* da
E\Star3 (vg)

n€De

2
P m\B(1+e
22k 9|2+ /E\S . )( 3 |f,,(m)|> P (0,0m)70F) o
tar, (ve

nee*, nCo

N

IN
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Applying Lemma 3.13 we obtain

J < C22k|9|1+5/ qu(&@;”)pm(@,a?)ﬁ(lﬁ) de
E\Star3 (vg)

m

and exactly as in (3.19) (see also (3.17) and (3.18)) we obtain J; < ¢2%* |6|>+=. This and (3.43) yield (3.40).
Consequently, || Ag| 7, < ¢2¥ 6|, which implies

K K
Il < D230 D0 Mol < eX 28) 0 > 16l < e 2%|Gul < ¢|Flw,

keZv=10€Dy, kKEZ  v=16eMy, kEZ
where we used (3.36). This completes the proof of Proposition 3.12. O

It remains to prove equivalences (3.2). The estimate || f|z, < c||Sf|/z, and the equivalence ||Sf||m, ~
|F'f|| L, are immediate from Proposition 3.12. The estimate ||Sy| |z, < ¢ || f| &, holds since by Proposition 3.10
it is true for each individual atom. The proof of Theorem 3.3 is complete. O

3.6 Proof of Theorem 3.4

We shall follow the scheme of the proof of Wojtaszczyk [16] combined with our techniques of this article. We
begin with one technical lemma.

Lemma 3.14 Forany 6 € O, (m > 0) and 1 < q < oo, we have

DIV < clg/e (3.44)
neo*,nCo Lo(E\6)
and
> M2 1 £, < clg|Va. (3.45)
neO*, nZ o, l(n)>m L,(0)

Proof. We shall prove only (3.44) since the proof of (3.45) is the same. We first observe that by (3.11) and
Lemma 2.4,

ST Y2 f@)] < e, z€E, n>0. (3.46)
neoy

Forz € E\ 6 and v > 1, we define py, 4, (6, 05) := infycg pmiy (05T, 077). Exactly as in the proof of
Lemma 3.13 one shows that there exist constants 0 < ¢, < 1 and ¢ > 0 such that

m—+v 070;”-“/
> Y2 | fo(@)] < eqtm @ w e B Star?,,(6). (3.47)
neO®*, nCo,l(n)>m-+v

and, in particular,

S @) < e ae B\ Star?,(6). (3.48)
need*, nCo

Taking into account (2.5), estimates (3.46) and (3.47) yield

S W fy@) < c(v+1), zeE\Star),,,(0), v >0 (3.49)
nee*, nCo
For the proof of (3.44) we also need the estimate
‘Staril+l,(9) \O| < cpslf], v=>0, (3.50)
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where 0 < ps < 1 and ¢ > 0 are constants depending only on the parameters of 7. Estimate (3.50) is an
immediate consequence of estimate (2.4) from Lemma 2.3 and properties (2.1) and (2.2) of LR-triangulations.
Denote briefly F(z) := 3, co- nco In|*/2| f,(x)|. We have

/ |F(2)|1dz = / |F(a:)|qda:+2/ F(2)[1dz.  (3.51)
E\a E\Starz (9) v=0 Star?n#»v(a)\Star?rH»Vﬁ»l(9)

m

Using (3.48) we obtain
77L(07w)
/ F(2)dz < ¢ 3 ] @O < ¢, (3.52)
E\Star, (9) WEB,: woNStar2, (0)=0

where for the latter estimate we proceed exactly as in (3.17) and (3.18).
By (3.49) and (3.50) we get

o0

Z/ |F(x)|?dz < ¢ (v+1)p510] < clf].
v=0 Star?n+y(0)\8tar$n,+u+l(9) v=0
This and (3.52) yield (3.44). O

We are now in a position to prove Theorem 3.4.
(a) Assume that (3.3) holds and denote by A the quantity in (3.3). We shall prove that f € BMO(FE,7T) and

[fllBro < cA.
Let 6 € ©,, (m > 0) (the case § = F is trivial). We write

f:< >+ > + > )mnmp:ﬂ+&+&.

nee*,nCl ned*,ngo,l(n)>m neO*,l(n)<m

Using (3.3) we have

1P, = DI )P < A%J6]. (3.53)

ncCo

From (3.3), |(f, ;)| < A|n|*/? and using (3.45) with ¢ = 2, we obtain

P2l 1,0 < cAlO]Y2. (3.54)

We use (3.10) and that |(f, f,)| < A |n|*/? to obtain, for z € 6,

|F3(z) — Fa(ve)| < cA Y [n["2|fy(x) — fulvo)]

neO*, l(n)<m

m c e v (n,0% pv (1,0 )
< AN Y dr(un, ) o (a0 g ) (355)
v=0n€O;

m
e —e _pv(n,0Y
< cAlOFY Y Inl g
v=0n€O;

Now, exactly as in the proof of Lemma 3.11, we have

Z |7,]|—qu1/(7770;) < C|9|—€p(m—l/)€ Z py(n,eg)ssqi’v(me;) < C|9|_Ep(m_y)e.
nEOY neo;

We use this in (3.55) to obtain
|F5(z) — F3(vg)] < cA, z€80. (3.56)
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By (3.53)-(3.56) it readily follows that

1/2
<|0|/|f f(vg) |2dm) < cA.

Consequently, || f||smo < cA.

(b) Assume that f € BMO and || f||gamo = B. Fix 6 € ©,, (m > 0) (the case § = FE is easier). We shall
prove that

S WP < B2, (3.57)

nee*, nCo

which implies (3.3).
We write

f=< ST SRR o ><f,fn>fn=:F1+F2+F3.

n€O*, nCH  n€EO*,nZ0,l(n)>m nEO*, I(n)<m
As was shown in the proof of Theorem 3.2 || f, || r, < ¢|n|*/2. Then by (2.25) it follows that

(. )l < fIBaco 1 fall, < eBn*/2. (3.58)

We use this and (3.44) to obtain

Fi(e)de| < <1l [ oo
o ne@* nce
<en Y / e
neO*, nCo (3.59)
<eB| S mig
nee*,nCeo L1(E\9)
< ¢BIA|M?.
Using (3.45) we have
12l 2a(0) < B Y. Y2 < cBIf]'2. (3.60)
n€O*, nZo,L(n)>m L2(0)
Finally, exactly as in (3.56) (using (3.58) instead of |(f, f,,)| < cA[n|*/?), we obtain
|F5(z) — F3(vg)] < ¢B, z€6. 3.61)

Now, (3.59)—(3.61) readily imply

1
Fs(vg) — m/gf(x) dx

This combined with the definition of BMO yields

1/2
<|9|/|f _ Fy(ug) 2 da:) < cB.
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This in turn along with (3.60) and (3.61) implies || F1|| 1, ) < cB |8]'/2. On the other hand using (3.44) we have

1Fill ey < eBi| Y [0l |fy(@)] < eBlOI'2.
neO®*, nCo L3 (E\0)
Therefore, ||F1||1,(z) < c¢B|0]'/?. Consequently,
Yo KA = IR, < B,
nee*, nCo
which is (3.57). The proof of Theorem 3.4 is complete. o

A Appendix: Example of a space H,(E,7T) # H,(E)

Here H1(E) denotes the regular H-space on E. We consider the case E := [—1,1]2.
Denote

|In |z |2 |In|ze| V2 if € [-1,1],
g(x) = g(x1,12) := (A1)
0 if zeR2\[-1,1].

In the following we denote by BM O(E) the regular BM O space on E.
Lemma A.1 The above defined function g(x) belongs to BMO(R?).

Proof. Let I :=[a,b] x [¢,d] withb — a = d —a = h > 0. We shall prove that there is a constant C' such
that

1
m/j|g(x)—0|dx < ¢ < oo, (A.2)

where ¢ > 0 is an absolute constant.

11

We first consider the important situation when I C [ — 1, 1] x [-1,1] U [-1,1] x [ — %,%] and hence

1
0 < h <1/2. Note that g(—x1,z2) = g(x1, —z2) = g(21, x2). Therefore, all possibilities for 1il are covered by
considering the following three cases:
Case 1: a < 0 < band ¢ < 0 < d. Because of the symmetry of g(x) we may assume that |a| < band |c| < d.
By integration by parts we get

u 1 u
/ |Int|'/2dt = u|lnu|1/2—|—§/ |Int|~Y2dt, 0 < u < 1/2,
0 0

and hence

1

v 2|lnu|1/2 A.-3)

1 u
E/ |Int|*?dt = |Inu|'?+ R,, where 0 < R
0

Denote I; := [0,b] x [0,d], Iz := [a, 0] X [0,d], I3 := [a,0] X [¢, 0], and I, := [0, b] X [c, 0]. From the definition
of g(z) it follows that 0 < g(b, d) = mingzes g(z) and hence

4
1
|I|/|g o(b, d)) dz = III/ )dx:;m/Lj(g(x)—g(b,d))dx.

Using the assumptions and the symmetry of g(z), each integral [, g I x) dx can be written in the form

u v
/ g(m)dm:// |In 2|2 | Inxe| /2 day dao
I; 0 Jo

J
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for some u, v satisfying 0 < u < band 0 < v < d. Then using (A.3), we have

7 | ) = ote.a)as

wv |17} [(I Inul'? + R,) (|Inv["? + R,) — |Inb|"/?|Ind|*/?

IA

wo(bd) L [| |2 | Ino|Y/? — | Inb|H/? |1nd|1/2]
+ wo(bd) " Inu|'?R, + wv(bd) " Inv|*2 R, + wv(bd) 'R, R,
= A +A+A5+ Ay
To estimate A; we substitute u = sband v = td, 0 < s,t < 1, and obtain
A = st[(|1ns|+ b)) /2(|In¢| + |Ind [)/2 — |lnb|1/2|1nd|1/2}

st[(|1ns| + b)) (|Int| + |Ind|) - |1nb||1nd|}

(|Ins| + |Inb))2/2(|Int| + [Ind|)*/2 + |Inb|/2 | Ind |1/2
st(|Ins||Int| + B|Int| + D |1ln s|)
(BD)1/2 ’

where B:=|Inb| and D:=|Ind|. Sinceb—a=d—c=h>0,|a] <band |c| < d,thenIn2 < |Inh| < B and
D <|In(h/2)| < 2|Ilnh|. We use this above to obtain

A; < (In2)7's|lns|-t|Int| +2¢t|Int|+2s|lns| < ¢ < .

To estimate Ay we use (A.3) and again replace u and v by u = sband v = td (0 < s,¢ < 1), respectively. We
have

1/2 1/2 1/2
Ay < wo|lnul'/? <|lns|+|lnb|> < 2St<|1ns|—|—|1nh|> .

bd |Inv|l/2 |Int| +|Ind| |Int| + |In Al
Since 1 < |Inh| < oo (0 < h < 1/2), itis readily seen that

[Ins|+ |In A < [Ins|+1
[Int| 4+ |Inh| — |lnt|+1

+1 < |Ins|+2.

Consequently,
Ay < 2s(]lns| +2)V2 < ¢ < 0.
Exactly in the same way we get A3 < ¢ < oo. Also, by (A.3),

A, < uv < 1
Y= 4bd(|Inu|[Inv)/2 < 4In2’

The above estimates for Ay, As, A3 and A4 imply (A.2) with C' := ¢(b, d) and ¢ > 0 an absolute constant.
Case2: 0 < a < band 0 < ¢ < d. In this case we shall make use of the following simple identity

/b|1nt|1/2dt = (b—a)|1nb|1/2+l/bt_7adt (A.4)
o B 2 J, t|Intt/2 77" '

which can be verified by differentiating both sides with respect to b. We next use (A.4) to prove the following
(h:=b—a):

1

b
2
E/ |Int|*2dt = |Inb|"? + Ry, where 0 < Rap
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Note first that from our assumptions it follows that b < 1/4. If 0 < a < h, then by (A.4)

1 1 1

Ry < — dt < < < .
b = 2h/a [In¢[/2" = 2[Inb['/2 = 2[In2h|1/2 = [Inh|l/2

If h < a < 1/4, then (A.4) implies

Ry < / R S N
@ =9 )t mt 27 T 2n A2 T 2[Inh[t/2’
where we used that the function ¢ | In#|'/2 is increasing on (0,1/2] and b = a + h < 1/2. Finally, (A.5) is trivial

if a > 1/4. Thus (A.5) holds true.
Evidently, 0 < ¢(b,d) = minges g(x) and hence

1
7 [ o) —gealas = = [ ale) — gfv.d) s

1 /b d
ﬁ/ |lnx1|1/2da:1-/ |In2o|/? dzy — [Inb[*/? |Ind|*/2.
a c

Now, employing (A.5), we obtain

i /|g g(b,d)|dx = (|Inb"? + Rap) (|Ind "/ + Req) — [ Inb|"/?|Ind |*/?
= |Inb|"2 Req + |Ind|*/? Rap + RapRea
< 2|InbY2/| A2 + 2| Ind|*?/|Inh|V/2 + 4/|In |
< c¢ < o0,

where we used that b,d > h and 0 < h < 1/4. Thus (A.2) holds true.

Case 3: 0 < a < band ¢ < 0 < d. In this case one proceeds as above using (A.3) and (A.5). We omit the
details.

It remains to show that (A.2) holds whenever I ¢ [ — 1, 1] x [-1,1]U[~1,1] x [ — %, 1]. If in this case
h<1/8andI C [-1 ] then (A.2) is obvious since ||g||__ (1) < g(1/8,1/8) = In8.

If b > 1/8, then fl x)dr < f[ 1] . g(x) dr = ¢ < oo and (A.2) follows.

If1°N[—1,1* =0, then (A.2) is again obvious.

Finally, suppose that h < 1/8, I ¢ [-1,1]2, and I N [~1,1]> # 0. Then evidently there is a square

= [a, B] % [v, 6] of the same size as I such that J C [—1,1]? and I N [—1,1]?> C J. Then by the monotonicity

of g(x), we have

1
m/}g(x)dU'/ x)dr < ¢ < o0,

where we used the results of Case 2 or Case 3 above. This yields (A.2) with C' = 0. The prove of the lemma is
complete. O

Armed with this lemma, we proceed to showing that there is an LR-triangulation 7 of E := [—1, 1] such that
H\(E,T) # Hi(E).

From [9] (see the construction in the beginning of §2.1) it follows that there exists an LR-triangulation 7 of
with the property: There is a sequence of cells in 7: 61 D 03 D ... such that

(A /2,M\ /2] X [—€,/2,e,/2] C 0, C [, A X [—€0,80],

where 1/4 > A1 > A > ... > 0,1/4 > ¢1 > e9 > ... > 0, limy_o A\, = 0, lim,_oe, = 0, and
lim, o0 €,/A, = 0. In addition to this each 6, is convex and symmetric with respect to the x;-axis and the
To-axis.
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Let 07 = {(z1,22) € 6, : 21 > 0} and 0, := {(z1,22) € 6, : 1 < 0}. The functions a, :=
10,71 (144 — 1, ) are obviously atoms in H, (E, T ).
Now, fix v > 1 and denote briefly 6 := 6,, A\ := \,, ¢ := €,, a := a,, etc. We next estimate from

below ||al g, (k). where Hy(FE) is the regular H;-space on . By Lemma A.1 the function g from (A.1) is in
BMO(RR?) and hence all functions obtained from g by dilations and shifts also belong to BM O (RR?) and have
the same BMO norm. In particular, gx(x) := g(z1/A + 1/2,22/)) belongs to BMO(R?) and ||gx||sro =

llgllBaro- Therefore, the restriction of gy on E := [—1, 1] (that we denote again by g,) belongs to BMO(E)
and || gxllBrroe) < ||9HBMO(R2)'
Clearly,
lalg, ey =  sup (a, ¢) > (a, 92) > c/a(a:)gx(x) dx .
vemo(E) llellBrmo llgxllBaro 0

Since g(x1, —x2) = g(x1,x2) and g(x1, x2) is monotone decreasing with respect to 1 on (0, 1), we have

e > < [T o(m et @ Yam - [ o(z et 2 g an
H(E) Z e Jo 7/\/29 b\ X 1 . g SNEC KDY 1 2.

Substituting y1 := x1/A 4+ 1/2 and yo := 22/ we infer

C)\ 6/)\ 1/2 1
lall gy > — (/ 9(y1,y2) dyr —/ g(yl,yz)dm) dya
€ Jo 0 1/2

C)\ 6/)\ 1/2 1
== Ilnyzll/Qdyz(/ |1ny1|1/2dy1—/ |lny1|1/2dy1)
€ Jo 0 1/2

> ¢1(In)\/e)'/?,

where ¢; > 0 is an absolute constant and for the last estimate we used (A.3). Thus there is a sequence of atoms
(ay)p2, in Hy(E,T) such that |, ||, () — oo as v — oo, which leads to the conclusion that H,(E,T) #
H,(E).
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