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Abstract The aim of this paper is to construct sup-exponentially localized kernels and
frames in the context of classical orthogonal expansions, namely, expansions in Jacobi poly-
nomials, spherical harmonics, orthogonal polynomials on the ball and simplex, and Hermite
and Laguerre functions.

Keywords Kernels - Frames - Orthogonal polynomials - Hermite - Laguerre functions

Mathematics Subject Classification (2000) 42C10 - 42C40

1 Introduction

Orthogonal expansions have been recently used for the construction of kernels and frames
(needlets) with localization better than the reciprocal of any polynomial in non-standard set-
tings such as on the sphere, interval and ball with weights, and in the context of Hermite and
Laguerre expansions. The main purpose of this article is to show that the rapid decay of that
sort of kernels and needlets can be improved to sub-exponential. In order to best present our
results, it is perhaps suitable first to exhibit and illustrate the main principles and ideas which
guided us in this undertaking.
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1.1 Localization principle

Here we briefly revisit the “localization principle” described in [18]. Let (E, i) be a mea-
sure space with £ a metric space and suppose that there is an orthogonal decomposition
L*(E, p) = EB;';O V,, where V), are finite dimensional subspaces. Let P, be the kernel of
the orthogonal projector Proj, : L(E, 1) — Vy, i.e.

(Proj, f)(x) = / PaGeo ) FO)AR(Y),  f € LX(E. o).
E

We are interested in kernels of the form
. (J
L,(x,y) = al =) Pi(x,y), 1.1
(X, y) ]Z()a(n) i (x, ) (1.1)

where the cutoff function a is compactly supported and in C*°. For all our purposes it suffices
to only consider cutoff functions obeying the following definition:

Definition 1.1 A function a € C*°[0, c0) (a > 0 if needed) is said to be admissible of type
(a), (b) or (c) if it obeys the conditions:

(a) suppa C [0,2]anda(r) =1,¢ € [0, 1]; or
(b) suppa C [1/2,2];0r
(c) suppa C [1/2,2]and |a(t)|> + |a(t/2)|> = 1fort € [1,2].

Note that (c) is a subcase of (b). We list it separately as the additional requirement in (c)
plays an essential role in our construction of tight frames.

The localization principle put forward in [18] says that for all “natural orthogonal sys-
tems” the kernels {L,(x, y)} decay at rates faster than any inverse polynomial rate away
from the main diagonal y = x in £ x E with respect to the distance in E. This principle
is very well-known in the case of the trigonometric system (and the Fourier transform) and
not so long ago was established for spherical harmonics [15, 16], Jacobi polynomials [1,17],
orthogonal polynomials on the ball [18], and Hermite and Laguerre functions [2,4,9,19].

Surprisingly, however, the localization principle as formulated above fails to be true for
tensor product Jacobi polynomials and, in particular, for tensor product Legendre or Cheby-
shev polynomials, as will be shown in Sect. 10.

To grasp the notion of rapidly decaying kernels of form (1.1) let us illustrate them in the
simple case of Chebyshev polynomials. Denote by T,,, n = 0, 1, ..., the weighted-L2-nor-
malized Chebyshev polynomials of first kind. Then for an admissible cutoff function a the
kernels from (1.1) take the form

o0

I N PAY NS
Ly(x.y) = ;a (n) T; ()T (y) (12)
and satisfy (Sect. 2)
|Ln(x’y)| SCJH(I"‘”P(L}’))_U: xvye[_lvl]! (13)

for arbitrarily large o > 0O but the constant ¢, depends on sigma; here p is the distance
p(x,y) = |arccosx — arccos y|. The above estimate suggests that the localization of
L, (x,y) can eventually be improved to a localization of exponential type. This kind of
problems will be the main focus of this paper.
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Sub-exponentially localized kernels and frames induced by orthogonal expansions

1.2 General scheme for construction of frames from kernels

The main application of the kernels L, (x, y) defined in (1.1) is to the construction of frames
of rapidly decaying elements (needlets). We now briefly describe the main elements of this
construction.

e Semi-continuous Calderon type decomposition.

Suppose a is an admissible cutoff function of type (c) in the sense of Definition 1.1. Then
230:0 |&(2_"t)|2 = 1,1 € [1, 00). In the general setup of Sect. 1.1, define

Lo(x,y) := Po(x,y) and L;(x,y) = Z 7 (
v=0

57) Py J=120

and denote briefly (L; * f)(x) := fE Lj(x,y)f(y)du(y). The following decomposition
follows readily from the conditions on a

f=> LixLjxf forfeLE, p). (1.4)

j=0
e Discretization via cubature formulas.
Suppose that there is a cubature formula
/fdu ~ 3 e f @ (15)
EeX;

with X C E and ¢z > 0, which is exact for all functions f of the form f = gh with
g, h € EB 0 V). Cubature formula (1.5) allows to rewrite (1.4) in the form

10 =3 3 e’ [ Foel’LiE . (1.6)
E

j=OE€Xj

e Definition of frame elements (needlets). Now the frame elements are defined by

Pe(x) _CE -Lj,x) for § €, j=0,1,. 1.7
We write X' = j:OX 'i» where equal points from different levels X’; are considered as
distinct points of X, so that we can use X as an index set in the definition of the needlet
system
V= {Yeleex.
From (1.6) and the definition of {v} it readily follows that
1/2

f=D 0 ve)e in LXE ) and || fll2e, = | 2. WA vl ] .

EeX EeX

i.e. W is a tight frame for L*(E, Ww.

From Definition (1.7) it is clear that the frame elements ¢ inherit the rapid decay of
the kernels L if this is the case. The superb localization of the building blocks {¢} is the
reason for calling them needlets. The rapid decay of needlets makes them a powerful tool
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for decomposition of spaces of functions and distributions in various settings. The above
scheme has already been utilized for construction of needlets and needlet decomposition of
L?, Sobolev, and the more general Triebel-Lizorkin and Besov spaces in the frameworks
of spherical harmonics [15,16], Jacobi polynomials [12,17], orthogonal polynomials on the
ball [13,18], and Hermite and Laguerre functions [4,9,19].

1.3 Sub-exponentially localized wavelets, kernels, and needlets

Dziubarski and Herndndez [3] constructed band-limited wavelets of sub-exponential decay.
More precisely, they showed that for any & > 0 there exists a C* mother wavelet ¥ such
that its Fourier transform v is compactly supported on R and

¥ ()] < coexp{—|x|'""*}), x eR, (1.8)

with ¢, a constant depending on ¢. They also showed that in this estimate ¢ > 0 cannot be
removed. However, as will be shown in Sect. 2, the localization of ¥ can be improved to
[W(x)| <c exp{—m(lﬂ%} and beyond.

Our aim in this paper is to construct kernels and needlets with similar (sub-exponential)
localization in the context of Jacobi polynomials, spherical harmonics, orthogonal polyno-
mials on the d-dimensional ball and simplex with weights, and d-dimensional Hermite and
Laguerre functions.

For instance, we shall show that for any ¢ > 0 there exists an admissible cutoff function a
of type (a), (b) or (¢) in the sense of Definition 1.1 such that the kernels L, (x, y) from (1.2)
satisfy (see Theorem 2.1 below)

cenp(x, y)
[In(e + np(x, y)1'+e

|L,,(x,y)|§cnexp[— ], x,ye[-1,1]. (1.9)

Evidently, this estimate yields (1.3). The above estimate can be further improved by replacing
the term [In(e + np(x, y))]' ¢ by any product of the form

In(e +np(x,y))---In---In (exp~~exp1 + np(x, y))
—_——
¢ ¢

1+e
xliln-~ln(exp~--exp1—}—np(x,y))] , £>1. (1.10)
e+l e+l

Estimate (1.9) leads to the following localization of the jth level Chebyshev needlets |v/¢ (x)]

< ¢2//? exp {—“n(e:;j;’%} , which can be further improved as above. We shall also

show that the above estimates are sharp in the sense that ¢ > 0 cannot be removed.

We would like to emphasize that according to the localization principle kernels of the form,
e.g. (1.2) are rapidly decaying for an arbitrary admissible cutoff function a, while the sub-
exponential localization of these kernels is only possible for exceptional cutoff functions a.
One of the main steps in constructing kernels and frames of sub-exponential localization is the
construction of admissible cutoff functions @, most importantly ones of type (c), with deriva-
tives obeying [|a%® ||oo < &(¢/€)* k¥ (In k)*(1+8) k > 3 (Theorem 3.1). Although we employ
various techniques for proving our results, the proof of the sub-exponential localization of
Jacobi kernels plays a prominent role in this paper.
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An outline of this paper is as follows:

In Sect. 2 we clarify the impact of the behavior of the cutoff functions around zero on
the localization of the respective kernels in the simplest case of Chebyshev polynomials. We
also illustrate the notion of sub-exponential localization of kernels in the case of Chebyshev
polynomials. In Sect. 10 we show that the localization principle described in Sect. 1.1 is no
longer valid in the case of tensor product Chebyshev or Legendre polynomials (d = 2) and
products of Chebyshev and Legendre polynomials. In Sect. 3 we construct admissible cutoff
functions of “small” derivatives. Sections 4, 5, 6, 7, 8, and 9 are devoted to the construction of
sub-exponentially localized kernels and needlets in the context of Jacobi polynomials, spher-
ical harmonics, orthogonal polynomials on the ball and simplex, and Hermite and Laguerre
functions.

Throughout this paper we shall use the following notation: For x € R? we shall use the
norms [l = [[xllee = max; xil, xll2 = (X, Y2 and x| =[xl = 3 |l
Positive constants will be denoted by ¢, ¢, ¢/, ... and they may vary at every occurrence,
A ~ B will stand for c;A < B < ¢z A. Also, | x] will denote the largest integer not exceed-
ing x.

2 Localization principle and sub-exponential localization: simple examples

We first would like to clarify the impact of the behavior of the cutoff function @ at ¢ = 0 on
the localization properties of kernels as in (1.1). To this end, we shall use the simple example
of normalized Chebyshev polynomials of first kind on [—1, 1] defined by

T, (x) == v/2/m cosnarccosx forn > 1and Ty = 1/m.

As is well-known {T,,},,Zo is an orthonormal basis for L2([—1, 1], (1 — x2)~1/2). We are
interested in the localization of the kernels L, (x, y), defined in (1.2) with a € C®[0, c0)
and, say, supp a C [0, 2]. Setting x =: cos @ and y =: cos ¢, we have

2 (. . (] ‘ , 1

L,(cos®,cos¢) = — a(O)/2+Za(i) cos jOcos jop | = —(Fu(0 — @) + F, (0 + ¢)),
g = n b4

where F,,(0) := a(0)/2 + Z?"zl &(%) cos j6. Let a be the even extension of @, i.e. a(t) :=

a(—t) fort < 0. Then

F,(0) = % >a (i) &'io Q2.1
n

JEZ
and the question of localization of L, (x, y) reduces to the localization of the trigonometric
polynomial F,(6) around 6 = 0.
It is easy to see (see the proof of Theorem 2.1 below) that if a € C*°R, then for any o > 0
there exists a constant ¢, > 0 such that

|Fu(0)] < ¢o 0 €[-m ml, 2.2)

n
(I+njohe’
which readily leads to

n
L,(x, <¢g—— VYo >0, 2.3
[Ly(x, )l o 0+ np(x, y)° (2.3)
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where p(x, y) is the distance on [—1, 1] defined by p(x, y) := |arccos x — arccos y|. The
point is that the localization from (2.3) is not possible if the even extension of d to R is not
in C*°. The precise argument is that (2.3) holds for y = 1 if and only if (2.2) is true. In
turn (2.2) is valid if and only if @ € C®°. This last claim can be justified as follows: Let f
be defined with Fourier transform f(é) = &(S/n)eié’. Then f(y) = na (n(y + t)) and the
Poisson summation formula

D9erp =0T > a0 (96 = / g(ne " dr 2.4
JEZ JE€Z R
gives
Fo(t) == ;J%a (%) et = an jgz:a(n(t—i—an)). (2.5)

Hence, the inverse Fourier transform a of @, has to be in the Schwartz class, which is only
possible if @ € C. For this it suffices to have a®(0) = 0 for k > 1. For other orthogonal
systems (see below), however, it is not completely clear what behavior of @ at + = 0 would
lead to rapid decay of the respective kernels and needlets.

In concluding, it is evident that the behavior of the cutoff function a at # = 0 is important
and not every compactly supported C*°[0, co) function a will give rise to rapidly decaying
kernels L,(x, y). For our purposes, however, it suffices to restrict the selection of cutoff
functions a to compactly supported C*°[0, co) functions which are constants in a neigh-
borhood of ¢ = 0, which automatically resolves the issue about the behavior of @ at ¢ = 0
(Definition 1.1).

Secondly, we want to illustrate with the next theorem the notion of a sub-exponential
localization of kernels of type (1.1) on the simple example of Chebyshev polynomials of first
kind.

Theorem 2.1 For any 0 < ¢ < 1 there exists an admissible cutoff function a of type (a) or
(b) or (c) such that the kernels Ly, (x, y) from (1.2) satisfy

c'enp(x, y)
[In(e + np(x, y)]'+e

where ¢’ > 0 is an absolute constant and ¢ depends only on ¢.

|Ln(x,y)l Scnexp[— ] x,y e [-1,1], (2.6)

Proof A key ingredient in this proof is the existence of an admissible cutoff function a of an
arbitrary type such that

16® loo < E@E/e) K (Ink)* T8 for k > 3, 2.7

where ¢ > 0 is an absolute constant (see Theorem 3.1 below). Denote again by a the even
extension of @ on R.
Set x =: cos6 and y =: cos ¢. Exactly as above

L,(cos@,cosp) = %(Fn(G — @)+ F,(0 + ¢)), (2.8)

where F,, is defined in (2.1) and also (2.5) holds. Note that F;,(0) is a 2 -periodic trigono-
metric polynomial of degree < 2n. Evidently,

-0
tar) = leT / a® &)e' dg,

R
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and hence |¢|¢|a(t)| < [|a'©||s0 as suppa C [—2, 2]. This for £ = 0 and £ = k gives

180 oo + lldlle _ c(26/e)*k* (n k)K+)

x|
|a(t)| <2 (1+|t|)k - (1+|[|)k ’ -

on account of (2.7). Combining this with (2.5) gives

1

Fr(0)] < ené/e) ik nkk 049>y — —
|Fu(0)] < cn(22/e) k" (Ink) Z(1+n|9+2nj|)k

JEL

(25/8)kkk(ln k)k(1+8) o ((25/8)k(ln k)(l+5) )k

cn 29
- (1 +nlo)F 1+ nl6] (2.9)
‘We next use the above to show that
c'sn|0|
|F(0)| < cnexp —W , 9] = (2.10)

Indeed, if 1 + n|8| < 6e(2&/¢e)(In(e + n|@)]'+¢, then (2.10) follows from the obvious
estimate | F,, ()| < 2n.

Suppose 1 + n|f| > 6e(2¢/¢)[In(e + n|d])]'T4. Choosing k := {26(25/8)[11::8@’”9‘)],“J

one easily shows that k > 3 and %ﬁr@]f)m <e ! and (2.10) follows by (2.9).
Note that 6, ¢ from (2.8) obey 0 < 6, ¢ < . We use (2.10) to estimate |F,, (6 — ¢)|.
If 6 + ¢ < m, then we use (2.10) and that 6 + ¢ > |0 — ¢| to estimate |F,, (60 + ¢)|.
If0+¢ > m,then0 < 2mr — 0 — ¢ < 7 and since F,, is 2w -periodic and even, we have

F,0 +¢) = F,2m — 60 — ¢). Wenow use 27 — 0 — ¢ > |6 — ¢| and (2.10) to estimate

|[Fr(0 + @) = |F,,(2m — 6 — ¢)|. Putting together these estimates, we get

1 c'en|0 — ¢|
|L,(cos®,cosg)| < ;(|Fn(9 — O +|F (0 + @))|) < cnexp [— ] )

(In(e +n|@ — ¢]I'+
which implies (2.6). ]
As a byproduct of the above proof we get the following localization result for trigonomet-

ric polynomials. For a compactly supported cutoff function a consider the trigonometric
polynomial

L,(8) := Za (%) elie 2.11)
JEZ

Theorem 2.2 For any 0 < & < 1 there exists a C* cutoff function a % 0 supported on
[—2, 2] such that the polynomial L, (0) from (2.11) satisfies

c'enlé)|

|L.(0)] < cnexp [—W

] , 0el[-mm], (2.12)

where ¢’ > 0 is an absolute constant and ¢ depends only on ¢.

The construction of a is as above and the proof of (2.12) is exactly the same as the proof
of (2.10) above. We omit it.
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Several remarks are in order. Estimate (2.12) can be slightly improved, namely, the term
[In(e +n|6])]"* in (2.12) can be replaced by In(e +n|6|)[In In(e€ +n|0|)]' T or, in general,
by any product of the form

I+e
In(e +n|0])---In---In(exp---exp 1 +n|9|)(ln~-~ln (exp-~-expl +n|9|))
—— ——
¢ ¢ e+l 241
(2.13)

with £ > 1.

Estimate (2.6) can also be improved in a similar fashion (see Theorem 4.1 below).

Note also that in these cases inequality (2.12) is trivially true for ¢ = 0.

On the other hand, Theorem 2.2 is sharp in the sense that (2.12) cannot be replaced by an
estimate of this type

1L (0)] < ¢|L,(0)|e= ¢ 6 e [—x, 7], (2.14)

with ¢ of the form ¢(¢) = ¢ In(e + )~ ! or ¢(¢) = tIn(e + t) ' InIn(e® + 1)~' or etc. This
follows by Example 2.2 in [8], which implies that the inequality

o0

/@dr < 00 (2.15)

1

is anecessary condition for the validity of (2.14) for an appropriate polynomial L, of degree n.
A similar observation applies to Theorem 2.1 as well.

Our third point is that the sub-exponential localization of the wavelet from (1.8), estab-
lished in [3], can be improved as follows.

Theorem 2.3 Forany 0 < ¢ < 1 there exists a bandlimited orthogonal wavelet  such that

1 ()| <cexp[—A], X eR, (2.16)
- [In(e + |x])]1+¢

where ¢’ > 0 is an absolute constant and c¢ depends only on €. Furthermore, the term
[In(e + |x])]'t% can be replaced by a product similar to the one in (2.13) above.

Proof In essence, this proof is contained in the proof of Theorem 2.1. So, we only outline
it here. Choose a > 0 to be the admissible function of type (c) from the proof Theorem 3.1
below and such that its derivatives obey (2.7). Let us now denote again by a the even exten-

sion of a to all of R and set 6(&) := &(%S ). From the properties of a (see Theorem 3.1) it
readily follows that the function i with Fourier transform

V(€)= 0(&)e 87 =4 (415) o—iE/2
JT

is a band limited orthogonal wavelet [14]. It remains to show that ¢ obeys (2.16). Indeed,
we have
1 3 . )
w(x) — 7/& (7%.) e*lE/ZelXEd%:’
2 4
R
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which implies

U o — (3 Z/wz) (i ) i(—1/2)8
x—=1/2)¢v(x) = T (471) a 47_[%‘ e d¢ Vve.
R

Similarly as in the proof of Theorem 2.1, this and (2.7) yield

k
(2¢/e)k(Ink)1+e)
[ (x)] EC(H‘M , k>3,

and one completes the proof by choosing k appropriately. O

Finally, we remark that estimate (2.16) is sharp in the sense that it cannot be replaced by
an estimate of the form | (x)| < ¢ exp{—%}. To see this, we shall use the argument
we used to prove the sharpness of estimate (2.12). Precisely as in (2.5) with a(¢) replaced by

¥ (x) (using the Poisson summation formula (2.4)), we have

() =D (ﬁ) M =2mn Yy Y (x4 2)))

JjeZ JEL
Note that since ¥ is compactly supported, then ¢, from above is a trigonometric polyno-
mial of degree O(n). Assuming now that [ (x)| < cexp{— ln(iuf”x\)} leads to |¢,(x)| <
c'nlx

cn exp { W} . But this is impossible since the condition given in (2.14) and (2.15)
would be violated.

3 Construction of C* cutoff functions

The present section lays down some of the ground work that will be needed for the con-
struction of sup-exponentially localized kernels and needlets. Admissible cutoff functions of
“small” derivatives will be needed.

Theorem 3.1 Let O < ¢ < 1. Then there exists an admissible cutoff function a of any type:
(a), (b) or (c)(Definition 1.1) such that 0 < a < 1,
6% oo < E@E/e) K M *HO k=3, and 4P| < E@/e)KE, k=1,2.
3.1
where ¢ > 1 is an absolute constant (e.g. ¢ = 88). Moreover, &(k)(l) =0fork > 1.
Furthermore, there exists an admissible function a of type (a), (b) or (¢) such that the
above estimates still hold with the term (In k)K€ replaced by (In k) (In In k)K3+8) o, in
general, by a product of the form (Ink)X ... (In---Ink)*(In- - - In k)*1+& wirh ¢ > 1, for
~—— ~——

¢ 241
sufficiently large k and ¢ depending on {.

Proof We first construct a C* bump & of “small" derivatives. To this end let x5 := ﬁ 1-s.5]

and choose 8o = &) := 1 and §; := ~5r if j = 2. Note that
o0
§5<2+1+1+/ dt .~ 1 _4
i -+ = — < — = —.
,-—oj_ 2 3 t(Inr)lte e(In3)e ~ ¢
- 3
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We define

R = Xs9 % -+ * X5, and h(t) := lim h,(t).
m—0Q
It is easy to see that [7, Theorem 1.3.5]h € C*°, h > 0, supph C (—g, %) and

1
18 loe < ——— <KWk for k3.
j=0°Jj

Also, since [, x5 = 1, we have [ h = 1.

Our second step is to rescale &, namely, we define 1, (7) := %h (%)

We next apply standard wavelet techniques. We first integrate /., i.e. we define g(t) :=
I [' . he(s)ds. Evidently, g € C*,0 < g < /2, suppg’ C (=5, 1), g() + g(-=) = %
fort € R, g% oo < Z(2)+! for0 <k < 3, and

T /8 k+1
lg“ Voo = S oo < 5 (—) Kk 9 for k= 3. (3.2)
€
Observe that a(z) := % g(% — t) is an admissible function of type (a).
In order to construct an admissible function a of type (c¢) and, hence, of type (b) we define
¢(t) :==sing(t), t € R. From above, qf)(t)2 + qﬁ(—t)2 =1 fort € R. We now set

P2t —3) ifre(f 1],
a):=1¢3 -1 ifre(l,2],
0 if R\[4, 2],

and claim that a has the properties of an admissible function of type (c). All of them are easy
to verify but (3.1), which needs some care. Here we use some ideas from [3]. Fix tp € (— %, %)
and let g (¢) := Zl;zo (’7]720)] gY (1y) - the kth degree Taylor polynomial of ¢ centered at 7.
Apparently, ¢® (1) = [sin g¢]1® (t) and since sin g (z) is an entire function, by the Cauchy
formula,

k! sin g (z)
®Or) = — | —=="d 33
o) = o | o e (3.3)

14

wherey :={z € C:|z—1| =r}withr = . By Stirling’s formulan! > (n/e)"

1
2¢(8/e)(Ink)1+e
and using (3.2) we have forz € y and k > 3

k i . P k
17 (8\ ji(nk)y/0+e i 1
< —— | - - < = —
lgk (2)] < Jgo 12 (8) [26(8/8)(1nk)1+8]/ ) ; 2 <7

and, therefore, | sin gr(z)| < e for z € y. We use this in (3.3) to obtain
k!
1o (10)| < 2—e"2n [2¢(8/¢)(In k)‘+€]" < " (44/e)* KK (In k)1 +9)
b4

which implies (3.1). Here we used that k! < kX
For the construction of @ which satisfies (3.1) with (In &)1+ replaced by a product
of the form (Ink)f---(In---Ink)*(In- - - Ink)k1+8) one proceeds as above with obvious
—— ——

¢ 41
modifications. O
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Remark 3.2 Theorem 3.1 cannot be improved in the sense that € in the exponent in (3.1) can-
not be removed (replaced by ¢ = 0). Indeed, by the Denjoy—Carleman theorem
[7, Theorem 1.3.8] one has that if a € C* on a given interval and

a“”” <M k=o0.1,.. .,
o0

then the divergence of the series Z?OZO 1/L; with L; = infz>; M,!/ k yields that a is quasi-
analytic [7, Definition 1.3.7.]. Having in mind that the cutoff functions are not quasi-ana-
lytic we conclude that the above inequalities cannot be true with M = [kIn(e + K)1* or
ol DECEY DEEEY DR k 1
My =[kln(e +k)---In---In(exp---exp 1 + k)]*, in general.
¢ ¢

4 Sub-exponentially localized kernels and frames induced by Jacobi polynomials

The Jacobi polynomials {P,fo‘"S ) }n>0, form an orthogonal basis for the weighted space
Lz([—l, 1], wg,g) with weight wy g(¢) = (1 — )*(1 + NP, a, B > —1. They are tradi-
tionally normalized by P,fa’ﬂ (1) = (”:a). It is well known that [21, (4.3.3)]
1
/ PP (0 PP (tywgy g (1)dt = 8, mh(*P),
-1

where
+B+1
heh 20+p l"(n—i—(x—i—l)l"(n—i—ﬂ—i—l). @)
Cn+a+B+ DT+ DHIn+a+B+1)
We are interested in kernels of the form
o0 .
(] A\ p :
Ly e,y =4 (;) (r?) " PP @ PP ), 4.2)

Jj=0

where a is an admissible cutoff function in the sense of Definition 1.1. In [17] it is proved
that this sort of kernels decay rapidly away from the main diagonal in [—1, 1]¢ x [—1, 1]¢.
Our aim here is to show that for suitable admissible cutoff functions a the localization of
Lff’ﬁ (x, ¥) can be improved to sub-exponential.

To state our result, we need the quantity

a+1/2 ( _2)ﬂ+1/2'

We,p(n; X) 1= (1 —X +n_2) l+x+n 4.3)

We shall also use again the distance p(x, y) := | arccos x — arccos y| on [—1, 1].

Theorem 4.1 Let o, 8 > —1/2 and 0 < ¢ < 1. Then for any admissible cutoff function a
obeying inequality (3.1) in Theorem 3.1 the kernels from (4.2) satisfy the following inequality
forx,ye[—1,1]

|L%F (x, y)| <

cn [ c®np(x,y)

exp | —
VWa,p(n; x)/we,p(n; y) [In(e + np(x, y)I'+e
where ¢® = ¢’e with ¢’ > 0 an absolute constant, and ¢ depends only on «, B, and «.

Furthermore, for an appropriate cutoff function a the term [In(e + np(x, y))1' ¢
can be replaced by any product of the form (1.10).

] ., (44

above
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For the proof of Theorem 4.1 and the respective localization results on the sphere (Theo-
rem 5.1) and ball (Theorem 6.1), we first need to establish the sub-exponential localization
ap
of L,;" (x, 1). Set
QP ==L )= a (;) (he?) PP @, @)
j=0

It is easy to see that

. (’) QiratFEDIGHatPHD pnry (4
“hi, @

o, B — o* ~f L
) cgoa - TG+

where ¢* := 272 -1 (@ + 1)~ L.

Theorem 4.2 Leta > B> —1/2 and 0 < ¢ < 1. Assume that the cutoff function a in (4.5)
is given by Theorem 3.1. Then we have

c°né
[In(e 4+ no)]ite

Qz'ﬂ (cosB)

< en® 22 exp [— ] , 0<0=<m, 4.7

-
’ dx”
where c® = c'e with ¢’ > 0 an absolute constant and ¢ = ¢""8" with ¢ > 0 depending only
ona, B, and ¢.

Moreover, for an appropriate cutoff function a of type (a), (b), or (¢) from Theorem 3.1
the above estimate holds with the term [In(e + n8)1'1¢ replaced by any product of the form
(2.13).

Proof We first prove (4.7) for r = 0. We obtain a trivial estimate by simply using that
T(j+a)/T( +1) ~ jo " and [ PP || poo_1.17 < en® with ¢ = e(a, B) [21, (7.32.6)].
We get
2n
Q%P (cos0)| < ¢ D 2 < en®t2, 4.8)
j=0
which implies (4.7) (r =0)for0 <60 < 1/n.
A key role in proving a nontrivial estimate on |fo’ﬁ (cos0)| will play the identity [21,
(4.5.3)]:

(vt a+k+B8+ DI +a+k+B+1) (a+k,B)
Z PP (x)

= rb+g+1
_Teta k14 B+ 1D paririp g, “9)
F'ah+B+1) "
Applying summation by parts to the sum in (4.6) (using (4.9) with k = 0), we get
I\|T 1 1
o= [a(7) - (5] T e
= n n rGg+g+1 J

(4.10)

We now define the sequence of functions (Ax (t)),fio by

Ap(t) = Rt +a+ B+ Da (%)
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and inductively

A1 (1) = Ar(t) _ At +1) k>0 @11
e Sy a+k+B+1 2itatktpr3 '

AL(0) :=a(1)—a(’+1) 4.12)
n n

and hence supp Ay C [n/2 — k,2n] C [n/4,2n]if 1 <k <n/4.
Applying summation by parts k times starting from (4.6) (using every time (4.9)), we
arrive at the identity:

Notice that

o0 .
TG +a+k+B4+1) ik p)
QPx)y=c> A ; POTEP) (4, 4.13
P (x) igokm rGigsn D@ 4.13)
We next show that forall 1 <k <n/4andm >0
1A lloo < €125 (ed/e) 7" (k + m) V2 (m + 1)1 3" min =2kt
x [In(k + m + 2)]&k+md+e) (4.14)

where ¢ > 1 and ¢ are as in Theorem 3.1 and (a), :=a(a+ 1) --- (a +r — 1). In particular,

Ak lloo < E(12e&/e)* k2 (k — 1)![In(k 4 2)F1 &), =2k+1
< E(12eé/e) kM In(k +2) K1+ =2+ for 1 <k <n/4.  (4.15)

To make the proof of (4.14) more transparent, we denote

2k+m—1
_n (m)
B! = |

3Mm! 00

Then (4.14) is the same as
B < 12K ee/e)* M (k + m)2 (m + Dp_i[Ink + m 4 2)]*Fm0A+0 (4 16)
We shall proceed by induction on k. By (4.12) and Theorem 3.1 it follows that
14T lloo < ™" 1@" D g
< 5(5/8)m+1(m + 1)m+1[ln(m +3)](m+1)(1+£)n—M—1.

But by Stirling’s formula it follows that (m + nHmtl < (m+ 1)~12¢m+1 (3 + 1)! and hence
from above

BY' < &(e¢/e)" ! (m + 1)![In(m +3)) D),

which shows that (4.16) holds for k = 1 and m > 0.
Suppose (4.16) holds for some 1 < k < n/4 and all m > 0. We shall show that it holds

with k replaced by k + 1 and for all m > 0. Denote G (¢) := %.

Then by (4.11) A{, (1) = — [ GV (1 + s)ds and evidently

m+1 1—v
+1 (=2)" 1 =V(m +1 —v)!
"y =3 (""" )ala :
e Z:(:) v ) O ek g
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Therefore,

m+1 m+1—v |
(m+1) m+1 W, 2 m+1—-v)!
1A oo < 16" 1o < D ( ) )nAk oo ™

m-1

(m+1)|3m+l v
<22 e 14 e,

where we used that since k < n/4 we have n — k > 3n/4. It is readily seen that the above is
the same as

m-+1
BYl,) <6(m+1)> B},
v=0

We now use the inductive assumption (see (4.16)) to obtain the following upper bound for
By
m+1
60m +1) D" 125 (ed /) (k + v) 2 (v + Dy [nk + v 4 2)] 40+
v=0
m+1
< 68125k +m + D'20m + Delintk + m 4 3)1EFm DA (o5 /eyl
v=0

For the last sum above we have

1
m+ (66/8)k+m+2

Z(ec/ )k+l} ﬁ < 2(65/£)k+m+1

using that ec/e > 2. Putting the above estimates together we get
B!y < &12%(ec/e) M M (k +m + 1) (m + Dillnk + m 4 3)] ¢+ DA+,

which shows that (4.16) holds when k is replaced by k + 1. Therefore, (4.16) and hence (4.14)
hold forall 1 <k <n/4andm > 0.

We shall need the following estimate for Jacobi polynomials [6, Theorem 1]: For «, § >
—1/2andn > 1,

2e
sup (1 —x)*TV2(1 4 )2 p@h) ()2 < — (2 + /a2 + 52) hP)

xe[-1,1]
(4.17)

where hf,a’ﬂ) is from (4.1).

We nextprove (4.7) (r = 0)for1/n <0 < m/2.By (4.1) itreadily follows that h,(,aJrk’ﬁ) <
c2k/n. Using this, (4.17), and the obvious inequality 1 —cos 6 = 2 sin? 0/2 > (2/7'[)292 for
0 <6 <m/2, we infer

ck/22K2 (7 )2)k ek

(a+k.B)
Py (€os6)| = = roirariz” = pi/ighiatifa’

0<6<m/2. (4.18)
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We now use this and (4.15) in (4.13) to obtain for 1/n <0 <m/2and 1 <k <n/4

ks k a+k
Q%P (cos 0)] < c(12¢2/e) K [In(k + I+ =241 ° TG AR

1/20k+a+1/2
n/2—k<j<2n J gt e
20042

~ Nkik k(l4+e) 1
< c(R7mec/e) k" [In(k + 2)]*V'7° 0y T2
klin(k 4+ 2)1+\*
< cen2a+? (M) . = 2Tmed/e. (4.19)
n

Here weused that T'(j +a +k+ B+ 1)/T( + B+ 1) < c(j + k)*tk,
If n0 < 2ecq[In(e + n6)]*te, then (4.7) (in the case r = 0) follows by (4.8) with

c® = (2ec,)~". Assume that n > 2ecy[In(e + n6)]' ¢ and choose k := Lmj.
Evidently, k < n/4. We claim that

cok[In(k + 2)]1+¢ -

—1
, 4.20
no - ( )

Indeed, by the definition of k we have k < wa)]‘” and then (4.20) follows by the
obvious inequality k+2 < e+n6.Combining (4.20) with (4.19) leads to (4.7) for r = 0 with
¢® = (ecy)~!. Therefore, (4.7) (r = 0) holds for 1 /n < 0 < 7/2 with ¢® = (2ec)™! = 's.

Let now 7/2 < 6 < w — 1/n. Similarly as in the proof of estimate (4.18) we use that
1 + cos@ = 2sin? ”2;9 > (2/n)2(n — 0)2 for /2 <6 < 7 to obtain

c2k kB
<c2*n”, w/2<60<m—1/n.

(a+k,B)
[P P cos0)| = W12z — )P+ =

Combining this with (4.13) and (4.15) we get
Q%P (cos0)| < c(12e8/e)! KH [In(k + )1 Fn=2KF0 D" 2knf(j 4 etk
n/2—k<j<2n
< c(54ed/e)* k*[In(k + 2) K IHe) p—k+atp+2

< cnotPt2 (Csk[ln(k +2)]'*e
- n

k
) , Ce:=54dec/e.

Exactly as above this leads to the estimate

c®n

B +B+2 i
|Qg (cos 9)| <cn® exp [ e T e

], T/2<0<m—1/n, (421)

and, since o > B, estimate (4.7) (r = 0) holds in this case as well.
Finally, let 1 — 1/n < 6 < m. In this case (4.7) follows easily from (4.21). Indeed, as is
well known for any polynomial P € IT, one has
n
IPEOL = 1Pl Tn(0) < WPl (x+vx2 = 1), x = 1,

where T, is the nth degree Chebyshev polynomial of first kind, and hence

n
PO < [P~ (142v3 = 1) for 1=x<5/4
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By changing variables we obtain

PO = 1Plsian (1422 =0/ —a) . bzt <b+b-ays,

(4.22)

If t ;= —cos6, thent € [0, cos %] for 8 € [r — 1/n,]. On the other hand, cos% =
1 —2sin® 1 > 1 —2/n% Hence

” QP (=) ” Lo0[0,1—2/n2] = ” Q- (cos ) ||L°°[rr/2,7171/n] : (4.23)

Since Qﬁ’ﬁ € I1y,, then we can apply (4.22) on the interval [a, b] = [0, 1 — 2/ n2] to obtain
using (4.23)

” Qg*ﬂ(cos ) ||L°°[rr—l/n,7r] = ” Qg’ﬂ(_') ||L°°[1—2/n2,1]
2n

< 108 gy (1422 21 =27
(1+272/n)*" | Q3P (cos ')”L”O[n/Z,nfl/n]

=c “ Qﬁ’ﬂ(cos ')HL"O[n/Z,JTfl/n] ’

IA

A

provided 2/n2 < (1/8)(1 —2/n2) whichis the same asn > 5 (the casen < Sistrivial). Com-
bining the above with (4.21) implies that the estimate in (4.21) holds forr — 1/n <6 <=x
as well, but perhaps with a different constant c¢. This completes the proof of estimate (4.7)
when r = 0.

For r > 1, estimate (4.7) is an easy consequence of Markov’s inequality: If Q € II,,, then
10| L[a.p) < 2m*(b — a) ™' | @l L=[a.p]- Indeed, substituting x = cos @ shows that (4.7)
with r = 0 is the same as

2042

10%F (x)| < (4.24)

c®né
where E(0) := exp

E (arccos x)’ [In(e + no)]+e

It is easy to see that the function E (@) is increasing on [0, 7] and hence 1/E (arccos x) is

also increasing on [—1, 1]. Note that Qﬁ’ﬁ € Iy, and by Markov’s inequality we have, for
x € [0, 1],

Cn2a+2

d
‘EQ%%) < 8n*(1 4+ x) Q%P || Loof—1.0] < 8n*

E (arccos x)’

where we used (4.24) and the monotonicity of 1/E (arccos x). Iterating we get

n2a+2
< C8rn2r

> 1,

dr
o, B
’ YT Q' (x)

E(arccos x)’

which yields (4.7) for 0 < 6 < /2.

To estimate |(d/dx)" fo’ﬂ (x)| forx € [—1, 0) one applies Markov’s inequality on [—1, 0]
which leads readily to the same estimate with a different constant c®.

We finally observe that one proves estimate (4.7) with [In(e 4+ n6)]'*¢ replaced by a
product of the form (2.13) exactly as above using the respective estimate for |a® (¢)| from
Theorem 3.1. The proof of Theorem 4.2 is complete. O
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Sub-exponentially localized kernels and frames induced by orthogonal expansions

Proof of Theorem 4.1 We shall use the notation and scheme of the proof of Theorem 2 in [17].
Consider first the case when o > B > —1/2. By the product formula of Jacobi polynomials
[10] (¢ > B > —1/2), one has

PP (x) PP () -
e = [ [ PPy dme e, @25)
PP ) /)

where
106y, ) = 30+ )1+ ) + 31— 00— y)r’ + rmﬁcosw — 1,
the integral is against
dm(r, ) = (1 — r)* P=128  sin y) P drdy,

and the constant ¢, is selected so that cq,g [i fol 1dm(r, ¢) = 1. Therefore, as in [17,
(2.16)] we have

T 1
LyP(x,y) = ca,ﬁ//QZ”s(t(x,y,r, v)dm(r, ¥). (4.26)
00

Evidently, if t = cos8 with0 < 6 < w,then 6 ~ sinf/2 ~ /1 — t. Consequently, estimate
(4.7) implies

cen/1 —t
[In(e + n/1 — 1)1+

Precisely as for the proof of (2.18) in [17], this yields

|QZ’ﬁ(t)| < en®* 2 exp [— ] , —l<t=<1 (4.27)

c'en|0 — ¢|
[In(e +n|6 — @)1 +¢

|L%F (cos 6, cos )| < cn®* ¥ exp [— ] . 0<b.¢p=m (428

1y
But exp [ﬁ <c(l+ t)_3"“3ﬂ_2, t > 0, for a sufficiently large constant ¢ > 0,
and hence (4.28) implies

|L%F (cos 6, cos ¢)| < cn?o+? exp | — Icen|o — ¢
! ' T (1400 — p|)3at3p+2 P (In(e +nl6 —pPI'+e |

(4.29)

Just as in the proof of estimate (2.14) in [17] we use this estimate to prove (4.4) with ¢® = ¢’/2.
We skip the further details.

In the case when « = B = —1/2 (the case of Chebyshev polynomials of first kind),
estimate (4.4) was already proved in Theorem 2.1.

In the case when @ = § > —1/2, as in [17] and above, one uses the product formula for
Gegenbauer polynomials and (4.29) to prove estimate (4.4). We omit the details.

Finally, let « > B = —1/2. Evidently, for a continuous function f on [—1, 1]
Jo fcosO)(sin0)*d6 (1) + f(—1)
u—-1t [(sin@)do 2 ‘
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On the other hand, limg_, _1 /2 P,ia’ﬁ )(x) = P,fa’_l/ 2 (x) uniformly on every compact inter-
val, and in particular on [—1, 1], since as is well know the coefficients of P,fa’ﬂ ) converge

to the respective coefficients of Pn(a'*l/ ? as B — —1/2. Therefore, passing to the limit in

(4.25) as B — —1/2 the product formula of Jacobi polynomials takes the form
R SOl )

PP
1

1 _ _
= ¢ / [P Py o) + PP,y ) | ),
0
(4.30)

where dm(r) = (1 — r2)*~1/2dr and cq fol dm(r) = 1. Using this product formula, one
can carry over the entire proof of Theorem 2 in [20] in the case whena > f = —1/2.Ina
similar fashion, one uses (4.29) and (4.30) to prove estimate (4.4) whenevera > = —1/2.
We skip the details.

Due to symmetry, in all other cases for «, 8 estimate (4.4) follows from the cases consid-
ered above. O

Sub-exponentially localized needlets induced by Jacobi polynomials. Given j > 0 let X'; be

the set of all zeros of the Jacobi polynomial P,ff"'3 ) of degree m := 2/ and let {celeex; be the
coefficients of the Gaussian quadrature formula on [—1, 1], which is exact for all polynomials
of degree 2m — 1 (cf. (1.5)). Suppose a is an admissible cutoff function of type (c) obeying
(3.1). According to the general scheme from Sect. 1.2 the jth level needlets are defined by

V) ==} PLEP (e, x)., & e X,

where Lff’ﬁ with n := 27~ ! is the kernel defined in (4.2). The needlet system W := {y¢}isa
tight frame for L2([—1, 1], wg,p) and it is easy to see that the jth level needlet inherit from

the kernel Lff’ﬂ the localization:
c2//? o [_ €2l p(x, €)

/wmﬂ(zj;g’:) [ln(€+2jp(x,$))]l+£

Here we used the notation from Theorem 4.1. This is an improvement compared with the
localization of the Jacobi needlets constructed in [12,17].

Ve ()| <

}, Eex;. (431

5 Sub-exponentially localized kernels and frames on the sphere

Denote by H,, the space of all spherical harmonics of degree n on the d-dimensional unit
sphere S¢ in R?*!. As is well known [20] the kernel of the orthogonal projector onto H,, is
given by

A
Pu( - n) = %Cﬁ(& ), 5.1)

where A 1= %, wq = [q4 1do is the hypersurface area of S?, and & - 5 stands for the inner
product of &, n € S¢. Here C) is the Gegenbauer polynomial of degree n normalized with

Ch() = (") [5, p. 1741,
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Our aim is to construct sub-exponentially localized kernels of the form
S ()
Lﬂéw)=2:&(;)PA?n% (52)
Jj=0

where a is a C* cutoff function.
Denote by p (&, n) := arccos(€ - n) the geodesic distance between &, n € S on §¢.

Theorem 5.1 Ler 0 < ¢ < 1. Then for any admissible cutoff function a obeying inequality
(3.1) in Theorem 3.1 the kernels from (5.2) satisfy

c®np(§. n)
(In(e + np (&, n)1+e

|u@wnsm%w{— ],&ney, (5.3)

where ¢ =c'e with ¢’ >0 an absolute constant and ¢ > 0 depends only on d and . More-
over, for an appropriate cutoff function a the above estimate can be improved similarly as in
Theorem 4.1.

Proof By (4.6) witha = B =1 — 1/2 (A := (d — 1)/2) we get

JU2A1/2 *ia (J+000 +2)»)PQ 1/20-1/2)
n) TG+rt1/2)

where ¢* := 272**IT (). +1/2) . On the other hand, using the relation between Gegenbauer
and Jacobi polynomials [21, (4.7.1)] we have

ro+1/2 r 22X
A+ 1/2) (n+2x) pO—1/2- 1/2)([)

A _
Gt = rer) Tnr+r+1/2)

(5.4)

Therefore, L, (1) = c(d)Q)‘ 1/22=1/2 (1) and hence estimate (5.3) follows immediately from

Theorem 4.2. ]

Sub-exponentially localized needlets on the sphere. As in [16] for the construction of the jth
level needlets on S? we use a cubature formula with nodes in X C S? consisting of 0(2/7)
almost uniformly distributed points on the sphere and positive coefﬁments {ce}een; of size

ce ~ 27/ d_which is exact for all spherical harmonics of degree < 2/ +1 (for more details, see
[16]). Then choosing an admissible cutoff function a of type (c) satisfying (3.1), we define

Ve =P La6 - x). £ € X,

where L, with n := 2/~ is the kernel defined in (5.2). Setting X := U;>(.X;, we define the
needlet system by W := {¢ }scx. This is a tight frame for L2(S%) and Theorem 5.1 implies
the sub-exponential localization of the spherical needlets:

g2/ p(x, &)
[In(e + 27 p(x, §))]1+e

‘Wg(x)‘SCZjd/zexp(— ] xes?! £ea; (5.5)

Here, p(x, &) is the geodesic distance between x, & € S?. This is a natural improvement of
the localization of the needlets constructed in [16].
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6 Sub-exponentially localized kernels and frames on the ball

Here, we consider orthogonal polynomials on the unit ball B¢ :={x e R?: |x|l < 1} in
RY (d > 1) with weight

—1/2
(@) = (1= 13 w=o.

We shall use the notation and results from [18]. Denote by V,‘f the space of all polynomials
of total degree n which are orthogonal to lower degree polynomials in L?(B?, wy). As is
shown in [24], if > 0 the orthogonal projector Proj, : L*(BY, wy) > fo can be written
in the form

(Proj, f)(x) =/f(y)Pn(w;L;x, Nwu(ydy, (6.1
Bd
where

1

A+n _
P %, 3) = Ca ™ /cﬁ(<x,y>+u\/1—||x||§J1—||y||§)<1—u2)“ du.

-1

Here (x, y) is the Euclidean inner product in R?, C/* is the nth degree Gegenbauer polynomial,
and
r= g d—1
=W 7
In the case i = 0 the kernel P, (w,; x, y) is simpler [18].
As before, we are interested in the construction of sup-exponentially localized kernels of
the form
S (4
o . d
Lie,y) = a (;) Pj(wu:x.y), x.ye€BY, (6.2)

Jj=0

where a is a C* cutoff function. As in [18], we shall need the following distance on BY:

p(x, ) i=arccos {(x, W 4+1— Ixi3y1 - ||y||%] ©63)

and the quantity

2
W, (n; x) = (‘/1 — [Ix113 —I—n_l) :

Theorem 6.1 Let 0 < ¢ < 1. Then for any admissible cutoff function a obeying inequality
(3.1) in Theorem 3.1 the kernels from (6.2) satisfy

d S
e n l_ cnp(x,y) ] ’
(ol = \/W;L(HQ x)\/W;L(n; y) P [In(e + np(x, y))]H_s

(6.4)

where ¢® = c'e with ¢’ > 0 an absolute constant, and c¢ depends only on u, d, and ¢.
Moreover, for an appropriate cutoff function a the term [In(e + np (x, ¥))1'7¢ above can
be replaced by any product of the form (1.10).
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Proof Assume o > 0 (the case u = 0 is easer). From (6.1) it follows that

1
LG ) = e, d)/ Q! ((x, W+ /1= 31— ||y||§) (1 —u)*du, (65)
2

where Q4(1) = X%0a (£) HECH(). Combining identities (5.4) and (4.6) gives
Qﬁ_l/z’)”_l/z(t) = ch‘L (t). Therefore, by (4.27) we get

/ —_—
c'en1 —t l<i<l,
[In(e 4+ n/1 — 1))t

]Qﬁ(z)\ < enPt! exp [— (6.6)

—(c'/2)eu

and since exp {W

} < (1 + u)~3#~1 for sufficiently large constant ¢ > 0

cen?tl [ %c’sn\/l —t ]

QA ()| < 6.7)

A+ VT =0 P nte + nv/T = n]ite

Now, just as in the proof of Theorem 4.2 in [18], we use estimates (6.6) and (6.7) to obtain
(6.4). O

Sub-exponentially localized needlets on the ball. For any j > 0 we shall utilize the cubature
formula on B? from [18] with nodes in X i C B4 consisting of 0(2/9) almost uniformly
distributed points on B¢ with respect to the distance p (-, -) defined in (6.3) and with positive
coefficients {cg }ze x;, which is exact for algebraic polynomials of degree 27! The second
step is to select an admissible cutoff function a of type (¢) as in Theorem 6.1. Then we define

Ye() = LIlE. x). Ee,

where L with n := 2/~ is the kernel from (6.2). Set X := U;>0X;. Then we define the
needlet system on the ball B¢ by W := {y¢}eecx. The sub-exponential localization of the
needlets on the ball follows by Theorem 6.1:

c2//? [ €2l p(x, €)

exp i
JWa@i ) [In(e +27p(x. )11

This is an improvement in comparison with the localization of the needlets in [19].

[y (x)] < } xeB! tex;. (68)

7 Sub-exponentially localized kernels and frames on the simplex

Here, we consider orthogonal polynomials on the simplex
T¢=(xeR':x1>0,...,xg=0,1—|x|; =0}, |x|; :=x1 4 +xq,

in R? (d > 1) with weight function

_1 _1 1
we) =x," 7 xy T = x)STI g > 0.

Denote by Vfl’ the space of all polynomials of total degree n that are orthogonal to lower
degree polynomials in L>(T%, w,). As is shown in [23] the orthogonal projector Proj,, :
L2(T4, Wy ) V,‘,’ can be written in the form
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(Proj, H)0) = [ FOIPutwei x. D)y, .1)
Td
where, if all k; > 0,
d+1
2n + A o
Py(we; x,y) =clk,d) u / Cé,i (Z(x,y,t))H(l — i ldr. (1.2)
“ l—lled'H i=1
Here
z2(x, y, 1) == xiyitr + -+ SXaYata + /Xar1Yar1tar (7.3)

withxgy1 = 1—||x||; and yg4+1 := 1 —||y|l1, C,)l‘ is the nth degree Gegenbauer polynomial,
and

d —
A 1= lKH_T’ K] =K1+ +Kit1.

If some «; = 0, then the identity in (7.2) holds with the integral in #; replaced according to
the limit relation [23]

1 1
- 2k~ 1 2=t ,, S+ f(=D
’}Ln})/f(t)(l—t) dt//(l—t) di = o
5 5

We are interested in kernels of the form
o0

Lyx,y) =) a (%) Pj(w; x,y), x,y€T? (7.4)

j=0

where a is a C* cutoff function. Our aim is to show that for any admissible cutoff function
a the kernels L¥ (x, y) decay rapidly away from the main diagonal in T x T4 and for any
cutoff function a from Theorem 3.1 the decay is sub-exponential.

In analogy with the kernels on the ball, we shall need the distance p(-, ) on T4 defined
by

p(x,y) :=arccos {/X1y1 + - + /Xayd + /Xat+1Yd+1}
and the quantity

d+1
We(n; x) =[] 40725, xagn:=1— |xlh.

i=1

Givenx,y € T4 setaj := /X; =: cos@jandb; := ./yj =: cos¢;, where 0 < 0;, ¢; <
/2. Applying the Cauchy-Schwartz inequality we get, for 1 < j < d,

d
Zaibi—i—\/l—a%—n-—aﬁ\/l—b%—m—bg§ajbj+1/1—ajz.1/1—b§.
i=1

Hence,

p(x,y) > arccos(cosj cos¢; +sinf; sin¢;) = arccos(cos(6; — ¢;)),
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which yields p(x, y) > |6; — ¢ ;| and as a consequence

VXj =Yl <plx,y), 1<j=<d+1 (7.5)

Our localization results take the form:

Theorem 7.1 Let a be an admissible cutoff function according to Definition 1.1. Then for
any o > 0 there exists a constant c, depending on o, |k|, and d such that the kernels from
(7.4) satisfy

Lk con?

—o d
n (XM= NUACE NAATEY) (I+np(x,y)", x,yeT". (7.6)

The next theorem show that for suitable cutoff functions a the localization of the kernels
L% (x, y) can be improved to sub-exponential.

Theorem 7.2 Suppose 0 < & < 1 and let a in (7.4) be an admissible cutoff function obeying
inequality (3.1) in Theorem 3.1. Then

LS (x, y)] < o’ exp[— <oz, 7) ]
VA A TR WA UM CIRD) [In(e + np(x, y)1'+e |’

where ¢® = ¢'¢ with ¢’ > 0 an absolute constant, and ¢ depends only on k, d, and ¢.

As elsewhere in this article, for an appropriate cutoff function a estimate (7.7) can be
improved by replacing the term [In(e + np (x, y))1'1¢ by any product of logarithms as in
(1.10).

(1.7)

We shall only present the proof of Theorem 7.2 since the proof of Theorem 7.1 follows
along the same lines but is simpler.

Proof of Theorem 7.2 Foragiven 0 < ¢ < 1, let a be the cutoff function from Theorem 3.1.
Consider the case when x; > 0 for 1 < i < d + 1 (the case when some k;’s are zeros is
treated in the same way with appropriate modifications). We begin with the relation
INCESINE S pO-4-
rO)T(n+ 1) "
which follows readily combining identities (4.1.5) and (4.7.1) in [21]. This allows us to
express L (x, y) in terms of the univariate kernel Qz’ﬂ from (4.5) and (4.6), namely,

1
Cl(x) = D ox? -1,

d+1
Me—%.—3 i—1
Ly, (x.y) = c(k.d) / Q) T ey =) [T (1 =) ar.
[—1,1]d+1 i=1
Let6(x, y, t) := arccos(2z(x, y, 1?2 — 1) with z(x, v, t) given by (7.3). We use the fact that

1 9 9 ?t
L=z 3. 0% = 30 = cosB(x. y.1) = sin’ % ~0(x, y. 1)

and apply estimate (4.27) for fo’ﬁ witha =k — 1/2, B = —1/2 to obtain

o \/1_72 d+1
2t / exp cen 20 3. 1) [Ta—ystar
[In(e + ny/1 — z(x, y, 2|1+

[Ly(x,y)| <cn

[—1,1]4+1 i=1

@ Springer



K. Ivanov et al.

Evidently,

1—z(x, v, 0% > 1—|z2(x,y,0)| = 1 — Jxyilt] — - - — /Xas1 Va1 ltat]

and using the symmetry of the integrand with respect to r € [—1, 119F!, we get

2he+1

[Ly(x,y)| <cn

d+1
exp[ eyl -y 1+,3]H< — 5,
[In(e+nyT=2(x.y.0)]

[0,1]d+1 i=l1

Furthermore, we have the lower bound estimate

l—z(x,y,t) = 1= x1y1 —--- — \/xd+l)’d+l =1-—cosp(x,y)
2P( y)
2

2si > *p(x 2,

which enables us to deduce the estimate

In(e + np(x, y)'+e
1 d+1

1
1_ K,—]d
x (1 +np(x, y))«l / [l +ny/T—2Cxy. 0] U( ) -

[0’1]d+1

1
I >C ENP(X,
|Ly(x, )| < cn?hetl exp[—[ 2 p(x, y) ]

(7.8)

where y = 2|ic| + d + 1. Here we used that exp {%} <c(+w) W=7, u >0, for

sufficiently large constant ¢ > 0. From the definition of z(x, y, t), we have

d+1 d+1

I—z(x,y, 1) =1—=cosp(x,y) + > JEyi(l =) = D Jxyi(l —1;).

i=1 i=1
Denote by J the integrals in (7.8). From above, we have

d+1 2/('—1
L= 2yildy
1= LIi= = )

1 A+l — NEAY
o+ \L+n | 250 Jxiyi(d —16)

and our next goal is to estimate 71 (y). To this end we first establish the following inequality
forA>0,B>0,y >2«+ 1,k > 0:

1
2 Kk—1 —2K
/ )< dt y < cn B (7.9
) 14+n B+A(l—t) A"(l—i—n\/E)
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Sub-exponentially localized kernels and frames induced by orthogonal expansions

Indeed, substituting s = n2A(1 — 1), we see that

1 An?

0

/ 2)/( ldt - 2/(—1 / §K lds
1+n B+A(1—t)) T (An?)~ ) ( 4 /—zBH)V

< 2 70 =l
B (An2)'<(1+nf)y —2K— 10 (1 + f5)2+1

cn—Zk

—2k—1"
K(1+n¢§)y ‘

Wenowset B:=1+4+n Zle JXiyiti and A 1=, /X411Yd+1, and apply inequality (7.9) to
the integral in /;41(y) with respect to 7441. We get

Cn—2Kd+1 / Hd+l(1 Z)Ki_ldt
Xd+1Yd+1)<a 12\ ¥ ~2ka+1—1
.14 \1+n [Zflzl Vxiyi(l— ti):l

Iy1(y) < (

cn—2Kd+1

 (JXdr1Ydr)kr

Iterating this we obtain

Ia(y —2Kq41 = 1).

cn 2kl

H[H—l(\/xl vi)ki .

One the other hand, we trivially have /;4+1(y) < 1 and hence

liv1(y) <

cn 2kl

Hd+l (m‘i‘n )K,'.

lav1(y) <
Therefore,

J =2kl

< .
(T4 noCe, D™ (14 mp(x, y))lel Hd“ (VEi +n72)"
The simple inequality

(7.10)

(@+nHo+n"" <3@h+n) (A +nla—bl), a,b>0, n>1,
and (7.5) imply

Vi A2yt n 2 < () (Vo))
< 3 (Vxiyi +n72) (1 +nlyx — Jil)
< 3 (Vv +n ) (L+np(x, ).
This coupled with (7.10) gives
J en—2Ix]
(1 +np(x, y))l — «/Wx(n )VWieln; y)
and inserting the above in (7.8) leads to (7.7). O
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Sub-exponentially localized needlets on the simplex. Needlet systems on the simplex 7¢
have not been developed yet. To this end one should follow the well established scheme from
e.g. [16—-19]. The main ingredient of this development are Theorems 7.1 and 7.2 from above,
which provide the needed localization results. Since some other elements of this theory are
not completely developed yet we shall not speculate here and leave the subject open.

8 Sub-exponentially localized kernels and frames induced by Hermite functions

The Hermite polynomials are defined by
d}’l
Hy(t) = (—1)%’2W (e—fz) Cn=0,1,....

These polynomials are orthogonal on R with weight e~"*. We will denote by h,, the L>-nor-
malized Hermite functions, i.e.

ha(t) == (2"n0/7) "2 Hy(t)e /2.
Then the d-dimensional Hermite functions H, (x) are defined by
Hea(x) := hoq (x1)--- had(xd)’ X =(X1,...,Xq),
where ¢ = (g, ...,aq) € Ng. Denoting by Proj,, the orthogonal projector onto V, :=
span {Hy : |o| = n}, we have
(Projy £10) = [ I )y with Ho(r3)i= 3 HalOHa ).
Rd lee|=n
It was shown in [19] that for admissible cutoff functions a the kernels
[/
Ly(x,y):= > a (;) Hj(x, y) (8.1)
j=0

decay rapidly away from the main diagonal in R? x R?. Our goal here is to show that for
a suitable admissible cutoff functions a the localization of L, (x, y) can be improved to
sup-exponential.

Theorem 8.1 Ler 0 < ¢ < 1 and assume that a in (8.1) is an admissible cutoff function
obeying inequality (3.1) in Theorem 3.1. Then

c*n! e =yl

L s < c d/2 —
| n(x y)' =cn exXp [ln(e+n1/2||x—y||)]1+5

], x,yeRY, (8.2)

where c® = ¢'e with ¢’ > 0 an absolute constant, and ¢ depends only on d and . Recall that
lx|| := max; |x;].

As before, for a suitable cutoff function a the term [In(e + n'/2||x — y|)1'*¢ above can
be replaced by any product of multiple logarithmic terms as in (1.10).

Furthermore, for some constant ¢’ > 0

L Cx, y)| < ce™" ™Y g max(|ix], [Iyll} > (8 4 2)'/2. (8.3)
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Proof As is well known [22, Lemma 1.5.1] for some constants y, ¢ > 0
o) < e for 1= @n+2)"2 and e <en ! <,

which readily yields (8.3). In turn (8.3) immediately implies (8.2) in the case when max{||x/||,
Iyl = 8n +2)'72.

To obtain a nontrivial estimate on |L,(x, y)| we follow the approach from [19]. Let
A;x) = —%/ + x ;. Then the following identity holds (see the proof of Theorem 1 in [19]):

o0
v ! 2k
=y Ly = X ey dla(2) (47 —AP) T Huy). 84)
k/2<i<k  v=0

where Al&(%) is the /th forward difference applied to the sequence {a(;)};2,, and the coef-
ficients ¢ x are given by

k
crp = (=D gkl p — 21 — 1)!!(21

o vk—lok—I k!
_k)_( Dkl (8.5)

(k=D'Q2l =k
Identity (8.4) follows from Lemma 3.2.3 in [22]; the constants ¢; x are given explicitly
in [19].

Let us assume that 3 < k < n/4. Using the estimate [22, Lemma 3.2.2]

Hp(x,x) < cn??>71, x eRY, (8.6)

one can follow the proof of Theorem 2.2 in [19] to show that

. 21—k
‘(A?’ - Aj.x)) Hy (x, y)’ < cQQv +41 — 2k) AR/

AE ok d d
x> ( . )(u + )32 420 —k4i)37D/2

4 1
i=0

21—k 20—k

< 2(217k)/2(v 420 — k)(217k+d72)/2 Z ( _ )
1
i=0

< 23QIR/2(, 4 o _ ) @—ktd=2)/2
< 23k/2(y 4 oy @—ktd=2)/2

Evidently, |A'a (Y)| < n7/[|a" o and Ala(%) = 0if 0 < v <n/2—1orv > 2n. Using
the above and the representation of ¢; x from (8.5) in (8.4) we obtain

2n
2y =yl a2 37 T W+ DT a0 o
k/2<l<k v=n/2—k

k!
< 22k3k+d (d—k)/2 ~() ,
= " 2 G — ol

k/2<l<k
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where we used that v + k < 2n + n/4 < 3n. This along with estimate (3.1) in Theorem 3.1
leads to

k!
2 =y FILae ) < 12702 R (@ /e) 1 (n ) ()
= —DI2L —k)!
k/r<i<k (k—D'2l —k)!
kl
(d—ky)/2 ~ 1 \k k(14¢)
<cn (12¢/¢)"(Ink) k! E .
— DY — k)
k/r<T<k (k—DW2I —k)!
8.7
We next establish the following estimate for the last sum above:
kl 2\k
E ——— < 2(2e%)". (8.8)

kj2=l<k (k=D!Q2l =k)! —

To prove this we split the sum into two sums. For k/2 <[ < 3k /4, by Stirling’s formula, we
have (k — )! > [(k — I)/e]*! > [k/(4€)]*~ and hence

k217k

kl
<@ >
k=Dl —k)! e @ =]

o0
km
< (@023 = e,
m=0 """

k/2<1<3k/4

whereas for 3k/4 < | < k, we have (2] — k)! > [k/(2¢)]?~*, and hence
l kkfl

k k
2 G Dl —o1 =@ 2

3k/4<l<k 3k/A<l<k

2k
(k_l)!f(Ze),

and (8.8) follows. Substituting (8.8) in (8.7) we get
24 =yl ILn (e ) < en O MO, 1< < d,
where ¢, = 24625/ & > 24¢%; we used that k! < k*. Therefore,

cek(Ink)!+e

k
, 3<k<n/4. 8.9
n1/2||x—y||) sk=n/ (89

|Ly(x, y)| < cen? (

We use (8.6) and the Cauchy-Schwartz inequality to obtain the following trivial estimate

- 1/2 1/2
LaCe 0 < e D[ D) Hato) D> IHa ()
J=0 \la|=j lee|=j
2n
=c > Hj, ) PHy, 0" < en?, (8.10)
j=0

Let max{||x|, lyll} < (87 +2)'/2. From (8.10) it follows immediately that estimate (8.2)
holds if n'/2||x — y|| < 3ce[In(e + n'/?|x — y|)]'*2.
Assume now that n'/2||x — y|| > 3¢, [In(e + n'/?||x — y||)]'** and choose

_ 22—y
celln(e +n'/2||x — y|p1i+e |-
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1+e
Then3 < k <n/4as||x—y| <2@8n+2)"/?and evidently % < ¢~ !, Now, estimate

(8.2) follows by (8.9) with ¢® = ¢! = e(24¢%¢) 7. o

Sub-exponentially localized needlets in the context of Hermite functions. For this construc-
tion, we shall utilize the cubature formula from [19] with nodes in X; C R4 consisting of
0 (47%) points on R? obtained as a product of nodal sets of univariate Gaussian quadrature
formulas and with positive coefficients {c¢ }zex;, which is exact for functions in @2{:0 Vin

with N := c4/*! (for more details, see [19]). As before, we choose an admissible cutoff
function a of type (c) obeying (3.1) and define

V) =P La(€.x), €€,

where L, (x, y) withn := 4= is the kernel from (8.1). Setting X := U;>0X; we define the
Hermite needlet system by W := {v¢ }sex. The sub-exponential localization of the Hermite
needlets is inherited from Theorem 8.1: For § € X}, j > 0,

_ dedx =g
[In(e + 27]x — £ )]+

|1//§(x)|562jdexp[ ] x eRY, (8.11)

and
We ()] < ce™ W if x|l = 2/ (8.12)

for an appropriate constant c,. This is an improvement compared with the localization of the
needlets from [19].

9 Sub-exponentially localized kernels and frames induced by Laguerre functions

The Laguerre polynomials, defined by

n

n+o ,—t

oot e ), a>—1, n=0,1,....

1
L3(t) = e

—t — |t
n! it (
are orthogonal on R = (0, oo) with weight r*e¢~". There are three types of Laguerre func-
tions considered in the literature [22], defined by

172
Fo= (%) ePLEE), ©.1)
1/2
L£1) = (#ﬁ)n) e 22 L% (r), 9.2)
and
M) == 202 Le@?). (9.3)

It is well known that {F'},>0 is an orthonormal basis for the weighed space L2(R+, ety
while {£f},>0 and {M},>¢ are orthogonal bases for L2(R+). Here we only consider the
Laguerre functions {F5} for « > 0. Analogous results for {£},>0 and {M?%},>¢ follow
immediately as in [9].

The d-dimensional tensor product Laguerre functions associated to {F,} are defined by

Fox) = Fol(en) - Fd(xa), x = (x1,..., %),
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where v = (v1,...,vq) € Ng anda = (a1, ..., @g). The kernel of the orthogonal projector
onto V, := span{Fy : |[v| = n} is given by

Fry) = L FEEF ).

[v|=n

As elsewhere in this paper, we are interested in constructing sup-exponential localized
kernels of the form
S ()
Ly (x,y) :=Z&(2)f;“(x,y), x,y €RY, (9.4)

Jj=0

where a is an admissible cutoff function (see Definition 1.1). Note that in [9] it is proved that
for admissible cutoff functions a the kernels LY (x, y) have faster than the reciprocal of any
polynomial decay away from the main diagonal in ]Rff_ X ]Rfi'_.

We shall use some of the notation and results from [9]. Recall our standing notation for
norms in RY: ||x|| := max; |x;[, | x[2 := (& [xi|*)!/2, and |x| = [|x]|; := >; |x;|. We shall
also need the quantity

d
Wy (n; x) := H(xj +n V22t e Ri.
j=1

Theorem 9.1 Let 0 < ¢ < 1 and assume that a in (9.4) is an admissible cutoff function
obeying inequality (3.1) in Theorem 3.1. Then for x,y € ]Ri,

LGy < en'l® [ cen'2lx — 5]
x,y)| < exp 1 —
" W Wa ) P17 InGe +n'2)x — ylpI+e

where ¢’ > 0 is a constant depending only on d and «, and ¢ depends on d, a, €.
As in similar situations before, for an appropriate cutoff function a the term [In(e +
n'2||x — yD1'+e above can be replaced by any product of multiple logarithms as in (1.10).
In addition, for some constant ¢’ > 0

] , 9.5)

IL%(x, )| < ce™ MBI e maxqixll, Iyl} = (12 4 3]l +3)'/2. (9.6)

Besides Theorem 3.1 a main new ingredient in the proof of this theorem will be the
following result for Laguerre polynomials:

Proposition 9.2 Forn > 1 and —1/2 < a < n, we have
IL%(1)|e™"/* < 2%(n/0)*?, 0 <1 < o0, 9.7)

where ¢ > 0 is an absolute constant. The lower bound —1/2 for o can be replaced by any
constant ay > —1 but c will depend on .

Proof We shall utilize some estimates on |L% ()| established in [11]. As is shown in [11,
Theorem 2] fora > 24 andn > 1

(9.8)

r 1 1 4/3
max t“+l€7’[l‘z(f)]2 < 650 (I; et 1/6(01 b 5/6°
0<t<2etD n+1) nPrtat+l)

2n+a+l

For the next estimate, let us denote briefly

sp=vn+a+1+/n and ¢, :=/n+a+1—./n.
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Then, for « > 24 and n > 35 [11, Theorem 4],
Frn+a+1) t

P+ /(t—g)(sp —1)

‘We shall consider several cases for «, n, and .
Case 1. —1/2 < <24andn > lorl <n < 35 (then @ < n < 35). In this case,
estimate (9.7) (0 < ¢ < oo) follows from the standard estimate in [21, §8.22] with a constant
depending on « (see also [22, Lemma 1.5.3] or [19, 2.12]).
Case2.n > 35,24 <a <n,and 0 <t < 1/n. A standard upper bound for |L§ (¢)| (¢ > 0)
is given by (see e.g. [11, (3)])

e LY (1)) < 680 forr € (g2, s2).  (9.9)

(a+1)n_ 'h+a+1)

IL%(r)]e™"/? < = ,
n! Mo+ HI'(n+1)

0<t<oo. (9.10)

Note that by Stirling’s formula I'(¢ 4 1) ~ (¢/e)'/t on [1, co) and hence

Fta+l) _ (+o/o™ Vo _ ., ©.11)
FTn+1) — (n/e)"/n a ’ '

where ¢ > 0 is an absolute constant. Using this in (9.10) we get

ILY()]e™? < en® < cn/D?, 0 <t <1/n,

which gives (9.7) in the case under consideration.

Case3.n > 35,24 <o <n, and % <t < ;ﬁ‘ﬁ;ﬁ . From (9.8) and (9.11) we get

cla + D3 2%p g3 (n)ﬂt < a3 (E)a
< ;)

e*l LOlt 2 < < s
Ly OF = n/o(n +a + 1)5/6 el = pt

which implies (9.7).

2 ) .
Case 4. 29XV 4 < ;) We have g2 < et 120+

and s2 > 4n. We use these and

T 2nta+1 - 4n 2 2n+a+1
(9.11) in (9.9) to obtain
o, o,
e L P < —— 2 < T,
Vi —g)H(si—n ~ Vn/in+a+T)
which again gives (9.7). The proof of the proposition is complete. O

Proof of Theorem 9.1 Note first that from Lemma 1.5.3 in [22] or [21, §8.22] it follows that
IL(t)le™"/? < en® fort >0 and |L%(t)|e”"/* <ce " fort >=3N/2, (9.12)

where y > 0is a constant and N := 4n + 2« + 2. These immediately lead to the estimates

[9]:

1F %o < en®? and |FX(1)] < ce™" fort > 3N/2)V2, 9.13)

whichreadily imply (9.6). In turn estimate (9.6) obviously implies that (9.5) holds if max{||x/||,
Iy} = (12n + 3| +3)!/2.

The proof of (9.5), when max{[|x||, [[y|l} < (121 + 3|la| + 3)'/?, will rely on the devel-
opments in [9], where in particular it is shown that Lj (x, y) has the representation (see
[9, (8.3)-(8.4)])
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d
Li(x,y) =c / /cz(||x||%+||y||%+22x,~y,-cos9,~)

(0,71 i=1
d
[ [ dou—1/2(xi yi cos 6;) sin™ 6; o, 9.14)

i=1

where j, (1) := t =% J,(¢) with J, () being the Bessel function, and the kernel K is given by
s m

K = >0 aAFa (2 ) Lk e, (9.15)
=0 n

Here k > 0 is arbitrary and the finite difference A**! is with respect to m.
We claim that KC§ satisfies the estimate
c®(nt)1/?
[In(e + (nt)1/2)]1+e

K2 (1)| < cn'a‘“’exp‘— ] t <4d(12n + 3|« + 3),

(9.16)

where ¢® = ¢’¢ with ¢/ > 0 independent of .

Suppose t < 4d(12n + 3o + 3) and let 2 < k < n/4. Evidently, we have ‘Ak-b-l& (%)’ <
n=k=11a% D || g and AFA(2) = 0if 0 < v < n/2—k—1o0rv > 2n. From these, estimate
(3.1) from Theorem 3.1, and (9.7) it follows that

1 4m
IS, 0] < ¢ Z py=sy (T

n/2—k—1<m<2n

(k+1) lloo

(larl+k-+d)/2
) lla

8\ Ual+k+d)/2
< ent (7) @/e) 1 (k+ DR [Inck 4 1]V

d—1)/2 k+1
S plal+d (8)(|a|+ )/ [Cg(k"_ D[In(k + 1)]l+ai| ’

- 17 9.17)

where ¢, = 64¢/e, ¢ > 1.
Exactly as above, but using the first estimate in (9.12) instead of (9.7) and (9.15) with
k =0 we get

el <c > a7 tm"H | < cnlt, (9.18)

n/2—l<m<2n
Suppose (n1)1/? > 2c°c,[In(e + /n1)]' ¢, where ¢” := (12d(5 + ||«|)))!/?, and choose

= ]
L cPes[In(e + /nt)]1 e

Then3 < k+ 1 < n/dast < 4d(12n + 3|lal| + 3) < (c*)?n, and it is easy to see that

%}g“ﬂ” < ¢!, Hence, by (9.17) it follows that (9.16) holds with ¢® = (c’c,)~!,

where we used that nt > (c’c;)2.

If (n)'/? < c"cy[In(e + +/n1)]' 4, then (9.16) is immediate from (9.18). This completes
the proof of (9.16).

To prove (9.5), we will use (9.16) with t = ||x||% + ||y||% + 2221:1 X;yi cos ;. Evi-
dently, 7 > |lx — yl|* and ¢ < d(||x|| + [IyID? < 4d(12n + 3|l«|| + 3) as in (9.16). Also,
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exp i L2
[In(e4x)]1+¢
Therefore, from (9.16) it follows that

1.0 1/2” _ T
n x =yl 1
K% ()| < la|+d _ 2

[1C, ()] < cn exp [n(e + n2]x — yDI+ Tt

with T = 2|a| +d. Combining this with (9.14) and the fact that | jo—1/2(¢)| < ¢y fort € Ry,
a > 0 [9] we arrive at the estimate

<c(l+ xz)_z‘“‘_d, x > 0, where ¢ > 0 is a sufficiently large constant.

1 .0,-1/2
cnT e lx =yl
LY , < Iozl-i—de _ 2
[Ly,(x,y)| <cn Xp [nte + n2x — yI

y / [T, sin®* 6, d6

2 2 d T
(0.7 L+n (lxll5 4+ lIyllz +2 277 xiyi cos6;

Denote the last integral above by J. We now estimate J quite similarly as in the proof of
Theorem 3.2 in [9]. Substituting §; := 7w —#; and using that 1 —cost = 2 sin? % ~ 12 we get

d g
J<e [Tiz; 7 d1
= d T
o [1+n (e = y12 + Zyxie?) |
14 20
N
§c/ iz ; _, 0<t{<d.
oo [1n (e =y12+ i xnie?) |
For a fixed 1 < ¢ < d denote o’ := (ay, ..., ag). Then substituting u; = ¢; ()c,-y,-)l/2 above,
we get
¢ ”(xi}’t)l/z
J< — c H du ,
nle | Hi=1(xi)7i)ai+1/2

' ) TN L
i=1 [1 +nllx = yI* + 2o u; )]

where we used || terms from the denominator to cancel the numerator. We now enlarge the
domain of integration to R¢ and use spherical coordinates to bound the product of integrals
above by

o0
/ rtldr - ¢

—la'| — | —t/2°
S [ =y 42T T a2 (1 nf — y)2) Y

where we used that T := 2|«| +d > || 4 d /2. Therefore, we have for 0 < £ < d (the case
£=0,|a| :=0,is trivial)

la|+d/2
cn
plel+d/2 g <

Tl 2 T (v @2 (14 nflx — y)?

- C

< _ — +dj2
[Tiz) Gy H 2 T (D2 (1402 x — y”)lal /

which readily implies

)If|a|7d/2

c

n‘aH’d/ZJ 5 7
[Tici Giyi +n=H%F12 (14 n1/2)x — yl|)

la[+d/2 "
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Using now the simple inequalities
@i+ 0 i+ <30y +nTHA + 0Pl =y, 1<i<d,
we obtain

c
plal+d2 g

T VW (n; )Wy (n; y)

and estimate (9.5) follows. ]

Sub-exponentially localized needlets induced by Laguerre functions. The construction here
is similar as in previous sections, in particular, see the case of Hermite functions. We start
with the cubature formula from [9] with nodes in X; C ]RflF consisting of 04/ points
in R obtained as product of the nodal sets of univariate Gaussian quadrature formulas on
R4 and with positive coefficients {c¢ }z¢ X which is exact for functions in EBZ:O V,n With
N := c4/%1 [9]. We next choose an admissible cutoff function & of type (c) obeying (3.1)
and then define

Ve) = LYE x), £ ey,

where L (x, y) withn := 47=1 is the kernel from (9.4). Notice that here the dilation on the
frequency side is by a factor of 4. Setting X' := U;>(X;, we define the Laguerre needlet
system by W := {v¢ }scx. The sub-exponential localization of the Laguerre needlets follows
by Theorem 9.1 and takes the form: For & € X;, j > 0,

c2id c'e2l||x — & d
< — — - R e RY, 9.19
M N AT exp[ e+ 2x—eppee | <K O
and
Y ()] < eI if )] = ¢,27 9.20)

for an appropriate constant c,. This is a natural improvement of the localization of the needlets
from [9].

10 The localization principle from Sect. 2 fails for product Jacobi polynomials

In this section, we show that in contrast to the cases considered in previous sections surpris-

ingly the localization principle described in Sect. 2 is no longer valid for 2-d tensor product

Legendre or Chebyshev polynomials and products of Legendre and Chebyshev polynomials.
The nth degree Legendre polynomial P, is defined by

1 (d)
Pa(x) 1= - (E) (@? — 1"

and it is known that P,(1) = 1, P,(—1) = (=1)" and f_ll P2(x)dx = (n+ 1/2)~!. Denote
ﬁn =+ 1/2)1/2P,, and note that {13,,},,20 is an orthonormal basis for L2[—1, 1].
The 2-d tensor product Legendre polynomials are defined by

Py(x) i= Py, (x1) Py (x2), v = (v1, 1), x = (x1, x2).
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For an admissible univariate cutoff function a > 0 (see Definition 1.1) define

La(x, y) :=Za(%) Pu(x.y). where Bu(x,y):= > By(0)By(y). (10.1)

m=0 [v|=m

Here |v| :=vi + vy and x, y € [1, 112. In more detail

P, y) = D 01+ 1/2) 02+ 1/2) Py, (31) Poy (x2) Poy (1) Poy (32).

V]+va=m

In order to show that L, (x, y) has very poor localization at some pointsin [—1, 12x[—1, 113,
which are away from the main diagonal, we fix y = (1, 1). Using that P,,(—1) = (—1)" one
easily verifies the identity

Bl =11, 1) = D (=1 (j+ 1/2)0m = j +1/2) = (1 + (=)™)/8.  (102)
Jj=0

Indeed, for odd m this follows from the symmetry of the terms in the sum and in the case
m = 2k it follows by simple manipulations from the case m = 2k — 1.
By (10.1) and (10.2) it follows that

o0
l =, (2) n . a() .
Ln(l,—l,l,l):ZjZ_(:)a (7) :§/a(t)dt+T+O(n ),
- 0

which shows that L, (x, y) has no localization whatsoever for x = (1, —1), y = (1, 1).
The behavior of the sequence {L, (x, (1, 1))}°°, is similar when x is any other point on the
lines {(x1, 1)} and {(1, x2)}. However, the kernels L, (x, y) are very well localized in a large
portion of [—1, 17 x [—1, 1%

It is slightly more complicated to show that the situation is quite the same for Chebyshev
polynomials. In this case (10.1) holds with

- 4 8; 8jm
Py (x,y) = 3 %( - 170) (1 - 12, ) Ti(x)Tn—j(x2)Tj (y1) Tin—j (y2),

where T, (v) = cos n arccos v and §  is the Kronecker delta (see the definition of Chebyshev
polynomials given in Sect. 2). Using that 7;,(—1) = (—1)" one easily verifies the identity

- 4 & 8i0 8; C Smo
Pp(1,-1,1,1) = — — 2 (-2 )y = 2
(1, —1,1,1) n2/§_0( 2)( ) =D =

Hence
a(0
Lo, 11,1 = 29
T

which implies that there is no localization for cutoff functions of type (a) in Definition 1.1.
The above identity is inconclusive for cutoff functions a of type (b) and (c). In fact, for
every such a and every segment

{x(t) = (1 —2tcosf,1 —2tsinf) : t € [0, min{secH, cscH}]}
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with fixed 6 € [0, /2] the sequence {L, (x(1), (1, 1))}°2, has excellent localization when
t increases. This localization, however, is not uniform over 6 € [0, /2] and even {L, (x,
1, 1))};’1‘]:0 is not localized at all for x € [—1, 1]%! In order to demonstrate this fact we
consider the function F,(x1) = L,(x1, —1, 1, 1). Straightforward calculations give

a<0) S 2 () !
F,(x1)) = —~ Z —a (;) sin(j arccos x1) tan (5 arccosxl) .

T2
j=1

In particular, F,, is an algebraic polynomial of degree at most £n, where suppa C [0, £]. The
above identity implies for its derivative

o . 2 2 ©
Fy(1) = Z% (;) = %/ ta(t)dt + O(1).
0

=1
Now, because of fooo ta(t)dr > 0, Markov’s inequality implies that
| Foll Loo(—1,11 > const,

which validates our assertion.
Another example is the weight (1 — xlz)_l/ 2in[—1, 1], which is associated with products
of Chebyshev and Legendre polynomials. In this case (10.1) holds with

- 2 — 8j.0 1
Py (x,y) = ;Z( - *) (m —-Jj+ 5) Ti(x1)Tu—j(x2) Pj (y1) Pn—j (y2).

Jj=0 2
Now
. 2 < 80 =nm
P,(1,—-1,1,1) == — L= - m-j —
( ) nz( 2)(m j+ )( 1) =
j=0
and hence
L,(1,—=1,1, 1)_Q+0( .

As for tensor products of Chebyshev polynomials the localization of the cutoff functions
of type (a) is ruled out by this argument, but for those of types (b) and (c) we consider the
derivative of the function F,(x;) = L,(x;, —1, 1, 1). Here we have

I O ey A 3 _nZOOA no [
F,(1) = njz_:z(a( " )—}-a(?)) —E/ta(t)dt—{—a/a(t)dt—i—(’)(l)
0 0

=1
and hence
| Fll Loo[—1.1] > const.

The above facts lead us to the conclusion that one cannot expect good localization of
kernels of the form (10.1) for tensor product Jacobi polynomials or cross product bases. This
kind of bases apparently have completely different nature compared to, e.g. orthogonal poly-
nomials on the simplex (Sect. 7) and the ball (Sect. 6), or multivariate Hermite and Laguerre
functions (Sects. 8, 9) for which the localization principle is valid.

In the case of tensor product Jacobi polynomials truly multivariate cutoff functions need
to be employed. This sort of cutoff functions and the associated kernels and needlets will be
developed in a follow up paper.
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