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Abstract
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almost diagonal operators on the associated sequence spaces is developed and it is
shown that this class is an algebra. The boundedness of almost diagonal operators is
utilized for establishing smooth molecular and atomic decompositions for the above
homogeneous Besov and Triebel-Lizorkin spaces. Spectral multipliers for these spaces
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1 Introduction

Homogeneous Besov and Triebel-Lizorkin spaces are developed in [ 18] in the general
setting of a metric measure space with the doubling property and in the presence
of a non-negative self-adjoint operator whose heat kernel has Gaussian localization
and the Markov property. Their inhomogeneous version was previously developed in
[9,24]. These spaces can be viewed as a natural generalization of the classical Besov
and Triebel-Lizorkin spaces on R?, developed mainly by Peetre, Triebel, Frazier, and
Jawerth, see [14-16,26,34,35]. Our goal here is to develop various aspects of the theory
of homogeneous Besov and Triebel-Lizorkin spaces in the general setting indicated
above (see below), including, almost diagonal operators on respective sequence spaces,
atomic and molecular decompositions as well as spectral multipliers, in analogy to the
theory of Frazier and Jawerth [14,15].

We shall operate in the setting put forward in [9,24], which we describe next:

I. We assume that (M, p, ©) is a metric measure space satisfying the conditions:
(M, p) is alocally compact metric space with distance p (-, -) and p is a positive Radon
measure such that the following volume doubling condition is valid

0 < |B(x,2r)| <co|B(x,r)] <oo forallx € M andr > 0, (1.1)

where |B(x, r)| is the volume of the open ball B(x, r) centered at x of radius » and
co > 11s a constant.
From the above it follows that there exist c6 > 0 and d > 0 such that,

|B(x, ar)| < cor|B(x,r)| forx € M,r >0, and A > 1. (1.2)

The minimal d satisfying (1.2) is a constant playing the role of a dimension.

We also assume that (M) = oo.

II. The main assumption is that the geometry of the space (M, p, w) is related to an
essentially self-adjoint non-negative operator L on L?(M, d ), mapping real-valued
to real-valued functions, such that the associated semigroup P, = e¢~' consists of
integral operators with (heat) kernel p,(x, y) obeying the conditions:

(a) Gaussian upper bound There exist constants C*, ¢* > 0 such that

2 ,
C* exp{— L2 t(x’})}

[1BCe, VDB, vDI]'?

|p:(x, )| < for x,ye M, t > 0. (1.3)

(b) Holder continuity There exists a constant o > 0 such that

* 2
cfp~(x.y)
1 }

p(y, y’))a[ exp{— (1.4)

|pi(x, y) = pix, Y] < C*< Vi 1B, /DB, VD]

for x,y,y € M and t > 0, whenever p(y, y') < /1.
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(c) Markov property:
/ pr(x,y)du(y) =1 forx € Mandt > 0. (1.5)
M

Above C*, ¢* > 0 are structural constants.

The following additional conditions on the geometry of M are also stipulated:
(d) Noncollapsing condition There exists a constant ¢; > 0 such that

inf [B(x, )| > ci. (1.6)
xeM

(e) Reverse doubling condition There exists a constant ¢, > 1 such that
|B(x,2r)| > c3|B(x,r)| forx € Mandr > 0. (1.7)
Condition (e) readily implies
|B(x, Ar)| > C3)\.d*|B(x, r)] forx e M,r >0, and A > 1, (1.8)

where d* :=log, ¢c2 < d and c3 = cz_l.

Note that the reverse doubling condition (1.7) is not restrictive because as shown
in [9, Proposition 2.2] if M is connected, then (1.7) follows by the doubling condition
(1.1).

The above setting appears naturally in the general framework of strictly local regular
Dirichlet spaces with a complete intrinsic metric. In particular, this setting covers the
cases of Lie groups or homogeneous spaces with polynomial volume growth, complete
Riemannian manifolds with Ricci curvature bounded from below and satisfying the
volume doubling condition. It also contains the classical setting on R”. For details,
see [9].

Analysis on metric measure spaces of homogeneous type (satisfying the doubling
property) goes back to the celebrated work of Coifman and Weiss [7,8]. Spaces of
functions or distributions associated with operators are studied during the last fifteen
years. The literature on the subject is extensive but as a small sample we refer to
[11,12,23] for Hardy spaces and [3] for Besov spaces. The reverse doubling property
is quite common (see e.g. [22,37]), while more general Gaussian bounds can be used
instead of (1.3) [20,25]. Two-sided Gaussian estimates are occasionally used [1,21];
in fact it is established that they imply the Holder continuity (1.4). For more articles
in the area we refer to [4,9,13,24,25,36] and the references therein.

This article is a followup of [18], where the homogeneous Besov and Triebel-
Lizorlin spaces in the general setting described above are introduced and studied. Our
goal is to generalize a substantial part of the theory of Frazier and Jawerth [14,15] in
the general setting of this article.

The main point in the present article is to show that in the general setting described
above it is possible to develop atomic and molecular decomposition of homogeneous
Besov and Triebel-Lizorkin spaces and Mihlin type multipliers in almost complete
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generality as in the classical case on R". As an application, we cover new settings
such as the ones on Lie groups and Riemannian manifolds.

The organization of the paper is as follows. In Sects. 2, 3,4, and 5 we place all needed
preliminaries from [9,18,24], including, smooth functional calculus, distributions,
frames, and frame decomposition of the homogeneous Besov and Triebel-Lizorkin

spaces qu, B;q, F ;q, F ;q. In Sect. 6, we develop almost diagonal operators on the
associated sequence spaces, improving on results of [10], in analogy to the classical
case on R”, developed by Frazier and Jawerth [14,15]. In particular, we show that
the almost diagonal operators form an algebra and are bounded on the respective b-

and f-sequence spaces. In analogy to the classical case on R” (see [14,15]) we intro-

duce in Sect. 7 smooth molecules for the spaces BS f? g’ F s ~;q and establish
results for molecular decomposition of these spaces 51m11ar to the ones from [14,15].
We use these results and the compactly supported frames, essentially developed in
[10], to establish atomic decomposition of the spaces as well (Sect. 7.3). In Sect. 8,

we use the molecular decomposmon to obtain Mihlin type spectral multipliers for

S
the spaces qu, B g’ pq and F rq- The atomic and molecular decompositions of
inhomogeneous Besov and Triebel-Lizorkin spaces are briefly discussed in Sect. 9.
Section 1 is an appendix where we place the proofs of some claims from previous

sections.

Notation: Throughout we shall denote |E| := p(E) and 1g will stand for the char-
acteristic functionof E C M, || - |, = || - llLr := || - llLr(Mm,d)- The Schwartz class
on R will be denoted by S(R). Positive constants will be denoted by ¢, C, ci, ¢/,

. and will be allowed to vary at every occurrence. The notation a ~ b will stand
for c; < a/b < c;. We shall also use the standard notation a A b := min{a, b} and
a Vv b :=max{a, b}.

2 Background

In this section we collect all basic ingredients for our theory, developed in [9,18,24].

2.1 Functional Calculus

Let E;, A > 0, be the spectral resolution associated with the non-negative self-adjoint
operator L from our setting (Sect. 1). As L maps real-valued to real-valued functions,
for any real-valued, measurable and bounded function f on R the operator f (L),
defined by f(L) := fooo f(M\)dE;, is bounded on L?(M), self-adjoint, and maps real-
valued functions to real-valued functions. Furthermore, if f (L) is an integral operator,
then its kernel f(L)(x, y) is real-valued and f(L)(y, x) = f(L)(x, y), in particular,

pi(x,y) € Rand p:(y, x) = pi(x, y).
The finite speed propagation property plays an important role in this study:

(costvVI) f1, o) =0, O<ét<r, &:= e @2.1)
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for all open sets U; C M, f; € LZ(M), supp fj C Uj, j = 1,2, where r :=
o (U, Uy).

This property is a consequence of the Gaussian localization of the heat kernel
and implies the following localization result for the kernels of operators of the form
f(87/L) whenever £ is band limited, see [24]. Here £ (&) == [, f(t)e "€dt.

Proposition 2.1 Ler f be even, suppf C [—A, A] for some A > 0, and f e W for
somem > d, i.e. ||f(’")||1 < 00. Then forany 6 > Oand x,y € M

FOVLY(x, y) =0 if plx,y) > GBA. 2.2

We shall need the following result from the smooth functional calculus induced by
the heat kernel, developed in [9,24].

Theorem 2.2 Suppose f € CN(R), N > d + 1, f is real-valued and even, and
IFYM) < AvA 4+ |A) " forh € Rand0 <v < N, wherer > N +d.

Then f(8N/L), 8 > 0, is an integral operator with kernel f(8~/L)(x, y) satisfying

VD) )| < cAn(1 +8—1p(x,y))—1v ) Ayl +8—1p(x’y))—N+d/2
T (1B elBGL N T 1B(x, )|
(2.3)
and
A (PO (1 4 51 _N
‘f(f?\/z)(x,y) —f(S\/Z)(x,y’)| < ¢ N( 5 ) ( +46 ,o(x,y)) o

(1B(x, 8)I1B(y, 9)I)'/

whenever p(y, y') < 8. Herea > Qisfrom(1.4)andc, ¢’ > 0are constants depending
only onr, N, and the structural constants co, C*, c*, «.

Moreover, fM f(B«/z)(X, yduy) = f(0).

In the construction of frames we utilize operators of the form ¢(8+/L) generated
by cutoff functions ¢ specified in the following

Definition 2.3 A real-valued function ¢ € C*°(R_) is said to be an admissible cutoff
function if ¢ # 0, supp ¢ C [0, 2], and ¢ (0) = 0 form > 1.

Furthermore, ¢ is said to be admissible of type (a), (b) or (c) if ¢ is admissible and
in addition obeys the respective condition:

(@) o) =1,1€]0,1],
(b) suppe C [1/2,2] or
(c) suppg C [1/2,2]and Y5 l9(2~/1)|* = 1 for 1 € (0, 00).

The kernels of operators of the form ¢(8+/L) with sub-exponential space localiza-
tion will be the main building blocks in constructing frames.
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Theorem 2.4 [24] For any 0 < ¢ < 1 there exists a cutoff function ¢ of any type, (a)
or (b) or (¢), such that for any § > 0 and m > 0

y8=2m expi _ K(p()g,w)l—s}

(IB(x, »)I1B(y, $)))"/?

IIL" o8V L)1(x, y)| < , X,yeM, (25

where ¢, k > 0 depend only on &, m and the constants co, C*, c* from (1.1)—(1.4).

Remark 2.5 Note that [L’”(p(é«/f)](x, y) in (2.5) is the kernel of the operator
L™ (8~/L), however, it can be considered as L acting on the kernel ¢(8+/L)(-, y)
or L™ acting on ¢(8+/L)(x, -) as well. In fact the result is the same: For any x, y € M

[L"(VL)](x, y) = L™[@(BVL)(-, )1(x) = L"[9(VL)(x, ().  (2.6)

Furthermore, if f, g are real-valued functions on R, obeying the hypotheses of The-

orem 2.2 and F(v/L) := f(ﬁ)g(\/z), then
F(VL)(x,y) = FWDIgWL)(, W) = fF(VD)g(VL)(x, (), Vx,ye M.

2.7)
The above claims follow from the more general result in [18, Proposition 2.7].

2.2 Some Properties Related to the Geometry of the Underlying Space

To compare the volumes of balls with different centers x, y € M and the same radius
r we shall use the inequality

p(x,y)
r

d
IB(x.r)| < co(l + ) B, r)l, x,yeM, r>0. 2.8)

As B(x,r) C B(y, p(y, x) + r) the above inequality is immediate from (1.2).
The following simple inequalities are established in [18,24]:

Lemma 2.6 Ifo > d and § > O, then for any x € M

/ (1487 p(x, ) " du) < c|B(x, 8). (2.9)
M

Lemma 2.7 Letoy, 0y > d and §;, 8> > 0, and

= / dp(u) (2.10)
m (1487 o0, ) (1485 p(y, u)”

Then for any x,y € M

c|B(x, 81| c|B(y, &)l
T (48 0y (1487 plx, y)

2.11)
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and consequently

B(x. 5 B(y.$
/< c|B(x, 81)| nd 1 < c|B(y, ) T
(1 + Smaxp (x, y))@1=—d)ro2 (1 4 8maxp(x, y))o1A@2=d)

Here Smax := 61V 82 and the constant ¢ > 0 depends only on o1, 03, d, and co. Recall
also that a A b := min{a, b}.

Maximal 6-Nets

The construction of frames in our setting relies on a sequence of §-nets. Such §-nets
on manifolds have been used earlier in [29] and in the current framework in [9,18,24].
Note that in [25] the frames where built in an alternative way by using the Christ’s
“dyadic cubes” [5].

By definition X C M isad-neton M (§ > 0)if p(&,n) > 5,VE, n € X, and
X C M is a maximal §-net on M if Xis a é-net on M that cannot be enlarged.

Some basic properties of maximal §-nets will be needed (see [9, Proposition 2.5]):
A maximal §-net on M always exists and if X is a maximal §-net on M, then

M =Ugc xB(£.8) and B(£,8/2)NB(1.8/2) =9 if & £y, £.ne X (2.13)

Furthermore, X is countable and there exists a disjoint partition {Ag}ec x of M
consisting of measurable sets such that

B(,8/2) C As C B(§,6), &e X (2.14)

The next lemma is a discrete counterpart of Lemma 2.7; its proof is deferred to the
appendix.

Lemma2.8 Leto > dand0 < § < &1 < &2. Suppose X C M is a 5-net on M. Then

1 - c(81/8)?
i (146706 0) (14570009) "~ (14679, »)

Vx,yeM,

o

(2.15)
where the constant ¢ > 0 depends only on o, d, and the constant co from (1.1).

2.3 Maximal Inequality

We shall use the version M, (r > 0) of the maximal operator defined by

B>x

1 1/t
M, f(x) = sup<®/8|f|tdu) , xeM, (2.16)

where the sup is over all balls B C M such that x € B.
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With u being a Radon measure on M obeying the doubling condition (1.2) the
general theory of maximal operators applies and the Fefferman-Stein vector-valued
maximal inequality holds [32]: If 0 < p < 00,0 < ¢ < 00,and 0 < ¢ < min{p, g}
then for any sequence of functions { f,} on M

(Zimno) ] < (o™ . em

2.4 Spectral Spaces
As before E;, & > 0, will be the spectral resolution associated with the self-adjoint

positive operator L on L? .= L2(M ,du). We let F, A > 0, denote the spectral
resolution associated with /L. ,1.e. F) = E,2. Then for any measurable and bounded

function f on R the operator f(v/L) is defined by f(vL) = [;° f(A)dF; on L.
For the spectral projectors we have E; = 1jo,3j(L) := fooo Lo, (u)dE, and

o o0
F = 1pn(VL) = f Lo WdF, = / Lo (Vi)dE,. (2.18)
0 0

For any compact K C [0, co) the spectral space ZZ is defined by
SR i={feLl:0(WL)f = fforallg € C(Ry), 6 =1on K}.
In general, given a space Y of measurable functions on M we set
=) :={feY :0(WL)f=fforalld e C°(R4), 6 =1on [0, 1]}

For the use of band limited functions on similar settings, such as Lie groups, we
refer the reader to [27,28].
3 Distributions
Homogeneous Besov and Triebel-Lizorkin spaces associated with the operator L are

spaces of distributions modulo generalized polynomials, and are introduced in [18].
Here we collect some basic facts from [18,24].

3.1 Basic Facts

In the setting of this article the class of test functions S is defined (see [24]) as the set
of all complex-valued functions ¢ € N,,>1 D (L") such that

Pu(@) = sup (1+ p(x, x0))

" max |L"¢(x)| < oo, Vm > 0. 3.1
xeM O<v=m
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Here xo € M is selected arbitrarily and fixed once and for all. Note that Sis a complete
locally convex space with topology generated by the above sequence of norms, i.e. S
is a Fréchet space, see [30].

Observe also thatif ¢ € S,thend € S, which follows from the fact that L = Lo,
for L maps real-valued to real-valued functions.

The space & of distributions on M is defined as the set of all continuous linear
functionals on & and the action of f € S on¢ € S will be denoted by (f, ¢) :=
f (¢), which is consistent with the inner product on L2(M).

Let us clarify the action of operators of the form ¢(+/L) on S'. Observe that if
the function ¢ € S(R), the Schwarz class on R, is real-valued and even, then from
Theorem 2.2 it follows that ¢(+/L)(x,-) € Sand ¢(+/L)(-, y) € S. Moreover, it is
easy to see that ¢(+/L) maps continuously Sinto S.

Definition 3.1 We define ¢(+/L) f forany f € S by

(WL, ¢) == (f,9(NL)gp) for ¢ € S. (3.2)

From above it follows that, ¢ (+/L) maps continuously & into &'. Furthermore, if
¢, ¥ € S(R) are real-valued and even, then

o(VLYy (VL) f = v (VL)L) f, Vfe S. (3.3)

3.2 Distributions Modulo Generalized Polynomials

We recall first the definition of generalized polynomials associated with the operator
L.

Generalized Polynomials In the setting of this article, we define the set P, of “gen-
eralized polynomials” of degree m (m > 1) by

Pi={ge S :L"g =0} (3.4)

and set P := U,;>1Py,. Clearly, g € P, if and only if (g, L™¢) =0 forall ¢ € S.
We define an equivalence f ~ g on S by

f~g<—= f—ge?
We denote by &'/P the set of all equivalent classes in &'. To avoid unnecessary
complicated notation we shall make no difference between any two elements f1, f2

belonging to one and the same equivalence class in S'/P.
Note that the null space of L contains no nontrivial test functions:

Proposition 3.2 Ler N(L¥) := {f € D(L*) : L*f =0}, Yk > 0. Then

ML) N L>(M) = {0} and hence N(LF)NL*>(M)=1{0}, Vke N.  (3.5)
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The Classes Sy and & . Denote by S the set of all functions ¢ € S such that
for every k > 1 there exists w; € S such that ¢ = L¥ay, that is, L™%¢ € S for all
k > 1. Note that from Proposition 3.2 it follows that wy above is unique and hence
L~*¢ is well defined.

The topology in S is defined by the sequence of norms

Pr (@) == sup (1 + p(x,x0))" max [L'¢(x)|, m > 0. (3.6)
xeM —m=v=m

We denote by S, the set of all continuous linear functional on Sxo. As before the
actionof f € S, on¢ € S willbedenoted by (f, ¢). Apparently, forany f € S,
there exist constants m € Z4 and ¢ > 0 such that

Kf. o) =cPh(@), V¢ e S (3.7

Several remarks are in order:

(1) Let & € S(R) be real-valued and ") (0) = 0 for v = 0, 1, .... Then for any
k > 1 we have A=%¥6 (%) € S(R), which implies that L*0(J/L)¢ € Sforeach
¢ € Sand hence 0(VL)p € Soo, Vo € S.

(2) Clearly, if ¢ € S, then L¥¢p € Soo and L™%¢ € Soo, Vk > 0.

(3) Itis important to note that S is a Fréchet space, since it is complete.

4) If ¢ € S(R) is even and real-valued, then

L*o(VL)p = o(WL)L*¢, Vo € Sso, Yk > 1, (3.8)

and hence
o(VL)p € Sxo, Vo € Snc. (3.9)

Moreover, (p(\/f) maps S into Sy continuously.
(5) The action of operators of the form go(\/Z) on S’oo, where ¢ € S(R) isreal-valued
and even, needs some further clarification:

Definition 3.3 We define ¢(+/L) f forany f € S, by

(@WL)f,¢) == (f, o(VL)p) for ¢ € Sx. (3.10)

From (4) above it follows that, ¢ (/L) maps continuously S, into 8. Inaddition,
if ¢, ¥ € S(R) are real-valued and even, then

oWy (VL) f = v (VLWL f, Vfe Sy (3.11)

Proposition 3.4 Suppose ¢ € S(R) is real-valued and even and ¢ (0) = 0 for
v=0,1,.... Then forany f € S,

(WL () = (f,9(VD)(x,)), x €M, (3.12)
Moreover, (~/L) f is a continuous and slowly growing function.

Birkhauser



Journal of Fourier Analysis and Applications (2019) 25:3259-3309 3269

Proposition 3.5 We have the following identification:
S/P= 8. (3.13)

From Proposition 3.5 it follows that for a sequence {f;} C §'/Pand f € S'/P
we have

fi— f in §/P ifandonlyif (fj,¢)— (f.¢), V¢ € Sx. (3.14)

The main decomposition result takes the form:

Theorem 3.6 Let W € C*°(R), supp ¥ C [b~1, bl withb > 1, ¥ real-valued, and

D w@B =1 for e (0.00). (3.15)
JEZ

Then forany f € S'/P

f=)_w® VL) f in S/2, (3.16)
JEZ
that is, for any f € Sy,
lim Y (WOTIVIDf.9) = (f ). V€ S (3.17)
, =

Remark 3.7 In the case when M = R? and L = —A (the Laplacian) the distributions
modulo generalized polynomials &'/P introduced in Sect. 3.2 are just the classical
tempered distributions modulo polynomials on R?. Therefore, our general setting
covers the classical case on RY.

4 Frames

In the setting of this article frames are constructed in [9,18,24]. For frames on compact
homogeneous manifolds see [17].
We next recall the construction of frames.

Construction of Frame # 1 We first apply Theorem 2.4 for the construction of a
real-valued cutoff function & with the following properties: & € C*(R4), ®(u) = 1
foru € [0,1],0 < ® < 1, and supp ® C [0, b], where b > 1 is a constant, see [24].
Set

Y (u) = ®(u) — &(bu). “.1)
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Observe that W € C*(Ry) and supp ¥ C (b="', bl By Theorem 2.4 W(s+/L) is an
integral operator with kernel W (§ «/Z) (x, y) of sub-exponential localization, that is,

cooxp [~ x(252)")

(IBCx, OIIB(y, OV

\W(GVL)(x, y)| < Vx,y € M. 4.2)

Here 0 < B < 1 is an arbitrary constant (as close to 1 as we wish) and x > 0
and ¢, > 1 are constants depending only on S, b, and the constants cg, C*, ¢* from
(1.1)—(1.4). Furthermore, for any m > 1

emd M exp | — K(P();,y))ﬂ}
(1B(x, 8)[|B(y, $))'/2

L™ W (5N D)](x, y)| < . Vx,yeM. 4.3)

Set '
Viu) :=Vvb"’u), jel 4.4)

Clearly, ¥; € C*(R4),0 < W; < 1,supp¥; C [/, b/, j € Z, and

ij(u) =1 foru e (0,00).
JEL

Therefore, by Theorem 3.6 for any f € S'/P

f= Z ; (VL) f (convergence in S'/P). 4.5)
JEZ
The sampling Theorem 4.2 from [9] will play an important role in this construction.
In particular, this theorem yields the following

Proposition 4.1 Forany ¢ > 0 there exists a constanty (0 < y < 1) such that for any
maximal §—net X on M with § := y1~', A > 0, and a companion disjoint partition
{Ag}ee x of M as in Sect. 2.2 consisting of measurable sets such that B(§,68/2) C
Ag C B(§,9), & € &, we have

A-olf3< Y IAlf©OP <A +olfI3 Yfes2 @6

te X

At this point, we introduce a constant 0 < ¢ < 1 that will be specified later on. We
use the above proposition to produce for each j € Z a maximal §-net X; on M with
8j = yb~7"2and a disjoint partition {Ag }¢e x; of M such that

A=alfI3 < D 1Allf@PF <A +a)lflI3 YfeThn @7

te X/‘

Set X := Ujez &, where equal points from different sets X’; will be regarded as
distinct elements of X, and hence X can be used as an index set.
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Frame # 1 {{/¢}¢c x is defined by
Ve (x) = |Ae| V20 (VL) (x,8), e X;, jeL (4.8)

Construction of Frame # 2

A dual frame {1/}5} is constructed similarly as in [24] with properties similar to the
properties of {v¢}.
The first step in this construction is to introduce a cutoff function

Tw) = &b 2u) — ®(bu), (4.9)

where @ is from the construction of Frame #1. Clearly, supp "’ C [b~!, b3]and " = 1
on [1, b?], implying I'(u) ¥ (1) = Vi (u).
The construction of Frame # 2 hinges on the following

Lemma 4.2 [9] There exists a constant 0 < ¢ < 1 such that the following claim holds
true. Given A > 0, let X be a maximal §—net on M, where § = yk_lb_3 with
y the constant from Proposition 4.1, and suppose {A¢}ec x is a companion disjoint
partition of M consisting of measurable sets such that B(§,5/2) C Ag C B(§,9),
& e X(Sect. 2.2). Set wg = (1 + 8)71|A§| ~ |B(&, 8)|. Then there exists a linear
operator T, : L>(M) — L*(M) of the form T, = 1d + S, such that

(a)

[fll2 = ITufll2 < Ifll2, VfeL

- 1-2¢

(b) Sy is an integral operator with kernel S (x, y) verifying

cexp{ - 5 (ho(x. )"}
(IB(x, A=D[|B(y, A=H1/2’

[S5.(x, )| < Vx,y e M. (4.10)

© SiL? C ], )

(d) Forany f € L*(M) such that F(A_I«/Z)f = f we have

fO) =" fETIUTLC.E)I(x), VxeM, (4.11)

Ee X

where T (-, -) is the kernel of the operator "), := (L) with [ from (4.9).

We use the above lemma to select the constant € (0 < ¢ < 1) that was used in the
construction of Frame #1.
Let X; and {Ag}ee x; be as in the definition of Frame #1. Denote briefly I';; =

L(p=/*1/L) for j € Zwithaj :=b/~!, and let Ty.; = 1d+ S, be the operator from
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Lemma 4.2, applied with A = A ;. The dual frame {&g}ge x is defined by
Ve (x) = o Ae|'PT [T, (O] (), Ee X jeZ, coi=(+e) " (412)

In the next theorem we record the main properties of {1/¢ }se x and { &g Jee x.

Theorem 4.3 [18, Theorem 4.3]
(a) Representation: Forany f € S'/P,

f=Y f ue)ve =) (f ve)ds in S/P. (4.13)

e X Ee X

(b) Space localization: Forany 0 <k < «k/2, m € Z, andany & € X}, j € Z,

IL"™ e ()|, [L" g ()] < cnb™ ™ BE, b)) 72 exp { — k(b p(x, 6))P}.
} (4.14)
(c) Spectral localization: vz € E[];j*l,bfﬂ] and e € E[I;j72’hj+2] for & e Xj,
j€Z0< p<oo.
(d) Norms: Forany & € Xj, j € Z,

8 |
Iellp ~ IWell, ~ IBE b~))[P 2 for 0 < p < oo. (4.15)

(e) Frame: The system {1}5} as well as {Y¢} is a frame for L?, namely, there exists a
constant ¢ > 0 such that

LI < Y NP <clfl, Vf el (4.16)

te X

5 Homogeneous Besov and Triebel-Lizorkin Spaces

Homogeneous Besov and Triebel-Lizorkin spaces in the setting of this article are
developed in [18]. Next, we recall the definition of these spaces and some basic results
on them.

Definition of Homogeneous Besov and Triebel-Lizorkin Spaces To deal with pos-
sible anisotropic geometries we introduced in [18] two types of homogeneous Besov
(B) and Triebel-Lizorkin (F) spaces:

@) Clzssical homogeneous B-spaces B;,q = B;,q (L) and F-spaces F[S)q = F[S)q (L),
an S 8 S
(ii) Nonclassical homogeneous B-spaces B,, = B,,(L) and F-spaces F,, =

S
F,(L).
Let the function ¢ € C*°(Ry) satisfy

suppg C [1/2,2], lp()| > ¢ >0 forr e [279/4, 234, (5.1)
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Then Y ;7 lp(2772)| > ¢ > O for A € Ry. Set @; (1) := @27/ 1) for j € Z.

Definition 5.1 Lets € Rand 0 < p, g < oo.
(i) The Besov space B;q = B;‘,q(L) is defined as the set of all f € &'/P such that

i q\ 1/4q
W, = (Z (2/S||¢j(ﬁ)f(-)||Lp) ) < 0. (5.2)

JEL

(i1) The Besov space §;q = §;q (L) is defined as the set of all f € &'/P such that

. a\ /4
Iflg = <Z<|||B(',2_/)|_‘Y/d¢j(\/z)f(')||m> ) <oo.  (53)
= jez
Definition5.2 Lets e R,0 < p < 00,and 0 < ¢ < oo.

(a) The Triebel-Lizorkin space F g = F g (L) is defined as the set of all f € S /P
such that

< 0. 5.4
Lr

(Z (sz,- (ﬁ>.f(->|)q)l/q

JEZL

1/ Ny, = ‘

(b) The Triebel-Lizorkin space F ;q = F ;q (L) is defined as the setof all f € S'/P
such that

) q\ 1/q
Ifll e = ”(Z(|B<.,2—J)|—f/d|<oj<ﬁ>f<->|> )

J€EZ

<oo. (5.9)

Lp

Above in both definitions the £7-norm is replaced by the sup-norm if g = oo
Several remarks regarding the homogeneous Besov and Triebel-Lizorkin spaces
are in order.

(1) The above definitions of the spaces 135Y D E;q 2 q and F ;q are independent of
the particular selection of the function ¢ € C °°(IR+) obeying (5.1).

(2) In the definitions of the qu, B;q, pq, and F g spaces above the role of the
constant 2 can be played by an arbitrary g > 1, then e.g. 2/5 in (5.2) and (5.4)
will be replaced by 8/°. and then the resulting norms are equivalent to the ones
from Definitions 5.1 and 5.2.

(3) The space Soo 1s continuously embedded in each of the spaces BS pg> B pg’ F [s,q,

and F , and each of the last is contlnuously embedded in §'/P = S.

S
(4) Each of the spaces qu, B pg» Fpg» and F pq 18 continuously embedded in S /P,
that is, there exist constants m > 0 and ¢ > 0, depending on s, p, g, such that
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(f, ) =l fllzy, Pu@). VF € By Vo€ Sws (5.6)

and similar inequalities hold for B P pq, and F
%) By a standard argument the above assertion readlly 1mp11es that the spaces B* P’
B . F qsand F 4 are complete and hence they are quasi-Banach spaces (Banach
spaces if p,q > 1)

Frame Decomposition of Homogeneous Besov and Triebel-Lizorkin Spaces

One of the main results in [18] asserts that the homogeneous Besov and Triebel—
Lizorkin spaces in the setting of this article can be characterized in terms of respective
sequence norms of the frame coefficients of distributions, using the frames {V¢}ec x,
{lﬁg}ge x from Sect. 4. Asis Sect. 4 X' := U;cz X; will denote the sets of the centers
of the frame elements and {A¢ }¢e x; will be the assocmted partitions of M.

In the following we first recall the definition of the homogeneous sequence spaces

8
S
b b’ b g and qu, f g’ associated with the B- and F- spaces, and then give the frame

characterization of the B- and F-spaces.

Definition 5.3 Lets € Rand 0 < p, g < oo.

(a) By%q is defined as the space of all complex-valued sequences a := {ag }ge x such
that

p4/r\ /4
mm:<zyM[Z(w@bmW”%@} ) <o0. (5.7)

JEZ e X

8
b) b g is defined as the space of all complex-valued sequences a := {ag}gec x such
that

) p4/p\ /4
lally = <Z[ > <|B(é’,b_])l_s/d+l/p_l/2|a§|> } ) < oo,

b jez b te x;
(5.8)

Definition 5.4 Suppose s e R,0 < p < 00,and 0 < g < 0.

(a) f;q is defined as the space of all complex-valued sequences a := {ag}ge x such

that
MW"KZWW

JEL e X

< 00. 5.9)
Lr

. 1/q
|a$|1A5(')]q>

5
(b) f,, is defined as the space of all complex-valued sequences a := {ag}¢e x such
that
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5 g\ /9
lal = H( [|A§|_S/d|a§|hg(')}>
e X

Here 1 A = |Ag |’1/ 21 Ac with 1 Ag being the characteristic function of Ag.

< 00. (5.10)
Lp

Above as usual the £7 or £9 norm is replaced by the sup-norm if p = coorg = oo
The “analysis” and “synthesis” operators are defined by

Sy f = Uf ¥e)keer and Ty :faglecx > Y asye. (5.11)

te X

Here the roles of {1} and {&g} can be interchanged.

Theorqm 5.5 [18, Theorem 5.6] Let s € R and 0 < p,q < oo. (a) The operators
S@ : B[S,q — b;,q and Ty : b;,q — B[S,q are. bounded and Ty, o S@: 1d on L?[S)q.
Consequently, for f € S /P we have f € B}, if and only if {{f, ¥&)lee x € b,
Moreover, if f € By, then || £l g, ~ I{(f, Vel and

) - q/p\ /4
£ 1155, ~ (ZW[ pRIE Ws)%ﬁgllg} ) : (5.12)

JEZ e X

(b) The operators S és — I;S and Ty : I;S — és are bounded and Ty 0S; =

Id on B . Hence, [ € qu — {{f, Wé) tex € b . Furthermore, if f € B
then ||f||é ~ IH(F s e ;> and
rq rq

) - p4a/p\ /4
11 g ~<Z[Z(|B<s,b—1>|—s/d||<f,wsw/fsnp)} ) BN GRE))

JEL ~kec X

Above in (a) and (b) the roles of {Y¢} and {&g} can be interchanged.

Theorem 5.6 [15_3, Theorg:m 5.7] Let s € R, O'< p <oocand 0 < g < oo. (a) The
operators S]/; : F;q — f;q and Ty : f;q — FS are bounded and T~ ) Slp = Id on
Fp,. Consequently, f € F, ifand only if {(f, wg Jeex € f;q, and lff € F,,, then
£l ~ I T - Furthermore,

(5.14)

' ~ /g
<me > i x/fs>||w5<->|]q)

JEZ SEX/'

1/ 0, ~'

Lr

S S S
(b) The operators Stﬁ D F,, & qu and Ty : f,, — F,, are bounded and

T oSw =1d onF . Hence, f € qu if and only if {({f, Wg)}gexe qu, and if

feF,, then|lfl g~ WS T p - Furthermore,
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1/q
(5.15)

Ifllgs ~ H(Z [1B&E b=, x/7g>||1/fs<->|]")
Pq gex

Lr

As before the roles of Y and 1}5 can be interchanged.

6 Almost Diagonal Operators

As in the classical case on R" (see [15]), we shall introduce almost diagonal operators
acting on the sequence homogeneous Besov and Triebel-Lizorkin spaces. In fact, our
definition for almost diagonal operators is a refinement of the one given in [10] in the
inhomogeneous case.

As in the definition of the sequence Besov and Triebel-Lizorkin spaces in Sect. 5

X:=Ujez Xj 6.1)
will be the set of centers of the frame elements ¢ and &g, & e X and
{Aglee x;, Usex;Ae =M, jeLZ, (6.2)

will denote the companion disjoint partitions of M.

Remark 6.1 As indicated above the sets &, j € Z, X := Ujcz X} are from the
definition of the frames {v¢}se . {1}5 }ee x in Sect. 4. Note that once the constant
y > 0is fixed (see Sect. 4), each set X is an arbitrary maximal §; —net on M with
§j = yb~7~2. Therefore, there is no uniqueness in the selection of these sets. In what
follows we shall assume that once selected these sets are fixed, once and for all.

A similar observation is valid about the sets A¢, & € X, from (6.2). They form an
arbitrary disjoint partition of M consisting of measurable sets such that

B(,8;/2) C A¢ C B(§,6;), & e & (6.3)
Again there is no uniqueness. We shall consider them fixed, once and for all.
It will be convenient to us to use the notation
LE) = b~/ and Be :=B(,6;) for § € X;, jeZ (6.4)

Here b > 1 is the constant from the construction of the frames in Sect. 4. Observe that
by (1.2) and (6.3) it follows that |A¢| ~ |Bg| ~ |B(§, £(%))].

Ny P

Definition 6.2 Let A be a linear operator acting on one of the spaces b pa S pg> Bf,q,
f';q, with associated matrix (ag, )¢, e x. Letalso J:=d/min{l, p} for l}‘;q, 51](1 and

Birkhauser



Journal of Fourier Analysis and Applications (2019) 25:3259-3309 3277

o iS
J:=d/min{l, p, q} for f, f ,,. We say that the operator A is almost diagonal on
the respective b- or f-space if there exists 6 > 0 such that

|aEr)|

£ne Xwén((s)

(LN |B§|>l/2< p(E, 1) )‘H
8 =|— — 14+ —2 -
“en(®) (an)) <|B,,| T nax(e @), ¢m)
o (42).(42) ")
e ) \e@ '

: X X
in the case of the spaces b),, or f,,, and

where

|Bs|>”"“/2<l+ p(E, 1) )“

8) = —=
wéﬂ( ) (|Bﬂ| max{£(£), £(n)}

8 J+8
5 min{ (@) , (@) } 6.6)
£(n) L&)
in the case of l;;q or f;x

rq-

6.1 Boundedness of Almost Diagonal Operators

We next show that the almost diagonal operators are bounded on lﬁj,q, by .[ﬁq, or

A
f pq» respectively. More precisely, with the notation

1Al = sup A% 6.7)
Ene Xwén(a)

the following result holds:

Thgorem 6.3 Supposes e R,0 < g <00,and0 < p <00 (0 < p < 00 in the case
of b-spaces) and let | Alls < oo (in the sense of Definition 6.2) for some § > 0. Then
there exists a constant ¢ > 0 such that for any sequence h := {hg}ge x € b; q

1Akl < clAlsIall, | 6.8)

. S . pA)
: S S
and the same holds true with bpq replaced by bpq, qu, or qu.

The proof of this theorem will be carried out similarly as the proof of Theorem 3.3
in [15] or Theorem 4.4 in [10]. We place it in the appendix.
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6.2 The Algebra of Almost Diagonal Operators

LetseR,0<p<oo(0<p<oointhecaseofbspaces) and 0 < g < oo be
S

fixed. We denote by ad o the class of almost diagonal operators on bs
A
f pq> €quipped with the norm

S
pa’ qu’bpq’or

|Allady, = inf AL, 6.9)

where ||Alle := supg , lagy|/wey (€), see (6.5)~6.7).
This is a nondecreasing function of ¢ and, therefore, || A ”ad‘;,q is indeed a norm.
Our next goal is to prove that the class ad),, is an algebra under composition.

Theorem 6.4 Lets e R, 0 < p <00, and0 < g < 0o (0 < p < 00 in the case of
b- spaces). Then for the respective b- and f -spaces the following claims hold:

N
(1) IfA,B e adpq, then Ao B € adpq.

(i1) For any € > O there exists § > 0 such that if A € ad‘;,q and ||I — Alls < 6, then
A is invertible and A~" € ad),,.

We shall carry out the proof of this theorem in the spirit of the proof of Theorem 9.1
in [15]. We need some additional notation. For any g, y > Oand §, n € A we set:
(i) in the case of bf,q and f;q,

NG pm
wen(B,y) = <m> <|B |> <1+m>
7+
xmin{(ﬁ)h(@) y}, (6.10)
L(n) L&)

8 )
(i) in the case of bpq and qu,

1B\ pm) T
wen (B, y) = (w) (1 * m)

J+
xmin{<@>y, <@> V}. (6.11)
£(n) L)

Furthermore, given 8, y1, Y2 > 0and &, n € X, we set

Wen (B, v1,v2) i= Y wec (B, yD)wen (B, v2). (6.12)
te X

The following lemma will be instrumental in the proof of Theorem 6.4.

Lemma 6.5 Let B, y1, 2 > 0 be such that y1 # y> and B < y1 + y». Then for any
§.ne X
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Wéﬂ(ﬁs V17 V2) Scwéfl(ﬁs 7/1 /\y2)s (613)

where the constant ¢ > 0 depends on B, y1, y2, J, and the constant cq from (1.1).

Proof We shall only carry out the proof for the spaces B;q and f »q- The proof for the

spaces I;;q and f j,q is similar.
Assume £(§) < £(n). Clearly, by (6.10)—(6.12)

e\ (1Bl ?
= T (1) (1)

e X

" <]+ P, ) )‘7’3<]+ P&, m) )j’g
max{£(§), £(¢)} max{£(¢), €(n)}
enf(G) " (58) Pl ()" ()
o)) T\eE) ) T\L©@) '
Let £(§) =b~/,€(n) =b",v < j. Then

¢ S /1B 1/2
WEr)(ﬁv Y1, )/2): <@> <M> (21+22+23),

£(n) | By
where
o0 - -8 ~ -8
S A U T e, eo) max(£(0). €}
. {(z@))” (f(;)) J*V'} . {(ao)ﬂ (um) j*VZ}
xmini | —= ) ,[—= min] [ —= ) , (=L
£(¢) (&) £(m) £(¢)
j v—1
and ¥, = i > -, %3 = > > .. for the same quantity. Applying
m=v¢e X, m=—00 ¢e A,
(2.15) we get
00 B THDG—m) pya(v—m)

2 =

J+B

m=j+1 € Xy (1+bipE, Q) (L+bp(c, ) T+

oo
<c (1 +bYpl(E, ,7))_ J=B Z pCTFYDG=m) pya(v—m) pd(m—j)
m=j+1

<c(l+b"pE )" TP pre=i),
where for the last inequality we used that y; + y» > 0O and J > d.
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We use again (2.15) to obtain

py1im=p)py2(v=—m)

J
YhH =
2=2. 2 (L4+bmpE, )T A+ bvp(g, ) T+

m=y CE ‘X‘)ﬂ

J
<c (1 + b plE, 77))_ J-B Z prim=j) py2(v—m)

m=v
If y1 < y», then
J 00

Z prim=j) pyav—m) _ Z pi—rIdmp=riipyv o priv=j)

m=v m=v
If y1 > y», then

J J
Z prim=7py2(v—m) Z pi—yadmp=yijpyv ~ pr2(v=j)
m=vy m=—0o0

In both cases we get
Y <c (1 +bp(E, n))_ J-p pNAr)(v=j)
To estimate X3 we use again (2.15) and obtain

vl pyi(m=i) p( T+y2) (m—v)
Y =
=2 2 (L+bmpE )T A+ bmp(c, ) TP

m=—00 ¢e X,

v—1
<c Z (1 + bmp(g’ 7]))_ T-B bVl(m—j)b( .7+y2)(m—v).

m=—00o

However, if m < v, then
- J- _ - J-
(1+b"pE m)” 77 < p T (1 4 b pe, )T F

andduetoy; +y» > 8
v—1
3 BT (TR )

m=—o0
v—1
— Z ptr2=PBmp=yijp=rvppv  pri(v=Jj)

m=—0oQ
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Hence
D (A T) M

Putting the above estimates together we get for £(§) < £(n)

K(E))‘V<|Bg|>”2( p(&n))‘j‘ﬁ(z(@)mn
W, , V1, < — — 14— —_— .
en( 7 ”)<C<£<n) 1B, T o)

Just in the same way one shows that if £(§) > £(n), then

)\ |Bs|>l/2< p(E,n)>‘7ﬂ<€(n))ﬂyl“’2
W, s V1, < — — 1 —_— —_— .
en(f V2)<C<e(n>) <|Bn| LT 6]

The proof is complete. O

Proofof Theorem 6.4 (i) Assume A, B € ad), and let {ag,}s ), {bgyle,y be their
respective matrices. Then there exist &4, &, > 0 such that

|a§17| =< Ca)g,](é‘a), |b$n| = Cwén(gb)-

Evidently, wg; (¢) is a nonincreasing function of ¢ and hence we may assume that
&q > €p. Note that by the definitions it follows that

wgn(B, B) = wgy(B), and wgy(e) < wey(B,y), if0O< B,y <e. (6.14)

Denote by {ct,}¢,, the matrix of the composition A o B. Applying Lemma 6.5 we
get

> agchey

te X

<c Z wer (Ea)wry(ep) < ¢ Z g (Ebs )Wy (b, Ep)
te X te X

|C§n| =

= cWey(ep, a, €p) < *wey(ep, €5) = c*wey(ep)

and the proof of (i) is complete.

(ii) Let D := I — A with matrix {dg,}¢ , and fix & > 0. Assume ||/ — Al|; < § for
some § > 0, implying |dg,| < dwg,(e). Denote by {dél:,)}é,rz the matrix of D",
n > 1. Fix 0 < g1 < &. We claim that there exists a constant ¢* > 1, independent
of §, such that for any n € N

1] < (6™ wgy(e1), VE.m € X. (6.15)
Indeed, from (6.14) wg, (¢) < wey(e1, €) and just as in the proof of (i) we infer
|d§(,27)| < c*82wey(e1) < (c*8) wey(e1).
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Suppose that (6.15) holds for some n € N. Then from |dg,| < dwg,(¢) and (6.15)
it follows just as above that |dé(',;+1)| < (50*)n+1a)gn(81). Therefore, (6.15) holds
foralln € N.
Now, choose § < 1/c*. Then the Neumann series ) . D" converges to the

operator (I — D)~! = A~! and for its matrix {agn] Je,, it holds that
lag, | < (1= 8¢") " wgy (o).
Therefore, A~! exists and is almost diagonal. O

6.3 Compactly Supported Frames

Frames for inhomogeneous Besov and Triebel-Lizorkin spaces in the setting of this
article with compactly supported elements are developed in [10]. We next show
how this construction can be modified for homogeneous Besov and Triebel-Lizorkin
spaces.

Let W be the compactly supported C*° functions from the construction of Frame # 1,
see (4.1). The first step is to construct a band limited function ®, which approximates
W in the specific sense given next.

Proposition 6.6 For any ¢ > 0 and N > K > 1 there exists a function ® € C*(R)
and R > 0 such that ® is even and real-valued, supp ® C [—R, R], and

elulV
|\I}(v)(”)_®(v)(u)| < W, uelR, v=0,1,...,K. (6.16)

Furthermore,
supp F(u""O(u)) C [-R, R] for0 <m <N (6.17)

with F being the Fourier transform.

The constants N, K and ¢ (sufficiently small) will be selected later on. With these
constants fixed, we use the functions ® from Proposition 6.6 to define the new frame.
Let the sets Xj, X' :=Ujez &, and {Ag}ge x; be as in the definition of Frame # 1.
We define a new system {60 }z¢ x by

0s (x) := |Ae V2O IVL)(x, §), E€ Xj, jel (6.18)

Observe that by the fact that supp ® C [—R, R] and the final speed propagation
property (Proposition 2.1) it follows that each 6 is compactly supported, more pre-
cisely

suppbs C B(E,éRb™V), e X, jel. (6.19)

The construction of a dual frame {ég}ge x 1s more involved, see below and for more
details see [10].
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The basic result we need here is that the systems {0 }¢e x, {9} Jee x form a pair of
frames for Besov and Triebel-Lizorkin spaces for the following range 2 of indices
determined by constants so > 0, po, p1, qo > 0:

Q:={(s,p,q) :Is| <s0, po < p=p1, g0 < g < oo} (6.20)

We introduce the following notation: Jo = d/min{1, po} in the case of B-spaces
and Jy :=d/min{l, po, qo} in the case of F-spaces.

Theorem 6.7 Suppose (s, p,q) € Q and let {0z }sc x be the system constructed in
(6.18), where

K>so+ Jo+d/2+1 and N>K+so+ Jo+3d/2+1 (6.21)

Then for sufficiently small € in the construction of {0¢ }ze x the following claims are
valid:

(a) The operator

Tf =) (f V)b,

e X

is invertible on B;q and T, T~ are bounded on B;q.
(b) The system {ég }ee x defined by

9~$ = Z <T71‘/f77: &S)anv §e X,

ne X

is a dual frame to {0¢ }¢c x in the following sense: For any f € B;q

f=2 (00 and |Ifllg ~ NCF 0Dl - (6.22)

Ee X

where (f, ég) is defined by

(f06) =) (T g, Y ) (f 0y (6.23)

ne X

and the convergence in (6.22) is in S'/P and unconditional in B;q.

N . S

Furthermore, (a) and (b) hold true when B;q is replaced by qu, F;q, or qu,

. S . A
and bj,, by b, f;q, or f g respectively.

The proof of this theorem is a straightforward adaptation of the proof of Theorem 4.2
in [10]; we omit it.
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7 Smooth Molecular and Atomic Decompositions

Families of smooth atoms and molecules on Homogeneous Besov and Tribel-Lizorkin
spaces in the classical case on R” are introduced and studied in [14,15]. They not only
provide convenient building blocks for various spaces of distributions, but also can be
used in establishing boundedness of operators [2,6,19,31,33,38].

7.1 Smooth Molecules for B and i-'-Spaces

In this section we generalize the boundedness of the operators Ty, Sv; from (5.11) (see

Theorems 5.5 and 5.6) by replacing {¥¢}and {1/75 } by families of smooth molecules. We
present the results for the F IS, 4 spaces, but they also hold for the Bls, 4 spaces. We recall

from Definition 6.2 that 7 := d/min{1, p} for B3, B;q and J:=d/min{l, p, q}

. S
S
for qu, qu. Also, we set

K:=(J-s5)/2]+1 ifs< J and N:=[s/2]+1 ifs>0 (7.1)

(K, N will be needed only for the indicated values of s). As before X' = Ujcz X
will be the set centers of the frame elements {¢} and {&g} and {Ag}ze x; will be

the companion disjoint partitions of M, see Remark 6.1. Recall that £(§) := b~/ and
Bs == B(£,8)),8;, =yb I 2 e X}, je

Definition of Smooth Synthesis Molecules
Lets e R,0 < p < 00,0 < g < o0,and let J, K, N be as above. We say that

{mg}ec x is a family of smooth synthesis molecules for F Is, if there exists M > 7
such that for any £ € X

q°

(i)
me ()] < L (72)
me(x)| < . .
¢ (A +€E) " px, £)M
(ii) If s > O it is assumed that m¢ € D(L") and for0 < v < N
(E)-2V (B~ 1/2
(€)% | Be| 3

e = i@ Tp0, en

(iii) In addition, if s < 7, it is also assumed that there exists a family of functions
{be}ee x, be € D(LK), such that

me = LXbg, (7.4)
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andfor0 <v < K

0§ K B2
L+ plx, )M

Note that (7.3) is void if s < 0, and (7.4)—(7.5) are void if s > 7.

|L"be (x)] < ( (7.5)

Definition of Smooth Analysis Molecules

Let s, p,q and J, K, N be as above. We say that {mg}ec x is a family of smooth
analysis molecules for F 1§ if there exists M > 7 such that for any £ € A:

”
(i)
~ |Bz|~'/2
N = @) T e 7o
(ii) If s < Jitis assumed that m € D(LX) andfor0 <v < K
0(E) 2| Be| 12 an

e = T ot o

(iii) II} additior}, if s > 0, it is also assumed that there exists a family of functions
{be}ee x, be € D(LV), such that:

g = LN b, (7.8)
andforO0<v <N

6§ NV B2
+eE)p(x, £)MH

As before condition (7.7) is void whenever s > 7, and (7.8)—(7.9) are void if s < O.

|LVbg (x)| < a (7.9)

Remark 7.1 If {m¢}ec x is a family of smooth synthesis (or analysis) molecules, then
we shall say that m, (n € X) is a molecule centered at 7.

The first step here is to establish the following:

Lemma 7.2 There exist constants cy, ¢ > 0 such that each of the frames {c, Velee x
and {51}5 Jee x is a family of smooth synthesis and analysis molecules for F g

Proof We first show that there exists a constant ¢, > 0 such that {c, ¢}z x is a family
of smooth synthesis molecules. Let

me (x) 1= e (x) = ¢4 |Ag|'PW(BTIVL)(x, ), (see (4.8))

where ¢, > 0 is a constant that will be selected later on. From (4.14) it readily follows
that mg obeys (7.2)—(7.3) if the constant ¢, is sufficiently small.
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Letnow s < Jand § € X;. Write (see (4.8) and Remark 2.5)
be(x) = e LKy (x) = ol Ae | PIL KW (b VD)](x, ).
Then
L8bs (x) = cothe (x) = mg (x).
Assuming that 0 < v < K, K = [(J—s)/2] + 1, we set g(u) := u>"~Ew(u).
Clearly L' Kw(p=IVL) = b=2KVgp=I/L), g € C®°[R,) and suppg C

[b~", b]. Then by Theorem 2.2, applied to g, it follows that for any M > 0

CC*|AS|1/2b72j(K7U) - CC*E(E)Z(K7U)|B§|71/2
|BE,b=DI(1+bIpE, )M~ (14+£E) " p(x, §)M

ILbg ()| <

where the constant ¢ > 0 depends on M. We fix M > J. By choosing the constant
¢4 sufficiently small we conclude that {m¢} with mg := c, ¢ is a family of smooth
synthesis molecules.

Just as above one shows that there exists a constant ¢, > 0 such that {c, V¢ }sc x 1S
a family of smooth analysis molecules. We omit the details.

We next show that there exists a constant ¢ > 0 such that {él/?g}ge x is a family of
smooth analysis molecules. Denote (see (4.12))

g (x) 1= 8 (x) = Gee Ag |V Ty, (Th, (-, 6) (0), Aj =071 e X
where ¢ > 0 is a constant that will be selected later on. From (4.14) it readily follows

that m¢ obeys (7.6)—(7.7) if the constant ¢ is sufficiently small.
Lets > 0and & € X. Set

be (x) := e Ag|'PLTNT, (T, (L 6)) (1), (7.10)

Clearly, mz = Ly l;g and it remains to show that for 0 < v < N the function L"I;g
obeys (7.9). Observe that the operators L™ and T}.; do not necessarily commute. We
go round this obstacle just as in the proof of Theorem 4.3 in [24]. We have

T, :=1d+ 5, and S, =) Ry, = Ry;(Id+S3,), (7.11)
k>1

where the operator Ry ; is from the proof of Lemma 4.2 in [24]. In fact, we have
Ry, = F%j - Vi where V), i is the operator with kernel

Vi, () i= > oyl (x )T, (7. ). (7.12)
ne Xj
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Here wy, := (1 + g)~! |Ayl, just as in Lemma 4.2. From (7.10)—(7.11) we derive the
following representation of L”l;gz

L"be (x) = éce|Ag|'? (L”Nn,- (x. &) + LV Ry, [T, (. 6)1(x)
+ LVVR S [T, sn(x)).

Let h(u) := u>"MD(u). We have L"~VT;, = ,\;Q(N*”h(,\;]\/f), and clearly

h € C*®°(Ry) and supph C [b~', b3]. We now apply Theorem 2.2 to h(AJTl\/Z) to
conclude that for any o > 0 there exists a constant ¢, such that the kernel of the
operator L'~V obeys

e )‘;2(1\] —v)

|B(y, A1+ Ajp(x, y)°

LY VT ], )] <

We choose o := M + 4d, where M > Jis fixed. Then

ch=20(N=)
|B(y, b= (1 + I p(x, y)MH4d”

LY~V Ty 00, )| < (7.13)

Also, by Theorem 2.2

c

[B(y, b= (1 + bl p(x, y)M+a4d’ (7.14)

Ty, ()] <

Estimates (7.13)—(7.14) along with (7.12) and Lemma 2.8 yield

ch=20(N=)
|B(y, b= (1 + I p(x, y)MH4d”

LYYV 1, )| <

On the other hand, (7.13)—(7.14) and Lemma 2.7 imply

ch=20(N-V)
|B(y, b=D)|(1+ b7 p(x, y)M+3d”

LY MT3 1 ) <

Therefore, the kernel of the operator RAJ. satisfies

ch=20 (V=)
|B(y, b=DI(1 + b p(x, y)M+3”

IIL" N Ry, 1(x, )| < (7.15)

We apply inequality (2.11) twice using (7.15), (4.10), and (7.14) to obtain

b2 (V=)
|B(E, b=)I(1+bJp(x, §)MHd

IL""N Ry; S, [T, ¢ )1(0)] <
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By the same token we get a similar estimate for |L”’NR,\j[FAj(-, &)](x)|. These
estimates and (7.13) imply

C6|A§|1/2b_2j(N_U) - cél(E)Z(N_”)IBgl_l/z
IB(, b= +bIp(, x))MH = (14 £E) " p(x, §)MH

|LVbe (x)| <

Therefore, inequality (7.9) holds if the constant ¢ is sufficiently small. Consequently,
{/g} with ritg = ¢1J¢ is a family of analysis molecules.

Exactly as above one shows that there exists a constant ¢ > 0 such that {élﬁg Jee x
is a family of synthesis molecules. We omit the details. O

Lemma 7.3 Suppose {me} and {mg} are families of smooth synthesis and analysis

molecules for F pq, respectively, and let A be the operator with matrix

(agn)e.ne x = ((my, mg))e ne x.
Then there exist constants ¢, § > 0 such that

lagy| < cos(E.m), VE.ne X, (7.16)

where ws(&, n) is from (6.5). Therefore, A is almost diagonal on f;q and by Theo-
rem 6.3 the operator A is bounded on f;q.

Proof Under the hypothesis of the lemma, two cases present themselves here.

Case 1: £(¢) > £(n). We consider two subcases depending on whether s < Jor
s> J

Let s < J. By the definition of synthesis molecules (Sect. 7.1) there exists a
function b, € D(LX), K := [(J—s)/2] + 1, such that m,, = LX b, and

b, (x)| < €)X B, |—1/2(1 + ZC )”)> . (7.17)

On the other hand, from (7.7)

(7.18)

LK g (x)] < £8) 72K By |~ 1/2(1+”(x g))

€é)

Clearly, ag, = (LXb,,mg) = (b,, LXi¢) and using (7.17)~(7.18) and (2.12) we
obtain

_ () px,m\ p(&, x)\ M
P (S (1 2 (1 ) T
laenl = 1B,1 B 0y ) L, U e T #z)

2K M
B.1-12 B —1/2< (ﬂ)) B(E. ¢ <1 p(%’J))
< c|Byl™ /7| Be | © [BE, LENI| 1+ ©
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Here for the last inequality we used that |B (&, £(§))| ~ | B¢ |. Hence

ﬁ(n)>2K<|Bg|)l/2<1 p(&, n))‘M
— — . 7.19
o] = C<€(€) 1B, MTT) (7.19)

In the light of (6.5) the above implies (7.16) forany 0 < § < min{2K — J4+s, M— J}.
If s > J, we use that ag,, = (m,, m¢), the fact that m,;, mg satisfy (7.2), (7.6), and
(2.12) to obtain

M —M—d
12, =12 P(xaﬂ)> ( p(&X))
lagy| < |By| | Be| /M(1+ e 14 28 e

@)“20 p(&n))‘” 720
SC<|Bn| Twe ) 7

It is easy to see that this implies (7.16) for 0 < § < min{s — J, M — J}.

Case 2: £(n) > €(£). Here we consider two subcases: s > O or s < 0.

Let s > 0. By the definition of analysis molecules there exists I;g € D(LN ),
N :=[s/2] + 1, such that m¢ = LNl;g and 155 obeys

—M~—d
1be ()] < @(§)2N|Bs|1/2(1 + %) . (7.21)

Furthermore, by (7.3)

-M
M) . (7.22)

1LY my () < eap~*N|B |—”2(1 +

! ! €(n)
Clearly, ag, = (my, LNbg) = (LN my,, bg). Then using (7.21)~(7.22), and (2.12) we
obtain just as in Case 1

L) N —-1/2 ,1/2/ ( p(x,n))_M< P(&X)>_M_d
— B B 1 1 d
|a$n|§ <£(7])) | nl | §| y + ) + 5) n(x)

L(n

0E) 2N(|Bs|>1/2< p(s,m)‘M
| —== — 1 . 7.23
S‘(ﬁ(n)) 1B, T (7.23)

This estimate and the fact that N = [s/2] + 1 readily imply (7.16) for an arbitrary
0 <8 <min{2N —s,M— J}.

If s < 0, we use that ag,, = (m,, m¢), the fact that m,;, m¢ obey (7.2), and (7.6) to
obtain
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-M —M—d
-12 —1)2 p(x, 7])) < P(SJO)
|a§n| = |B77| | B | /[;4(14‘ ) 1+ 5 du(x)

172 -M
SC(@) (1+p<s,n>> |
| By £(n)

implying (7.16) for any 0 < § < min{—s, M — J}.
Finally, choosing § > 0 sufficiently small we arrive at (7.16). O

(7.24)

After this preparation we come to the main assertions in this section.

Theorem 7.4 (Smooth molecular synthesis) If {m¢ }¢ e x is a family of smooth synthesis
molecules for F,, then for any sequence t = {tg}zc x € f},

‘ Z lgmg

te X
where the constant ¢ > 0 is independent of {m¢} and {t¢}.

q’

<clirlly,. (7.25)

s
Fl"[

Proof By (4.13) wehavem, = de yimy, 1/75)%& , where the convergenceisin S'/P.
By Lemmas 7.2-7.3 it follows that the operator A with matrix

(agy)ene x = ((my, Ye))e ne x

is almost diagonal on f;q and hence, by Theorem 6.3, A is bounded on f';q. On the

other hand, by Theorem 5.6 the synthesis operator Ty, : f; g~ F 1‘,’ q from (5.11) is
also bounded. Observe that

TyAt ="y (Aee = Y D agqtyVe

te X Ee Xne X
= 3 (Laente )= Yoot = 1
neX “ée X ne X

Now, using the boundedness of the operators Ty, and A we infer
1/, =Ty Al < cllAtllyy < elitlls |

which completes the proof. O

Theorem 7.5 (Smooth molecular analysis) If {mg} is a family of smooth analysis
molecules for Fy,, then for any f € F},

.
ICF ey, < el Ly, (7.26)
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where ¢ > 0 is a constant independent of f and {m¢}. Here (f,m¢) is defined by

(f ig) ==Y (e, Yo (f, V), (7.27)

ne X
where the series converges absolutely.

Proof Let A and A be the operators with matrices

(aén)é,ne/l’ = ((ﬁlg, 1//n>)§,neX and (&En)é,neX = (|a$7]|)§,7]e X-

By Lemmas 7.2-7.3 it follows that there exist constants ¢, § > 0 such that
[mg, Yp)| < cogn(8), V&, ne X

Then Theorem 6.3 implies that both operators A and A are bounded on f by
On the other hand, by Theorem 5.6, for any f € F ;q the sequence {(f, tﬁn)}
belongs to f;,'q and hence {|{f, &UH} € f;q. From this and the boundedness of the

operator A it follows that

D g, Yo lI(f . dg)| < 00, VE € X.

ne X

Thus the absplute convergence of the series in (7.27) is es:[ablishegi.
Let f € Fy,. By the boundedness of the operator A : f;, — f,, and the analysis

operator T& F [§ g f;, g from (5.11) (Theorem 5.6), and (7.27) it follows that

ICF el gy, = IASy Fll sy < IS5 f1 g, < llflly, o

which confirms (7.26). O

7.2 Smooth Molecules for B and l-'-Spaces

In this section we establish results analogous to the ones from Sect. 7.1 for the F ;q
spaces. Similar results hold as well for the Besov spaces B;q, which we shall not
treat here. There are a lot of similarities between these results for the F-spaces and
F -spaces. Therefore, we shall put the emphasis on the new features. Thus, unlike the
case of F-spaces here we also use the reverse doubling condition (1.7).

For s < Jd/d* with J := d/min{l, p, g} and d* the constant from (1.8), we
define

K = [(J—9)/2]+1, ifs <0 and K := [( J—sd*/d)/2]+1, if s > 0. (7.28)
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As before we set N := |s/2] + 1,if s > 0.

Definition of Smooth Synthesis Molecules Assumes € R,0 < p < 00,0 < g < o0,
and let 7, K, N be as above. We say that {mg}ec x is a family of smooth synthesis

S
molecules for F_, if there exists M > J+ |s|, such that:

rq’
(i)
|B§|_1/2
el = T T ™ (7:29)
@ii)) Fors >0and0 <v <N,
€(&) "B |72 (7.30)

LY .
Eome Ol = e o, e

(iii) Inaddition,if0 < s < Jd/d* itis assumed that there exists a family of functions
{be}ge x. bs € D(LX), such that

mg = LXbg, (7.31)
andfor0 <v <K

E(%-)Z(K—v)lBé |—1/2
1+0) " p(x, §)M

Note that (7.30) is void if s < 0 and (7.31)—(7.32) are void if s > Jd/d*.

(7.32)

ILbe (x)| < (

Definition of Smooth Analysis Molecules Let s, p, g and 7, K, N be as above. We

8
say that {mg}ec v is a family of smooth analysis molecules for F, , if there exist

pa
M > T+ |s|, such that:

(i)
o |Be| 12 233
e = T @ o, oo ‘
(i) Fors < Jd/d* and0 <v < K,
vy p.—1/2
€)' B 23

ILome = 4 p@) Tpir, £)Md

(iii) In addition, if s > 0, it is assumed that there exists a family of distributions
{be}ee x, be € D(LN), such that

g = LN b, (7.35)
and for0 <v < N,

e(%—)Z(va)lBg |71/2

+LE) " p(x, §)Mrd (730

|LVbe (x)| < a
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Note that (7.34) is void if s > Jd/d* and (7.35)—(7.36) are void if s < O.
As in Sect. 7.1 two lemmas will be needed.

Lemma 7.6 There exist constants ¢y, ¢ > 0 such that each of the frames {c* Yelee x

and {Clﬁg Jee x is a family of smooth synthesis and analysis molecules for F

The proof of this lemma is almost identical to the proof of Lemma 7.2; only the
ranges for s are different, which is not essential for the proof. We omit it.

Lemma 7.7 Suppose {me} and {mg} are families of smooth synthesis and analysis

molecules for F respectively, and let A be the operator with matrix

Pq’
(agn)e.ne x = ((my, mg))e ne x.
Then there exist constants ¢, § > 0 such that

lagy| < cws(§.m), VE.ne &, (7.37)

5
where ws(&, 1) is from (6.6). Therefore, A is almost diagonal on f rq and by Theo-

A
rem 6.3 the operator A is bounded on f .

Proof This proof will follow in the footsteps of the proof of Lemma 7.3. We shall
use some of the estimates derived in the proof of Lemma 7.3 as well. Under the
assumptions of the lemma, we consider two cases.

Case 1: £(&) > £(n). There are two subcases to be considered depending on whether
s < Jd/d*ors > Jd/d*.

Lets < Jd/d*.From the definition of synthesis molecules, there exists a function
by € D(LX) such that my, = LXb,. Thus |ag,| = (LXb,, ime)| = |(by, LXmmg)|.
Now just as in the proof of (7.19) we obtain

un)) <@>‘/Z<l p@,n))M 238
lagn] = (z(a 1B, e ) (7.38)

Let s > 0. By (2.8) and (1.8) it follows that

P&, )
B(n, ¢ 1 B, ¢ ;
|B (1, (S))I_Co( + E(é) ) |B(&, £(5))]
|B(n, £())| = C3<ZE$;> |B(n, (),
implying .
(@)W (zm))sd /d<1+,0($,n))s 7.39)
| Be | £() eg ) '
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Combining (7.38) and (7.39) we obtain

t(n) 2K+sd*/d |B$| 1/2+s/d p(E, 1) —M+s
i =e(zg) (o) () oo

whenever 0 < § < min{2K 4+ sd*/d — T, M —s — J}.
Lets < 0. Using (1.2) and (2.8) we get

i d ¢ d
pﬁg) <@> |B(n. £(n))|

B, ¢ <c|l
|B(& (E))|<C< + o

s N s/d
(Hp(s, n)) 5c<‘“’7)) (@) , (7.40)
0@ (&) \B,|

This coupled with (7.38) leads to

o(n) 2K +s |BE| 1/2+4s/d (€, 1) —M-—s
'“5”'56(@> <|B_n|) (H 0@ ) = @),

implying

whenever 0 < § < min{2K +s — J, M+s — J}.
Assume s > Jd/d* (hence s > 0). Just as in the proof of (7.20) we obtain

|Bs | 1”( p(é,n)>_M
'af"'fc(wm) e )

From this and (7.39) we obtain

e(n) sd*/d |Bg| 1/2+s/d ,0(%_’77) —M+s
'“S”'§C<Ts)> (@) <1+ 0® > = con®).

whenever 0 < § < min{sd*/d — J,M —s — J}.

Case 2: £(§) < £(n). We consider two subcases: s > 0 ors < 0.

Let s > 0. From the definition of analysis molecules, there exists a distribution l;g
such that mg = LNl;g, where N = [s/2] + 1. Thus ag, = (LNmn, l;g) and just as in
(7.23) it follows that

76 2N(|Bs|>1/2( p(s,n)>‘M
s el 1+ 250 . 7.41
'“E”'f"(an)) 1B, W (741
As in the proof of (7.40) we get
p(s,rn)‘x (am)“(ma)”d
14— — — 7.42
( " ) = ww) B, (7.42)
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and combining this with (7.41) it follows that

0() 2N—s |B§| 1/2+s/d 0 (&, 1) —M-+s
'“5"'“(@) (|B_n|) (1+ e ) = <@ ().

whenever 0 < § < min{2N —s, M — J— s}.
Lets < 0. As in the proof of (7.24) we obtain

B\ /2 7 -M
lagy| < C<E> (1 Myt 77))
| Byl £(n)
On the other hand, as in the proof of (7.39) we get
s B s/d Y, sd*/d
<1+p(é§,n)) Sc(ﬂ) ( (n)) _ (7.43)
£(n) | Byl £()
From the above two inequalities it follows that

3(5) —sd*/d |BE| 1/2+s/d p(g’n) —M-—s
'ag”'fc(@) <|B_n|) (1+ o) ) = coen©),

whenever 0 < § < min{—sd*/d, M +s — J}.
Choosing § sufficiently small the above estimates of |ag,| imply (7.37). O

The next two theorems contain the main results of this section for B and F-spaces.

Theorem 7.8 (Smooth molecular synthesis) If {m¢ }se ;( zs afamily of smooth synthesis

molecules for F then for any sequence {tg}sc x € f

e,

te X
where the constant ¢ > 0 is independent of {m¢} and {t¢}.

rq’

<c|t|l s . 7.44
cliell ; (7.44)

prq

Theorem 7.9 (Smooth molecular analys1s) If {mg}ee x is a family of smooth analysis

molecules for F then for any f € F

rq’

I{{f ’;lE””f%Y sclifllg (7.45)
Y rq 2
where ¢ > 0 is a constant independent of f and {mg}. As before (f, m¢) is defined by

(fig) =Y (g, Y (f, ¥g), (7.46)

ne X

where the series converges absolutely.
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These theorems follow from Lemmas 7.6 and 7.7 exactly as Theorems 7.4 and 7.5
follow from Lemmas 7.2 and 7.3. We omit the details.

7.3 Smooth Atomic Decomposition

Here we focus on decompositions, where the building blocks are compactly supported
smooth functions - smooth atoms. We shall only consider atomic decompositions of
F-spaces but, as before, the results hold for B-spaces as well.

Deﬁnition of Smooth Atoms We say that {ag}sc v is a family of smooth atoms for
F ; g’ if there exist integers

K= ((J-9/2]+ 1y and K > (ls/2] +2)+ (7.47)

and a family of functions {b¢}se x, bg € D(LX), such that forany & € X;, j € Z,

ag = L%b, (7.48)
|L"ag (x)| < €&)72"|Be|~1/? for0<n <K, (7.49)
|Lbs (x)| < €&)* KB |71/? for0 < v < K, and (7.50)
supp LVbg C ¢Bg for0 <v <K, (7.51)

where ¢ > 0 is a constant independent of £.
Clearly a family {ag} of smooth atoms is a family of smooth synthesis molecules.

Theorem 7.10 Let s € Rand 0 < p,q < oo. Then for every [ € ng there exist a
Samily of smooth atoms {ag}ee x and a sequence {tg}ec x of complex numbers such
that
= s < 2 .
f ;{fsas and il <clflz, (7.52)
S

where the series converges in S' /P and in the norm of F Is,q.
Conversely, for every family of smooth atoms {ag}se x

‘ Z lgag

te X
Proof Since a family of smooth atoms is also a family of smooth synthesis molecules,
(7.53) follows readily by Theorem 7.4.

To prove the first part of the theorem, we shall use the compactly supported frames
{0¢} from Sect. 6.3. In the construction of {6} and {9}} in Sect. 6.3 we impose in
addition the condition that the constant K in (6.21) is larger than the constants K and
K from (7.47). We also choose the parameters sg, po, p1, qo so that (s, p,q) € Q
with € from (6.20). From Theorem 6.7 we have for any f € F ;,'q

=clitlg, - (7.53)

s
FP‘I

f= Z(f,ég)@g (convergence in S'/P and in F;q)
Ee X
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and || fllzs ~ IH(f, 9~§)}|| fs - Therefore, it only remains to show that there exists
rq Jpq
a constant ¢, > 0 such that {c40¢ }¢c x is a family of smooth atoms. By definition

0s(x) == || 2O VL) (x,8), e X, jel
Foreach & € X;, j € Z, we set
ag (x) = cue (x) = cu|Ag| OB VL) (x, §)
and
be (x) = cul Ag| 2L KO BT VL) (x, £),

where ¢, > 0 is a constant to be determined. Evidently, az = LK be. Consider the
function

gw) :=uKVew), 0<v<Kk.
Clearly, g € S(R), g is real-valued and even, and
g VL) =KV K pIVL).

Hence . '
LVbe (x) = cx| Ae |20~ H E e 07TV L) (x, £). (7.54)

From (6.17) suppg = supp Fu2K=YO®w)) c [—R, R] and, therefore, using
Proposition 2.1 it follows that

supp L"bs C B(&,ERb™/) C cBs.
On the other hand, from Theorem 2.2 it follows that
s VL) (x, )] < c|BE b
and on account of (7.54) we obtain
IL"be ()] < cel(§)°C|Be| 72, 0<v <K.
Just as above we obtain as a consequence of Theorem 2.2 that
IL"ag ()] < cel(§)"|Bg| 712, 0<n<K.

Finally, choosing the constant ¢, sufficiently small it follows that {c.0¢ }¢ ¢ x1s a family
of smooth atoms. O
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8 Spectral Multipliers

We next utilize almost diagonal operators (Sect. 6) and smooth molecules (Sect. 7)
to establish the boundedness of spectral multipliers of Mihlin type on homogeneous
Triebel-Lizorkin spaces.

Theorem 8.1 Lets € R, 0 < p < 00, and 0 < g < 0. Suppose m € CY(R) for some
> J+d/2with J:=d/min{l, p,q}, m is even and real-valued, and

sup [A'mP (V)] < o0, 0<v <. 8.1)
)\ER+

Then the operator m(~/L) is bounded on F ; that is,

q’

Im(VI) flly, <l flliy,. VI € Fpy.
Here m(~/L) f for f € F3, is defined by

m(«/Z)f = Z (f, &g)m(ﬁ)lﬂ‘g (convergence in S'/P), (8.2)

Ee X

that is,

(VD f,¢) = Y (f Fe)m(VD)Ye, d), Vb € S, (8.3)

te X

where the series converges absolutely. The motivation for the above definition is the
fact that for any f € S'/P one has f =3, 3 f, Yy)¥y in S'/P (Theorem 4.3).

Proof Let f € F,,

in (8.2) converges absolutely and hence m (+/L) f is well defined. Suppose the point
xo from the definition of distributions in Sect. 3.1 belongs to Ag, for some &) € Xj.
We claim that any test function ¢ € S is a constant multiple of a smooth analysis
and synthesis molecule centered at &y (Sect. 7.1). Indeed, by (3.1) it follows that for
anyv >0ando >0

seR,0< p<oo,and0 < g < oo. We first show that the series

1L @) < c(1+p(x,x0) " < e(l+p(x, §))°
and the claim follows.
We next show that there exists a constant ¢, > 0 such that {cbm(\/Z) Yelec xis a

family of smooth synthesis molecules. We shall carry out the proof of this claim just
as in the proof of the first part of Lemma 7.2. Write

me (x) := om(VL)Ye (x) = o] A |2 Im (VLYW (b VD) (x, £), £ € X,
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where we used (4.8) and Remark 2.5. Let g(u) := u®’m(b7u)W (u) for an arbitrary
v > 0. Clearly,

L'm(NLYY (b IVL) = b* g(b™/ VL),
g€ CZ(R+), suppg C (b=, b],and for0 <n < ¢

g™ w)| < ¢ max |m(r)(b]u)|b/r <c¢ max sup [A'm™ ()] < ¢ < 0.
0< 0<r<¢ reR,

Then by Theorem 2.2, applied to g, it follows that

b/ |B(E, b= 7!

LY m(VLYW (b IV D)I(x, §)] < (1+bip(x, €))7

Since £ > J+ d/2 we may choose M so that J < M < ¢ — d/2. Now, using that
|Ag| ~ |B(§,b77)| ~ |B| for § € X; we arrive at

|LVme (x)| = |ep L m(v/L) e (x)]
_ _Cool@®) B |72
T (1 LE) L px, £)M

Ee Xj, 0<v=N.

This shows that {m¢} obey (7.2)—(7.3) if the constant ¢, is sufficiently small.
Assume s < Jandlet§ € X;. Define

b (x) := o LK m(V LYy (x) = oo AP IL Km(V L)W (b~ VL) (x, §).
Hence
LEbe (x) = com(VL) e (x) = mg (x).

Assuming that0 < v = K,K = |(J—s)/2]+ 1, we consider the following function
h(u) = u?> V=K m (bl u)W (u). Clearly

L' Xm( L)Y ' VL) = b5 E VIV,
h e CZ(R+) and supp g C [6~ L, b]. Furthermore, for 0 < n < ¢

W w)| < ¢ max. |m(r)(b/u)|b/r <c¢ max sup [A'mP (V)| < ¢ < 0.
0< O=r=t,eRr,

As before we choose M so that J < M < £ —d /2. Then by Theorem 2.2, applied to
h, we infer

CCb|AS|1/2b72j(K7U) ccbé(%—)Z(Kfv)IBélfl/Z

L"b : ; '
b = TR b N+ b0 )T = (L + @) pir, )
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This shows that mg := cbm(\/Z)wg verifies (7.5) if ¢, < ¢~ !. Therefore, if the
constant ¢y is sufficiently small {mg} is a family of smooth synthesis molecules.
Given ¢ € S write

dsyy = (m(N L)y, ).

From above we know that there exists a constant ¢, > 0 such that {c,m (v/L) Yulne ¥
is a family of smooth synthesis molecules for f7_, and ¢ is a smooth analysis molecule

for f;q. Then applying Lemma 7.3 we conclude that there exist constants ¢, § > 0
such that

degy| < cws(o,m), Vne &,

where ws (£, n) is defined in (6.5). ] ~
On the other hand, by Theorem 5.6, for any f € F ;q the sequence {(f, ¥,)}

belongs to f;q and hence {|{f, &,7)|} € f;q. From this and the boundedness of the
operator with matrix {ws (£, n)} on f;q it follows that

S 1m Dy, SIS )] < oo

ne X

Thus the absolute convergence of the series in (8.3) is established.
By Theorem 5.6 it follows that to prove the theorem it suffices to show that for any
f e Fp

[(n VD) £ Ve gy < elCF DDl - (8.4)
Let f € F3,. Then by (8.3)
(VD) ) = ) (f I m(V Dy, Ye), §€ X (8.5)
ne X

Let A be the operators with matrix
(agn)e.e x = (m(VL)Py, Ve)e e 2-

From above we know that there exists a constant ¢, > 0 such that {cbm(ﬁ) Yulne x
is a family of smooth synthesis molecules for f;q. Also, by Lemma 7.2 there exists a
constant ¢, > 0 such that {c4/¢ }ee 1 1s a family of smooth analysis molecules. Then
by Lemma 7.3 and Theorem 6.3 it follows that the operator A is bounded on f g

Let f € Flﬁq. By the boundedness of the operator A : f;q — f;q and (8.5) we
infer

|(m (VL) £, we))|

ji, = 1AW Dl gy < el CF D]

i
which verifies (8.4). ]
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Remark 8.2 Several clarifying remarks about spectral multipliers are in order.

(a) Spectral multipliers like the ones from Theorem 8.1 can be established for the
S

pg where the condition £ > J+d/2isreplacedby ¢ > J+d/2+ |s].

(b) Theorem 8.1 also holds for Besov spaces B; 4 and with the above replacement to
S
qu, where J:=d/min{l, p}.

(c) If we restrict the hypotheses of Theorem 8.1 to the case when (M, p, ) is an
Ahlfors d-regular space, meaning that there exists a constant ¢4 > 1 such that

spaces F

't < 1B, s et Vxe M, V>0, (8.6)

then it suffices to assume that £ > 7 as in [15] rather than £ > J+ d/2. (The
only difference in the proof is that when applying Theorem 2.2 to ¢ we may use
that |B(x, b~/)| ~ |B(&, b~/)|, which makes the difference.) We omit the further
details.

9 Atomic and Molecular Decompositions in the Inhomogeneous Case

Inhomogeneous Besov and Triebel-Lizorkin spaces in the general setting, described
in Sect. 1, have been developed in [24]. An advantage of the inhomogeneous spaces
over the homogeneous spaces is that they are defined also in the case when the set M
is compact, like the sphere, ball, and more general compact Riemannian manifolds.
On the other hand, this theory is more coherent in the homogeneous case.

We next briefly indicate how the atomic and molecular decompositions developed
so far should be changed in the inhomogeneous case. Generally speaking in the inho-
mogeneous case the frequencies corresponding to eigenvalues 0 < A < 1 are grouped
together. Thus, in the definitions of inhomogeneous Besov and Triebel-Lizorkin spaces
(Definitions 5.1-5.2) the terms ¢; (\/Z) f. Jj <0, are replace by one term q)o(«/Z)f,
where g9 € C*°(R..) is such that supp @9 C [0, 2] and |@o(A)| > 0 on [0, 23/4]. The
frames are of the form {y¢}e¢c ¥ and {&g}ge x> Where X' = U;>o &, hence, in the
definition of the inhomogeneous Besov and Triebel-Lizorkin sequence spaces spaces
sets X; are involved with j > 0. It should be pointed out that the convergence in
the inhomogeneous case is simpler than the one in the homogeneous case. For more
details, see [24].

The definition of almost diagonal operators in the inhomogeneous case is the same
as in the homogeneous case, but j > 0. Further, the definitions of smooth synthesis
and analysis molecules m; and mg for & € A, j > 1, are the same as in the
homogeneous case (Sects. 7.1, 7.2), but for & € X (the zero level) Condition (iii) on
mg and mg is dropped. The same modification is applied for the definition of smooth
atoms. All theorems about molecular and atomic decompositions established in the
homogeneous case in Sect. 7 hold in the inhomogeneous case as well with almost
identical proofs. The spectral multipliers established in Theorem 8.1 are the same as
in the inhomogeneous case. We refrain from providing further details here.
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Appendix
Proof of Lemma 2.8

The proof of Lemma 2.8 relies on the following two lemmata:

Lemma9.1 Let Xbeaé—neton M and 0 < § < 8*. Then
BLXN B(x, 8%} < co6? (5°/8)", Vx e M.

Here c is the constant from (1.1).

9.1

Proof Itiseasily seenthatifé € XNB(x,§*),then B(§,8) C B(x,28*) C B(&, 38%).

Therefore, for every n € XN B(x, §*)

3" IB(.8/2)] < [B(x.289)] < |B(n,38)] < co6? (5*/8)" 1B(n. 8/2)].

£€ ANB(x,8%)

where for the last inequality we used (1.2). Summing up the above inequalities over

alln € XN B(x,d8*) leads to (9.1).

O

Lemma 9.2 Suppose o > d and let X be a 5—net on M, 6 > 0. Then for any x € M

and §* > §

YRR L e ()

te X

Proof Set Qp:={ € X:p(x,&) <8*}and
Qji={te X: 2718 < p(x,8) <2/8%), j=>1.

Then using Lemma 9.1 we get

Z (1+ p(;cié))*“ - Z Z <1+ p(;clé))*"

ge X j>06eQ;
< Z#{ XN B(x,2/ 872" 0—he
j=0
< CO6d2G(3*/3)d Zz—j(d—d)
Jj=0

0692 (8*)(1’

< | —
~1—2d¢

8

which confirms (9.2).

9.2)

O

Proof of Lemma 2.8 Under the hypotheses of Lemma 2.8, denote by X the quantity on

the left in (2.15) and set
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Xi={e X:px,&)>=pk,y)/2} and X':={5€ X:p(y,§) > p(x,y)/2}.

Then X < Y ic y- -+ D gc g = T+ X" To estimate X" we use Lemma 9.2
and obtain
o < ¢ )3 ! _ B/’
T8 p )T e U8 p (67 T (48, o, 1))

To estimate ¥’ we consider two cases.
Case 1: 82_1p(x, y) > 1. Just as above we obtained

- c 1 - c(82/8)¢
T A+ e )7 T (48 087 T (8 ol 1))

/

and using that 62_1,0(x, y)>1
s < €2/80)1@1/8)7 _ c(81/8)
TG ey G5 e, v px, y))od
/9! 27@1/8)
T8 o,y T (48 o,y

Case 2: 8;1p(x, y) < 1. We use Lemma 9.2 to obtain

1 20(8,/8)4
5 < < c(61/8)! < 2 01/%)

T A+ ()7 (148" p(x, )

Putting the above estimates together we arrive at (2.15). O

Proof of Theorem 6.3

. S
We shall carry out the proof of this theorem only for the spaces f’ I;V g and b, ; the proof

AS .
in the case of the spaces f,, and by, is similar and will be omitted.
We need two lemmata.

Lemma9.3 Let0 <t < 1 and M > d/t. Then for any sequence of complex numbers
{hy)ne x,,, m € Z, we have for x € Ag, § € X,

pEm
hal\ 1+ ————
> | n'( +max{z(5>,e<n)}>

ne Xn

< c¢max {b(’”_j)d/’, 1} M;( Z |hn|1A,,>(x),

nE i
where the constant ¢ > O depends only on t, M, and the constant cq from (1.1).
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This is Lemma 7.1 in [10].
We shall also need the well known Hardy inequalities, given in the following

Lemma9.4 Lety >0,0<qg < oo, b > 1, and a,, > 0 form € Z. Then

(Z ( 3 b(mj)yam>q> " c( 3 af,ﬁ) . ©9.3)

JEZ “m>j mez

and

(Z ( > b(jm)yam>q> v < c( > aZ) Uq, (9.4)

JEZ “m<j mez

where the constant ¢ > 0 depends on y, q, b.

The proof of the Hardy inequalities is standard and simple; we omit it.
Assume that the hypotheses of Theorem 6.3 are valid for f;q, that is, A is an
operator with matrix (ag,)e ye x such that for some § > 0

1Al = sup 491 < oo 9.5)
é,neXan(S)

where wg, () is defined in (6.5). Also, let h = {hs}ec x € f;q. We next prove the
estimate
AR g5 < cllAllslAll s - 9.6)
rq rq

We only consider the case: g < 00; the case when g = oo is easier and we omit it.
We have (Ah): = Zne yagyhy. (By the proof below it follows that the series
converges absolutely.) Using this in the definition of || - || s in (5.9), we have
rq

. g\ /4
ARl 4, = ”(Z [Z(E)“‘I(Ah)glhs(-)} )
Ee X

Lr

~ q\ 1/q
= (Z [E(g)_s Z lagn1n|Lag (')} ) < (X + o),
SEX HEX Lpr
where
B a\ 1/q
= H(Z |:£@)ﬂ Z |a§n||hn|]lA5(-)] ) and
fe X L =<L(&) Lp
! - a\ 1/q
Yo = H(Z [Z(g)s Z |a§n||hn|]lAs(')i| >
fe X Lm>L(&) Lr
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To estimate X1 we use (9.5). By (6.5) we have whenever (1) < £(§)

e(n) ‘7+5_S<|As|)1/2< p(s,n))‘”
al <cl|lA _— —_— 1 .
2] = cl ”3(£<s>> A, " ®

Set Fg(x) := E(S)’S|Ag|’1/2]lAE (x) and choose ¢ so that 0 < ¢ < min{l, p, ¢} and
J+ 8 —d/t > 0. Then we have

_ e(n) J+8—s |A§| 1/2
JAI S < c ( [ (_) (_)
8 s;f l(n)g(é‘) t®) 1Ayl
pE m\ 7 T)W
14+ —= ho | Fe(-
x( v ) (|2 () B
= e\~ 141\
= pU=m( T+6) (_) (_)
) (JXE;SEZ;"’/[’"XZ:J n;«;m @) | Ayl

) - J-8 q\ 1/q
X Ihn|<1 + b’/ p(€, n)) Fs(')} )

We now apply Lemma 9.3, the Hardy inequality (9.3), and the maximal inequality
(2.17) to obtain

Lp

IAl;'S) < ¢

<Z ) [Z p—m)( T+5—d /)

JELEe Xj ~m=j

¢ =S /1A 1/2 a\ 1/q
(2 (@) () mi)orol])
n

1€ X Lr
) a\ 1/q

<c <Z|:Zb(j—m)(.7+6—d/t)Mt< Z |h77|Fﬂ>] )

JeZ-m=j ne X Lr

q\ 1/4

<|(Z[m( 5 v )

jez £e X, Lr

g\ 1/q

<c (Z[ |hg|Fg} ) < clhnllj, .

jez “ge x; Lr

To estimate ¥, we use again Lemma 9.3, the Hardy inequality (9.4) instead of (9.4),
and the maximal inequality (2.17). The estimates for X; and X, imply (9.6).
We next proceed with the proof of the estimate

[AR] s < clAllslAllz .7
)2

rq q
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Here we assume that A is an operator with matrix {ag,}s,e x obeying (9.5) for
some constants §,c¢ > 0, where wg;,(5) is defined in (6.6). We also assume that

h=lheglecx € 15;(1. We consider the case when p, g < 00; the cases when p = 0o
or g = oo are easier to handle and we omit the details.

We know that |B(£, b /)| ~ |Ag| ~ |Bg| for & € X; and by Definition 5.3 it
follows that

Illy: ~ (Z

Va 3 1/2
) o L = AT P g,
JEZL Lr

9.8)

D 1Al e | Ta -
e X

We have (Ah)g = }_, . yagyhy and using (9.8)

)1/4

> 1A (AR | Ta, (-

1AR| SC(Z
rq

JEZ " E€ X;

1/q
(Z D AT a1y T, ¢ ) < (31 + %),
JEZ " E€ X ne X

where

DA YT Jagy [y ¢

q \1/q
) and
Lr

Y= <Z

jer " ge x; (=L@

B g9 \1/q

5 = (Z DA DT agyllhylTa, ) :
jer " se x; )>L(&) Lr

We shall only estimate 2. Using that || A||s < oo, see (6.6)—(6.7), it readily follows
that whenever £(n) < £(§)

; THS 11 4,1\ $/d+1/2 ’ - J-8
i <am(zg) (2)  (1+%%0)

Denote briefly F; := |Ag|_s/d_l/211,4§ (+) and choose ¢ so that d/t = J+ §/2. Then
0 <t <min{l, p}and J+ 6§ —d/t > 0. We have

DA Y |ag,,||hn|ﬂA$<->H
Ly

§e X L=t

170) ’”(ma)”‘”‘/z( p@,n))“
— —_— 1 h,|Fs(-
DD (as>) 1A T Vnl F ()

§e Xy L(m=L()

s/d+1/2 ' —J=8
Z Zbo —m)( J+8) Z (%) |h,,|<1+bfp(§,n)) Fe ()

EeXjm=>] ne X,

Al

LP

Lp
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We now apply Lemma 9.3 and the maximal inequality (2.17) to obtain

A ) D2 1A 3" Jagyllhy|Ta ¢

fe X (=)

<c Z Zb(f*m)“ﬂ - /”Mz< Z <|A |> |hn|]lAn> .
e Xjm=>j ne Xy "

=c Zb<f—m>5/2M,< >y |F>
m>j ne Xy

<c Zb(/ m)s/2 Z |h |F)7()”
m=j ne X

Consider the case when p > 1. Then applying the Hardy inequality (9.3) we get

q \1/q
||A||;‘21=(Z DA DT agylhylTa - )
Lp

JEL " E€ X L) =L(®)
1/q

=(Z|Z 1)

JEZ " m=j ne X
< C<Z —Zb(] ms/2 T)]/q

JELZ =m>j ne Xn Lr

q \1/q

SC(Z > gl FyC) ) <clhllg .

meZ " ne Xy, pa

Now, let0 < p < 1. Then applying the p-triangle inequality and the Hardy inequality
(9.3) we get

1/q
AN == D0 D0 1Ae™" 3" Jagyllhy|Ta ¢
jez ge x; Ln=e) L
A
JEZ "' m>j ne Xy
1/q
r q/p
<c[X| Y puimmeir ]
JELZ =m=>j ne Xy Lr
1/q
< < s,
<c|). <clhly,
meZ " ne Xy
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We similarly estimate ¥, and get the same bound. The estimates for £; and %,

yield (9.7). o
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