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Abstract. We study nonlinear n-term approximation in Lp(R?) (0 < p < co) from hierarchical
sequences of stable local bases consisting of differentiable (i.e., C" with r > 1) piecewise polynomials
(splines). We construct such sequences of bases over multilevel nested triangulations of R?, which
allow arbitrarily sharp angles. To quantize nonlinear n-term spline approximation, we introduce and
explore a collection of smoothness spaces (B-spaces). We utilize the B-spaces to prove companion
Jackson and Bernstein estimates and then characterize the rates of approximation by interpolation.
Even when applied on uniform triangulations with well-known families of basis functions such as
box splines, these results give a more complete characterization of the approximation rates than
the existing ones involving Besov spaces. Our results can easily be extended to properly defined
multilevel triangulations in R?, d > 2.
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1. Introduction. Nonlinear approximation of functions in dimensions d > 1 is
a challenging area, especially if one moves away from tensor product-type approaches
in order to more adequately approximate functions with singularities along curves and
with other anisotropies. One of the most natural tools for approximation is piecewise
polynomials over triangulations, and a fundamental problem is to characterize the rate
of nonlinear approximation in L, (0 < p < oo) in terms of properly defined global
smoothness conditions. This problem is disheartening if one allows the nonlinear
approximation to be from any piecewise polynomial over an arbitrary triangulation.
The difficulty stems from the highly nonlinear nature of piecewise polynomials in
dimensions d > 1. For instance, if s; and sy are two piecewise polynomials over n
triangles in R? each, then s; + sy is in general a piecewise polynomial over many more
than n (even > n?) pieces. Therefore, the well-known recipe of proving Jackson and
Bernstein estimates and then applying interpolation is useless.

The problem becomes even harder when differentiable piecewise polynomials are
needed, which, for instance, is the case for numerous practical applications of sur-
face modeling and for the conforming finite element methods for higher order PDEs.
Moreover, there is an intrinsic demand for differentiability of the approximating tools
from the point of view of the nonlinear approximation theory itself. Indeed, this
property, together with local reproduction of higher degree polynomials, is crucial for
the ability to represent higher order smoothness spaces, such as classical Sobolev or
Besov spaces in regular settings (see Theorem 2.15). The desirable differentiability
of the approximating piecewise polynomials, however, leads to additional difficulties
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because of the complicated structure of spaces of multivariate splines. For example,
the dimension is not known and stable local bases are impossible in general already
for the space of all piecewise polynomials of degree < k and smoothness r > 1 with
respect to a finite triangulation of a polygonal domain in R? if k& < 3r + 2 [10].

A reasonable alternative to “spline approximation with free triangulations” is to
consider nonlinear n-term approximation from hierarchical sequences of spline bases
over multilevel nested triangulations of R%. (For the sake of simplicity, we shall restrict
ourselves in this article to the case d = 2.) To explain this concept more precisely,
consider a sequence (7,,)mez of partitions of R? into triangles with disjoint interiors
such that each level 7,, is a refinement of the previous one 7, 1. Let 7 := U,,,cz Tin-
We impose certain mild (and natural) conditions on the triangulations which prevent
them from deterioration but still allow the triangles to change in size, shape, and
orientation quickly when moving around at a given level or through the levels. In
particular, triangles with arbitrarily sharp angles may occur at any location. We
denote by S*7(7,,) the set of all r-times differentiable piecewise polynomials with
respect to 7, of degree < k. Given a ladder of spaces

(1.1) S, CcSCS i, S CSP(TL),

and bases ®,, of S,,, m € Z, we set & := &7 = UmEZ ®,,,. Using the standard
wavelet terminology, we can describe such a nested sequence of spaces with bases as
“spline multiresolution” (or “multiresolution analysis”).

Consider now the problem for nonlinear (n-term) approximation from the set
Y, of all piecewise polynomials of the form s = 2?21 cjpj, where ¢; € ® may
come from different levels and locations. Once a particular multilevel triangulation
has been selected, the variety of piecewise polynomial approximations significantly
reduces. However, a great deal of flexibility is retained, and the problem remains
highly nonlinear. For instance, thin and elongated basis functions are allowed. On
the other hand, the advantages of multilevel approximation methods can be exploited
in full.

Our program consists of the following basic steps:

1. We construct hierarchical sequences of bases (®,,)mez on multilevel trian-
gulations satisfying certain requirements of local regularity allowing anisotropically
shaped triangles.

2. To quantify the approximation process, we introduce and develop a family
(library) of smoothness spaces B¥(®7) depending on &7 and as a consequence on the
triangulation 7. We call them B-spaces since they have some resemblance to Besov
spaces. So, the idea is to measure the smoothness of the functions using a family of
space scales BY(®7) (which vary with ®7) instead of a single scale of smoothness
spaces like the scale of Besov spaces.

3. We develop a coherent theory of nonlinear n-term approximation from ®7
based on the idea of proving Jackson and Bernstein estimates and interpolation.

4. We utilize this theory in the development of algorithms for nonlinear piece-
wise polynomial (spline) approximation which capture the rate of the best approxi-
mation.

The logic of the resulting approzimation scheme is the following: Suppose {®7} 1
is a collection of multilevel sequences of (spline) bases as above.

(i) For a given function f, find the “right” triangulation 7 := 7} such that f
exhibits the most smoothness (sparsity of its representation) when measured via the
scale BY(®7).
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(ii) Find an optimal or near optimal representation of f using ®7. (Note that
&7 is redundant, i.e., linearly dependent.)

(iii) Using this representation, run an algorithm for n-term L,-approximation
which achieves the rate of the best n-term approximation.

Naturally, the first step presents the most challenging problem in this scheme. We
do not have a completely satisfactory algorithm for this step. (Note that this problem
has a complete and efficient solution in the simpler case of nonlinear approximation
from piecewise polynomials over dyadic partitions; see [54].) As it will be shown in
this article, the other steps are now well understood and have complete solutions.

The above program has been suggested in [38] and implemented in [38, 39] in
the cases of approximation from discontinuous piecewise polynomials and continuous
piecewise linear functions (r = —1, k > 1, and r = 0, k = 2, where r = —1 corresponds
to the discontinuous case). The simplest example of a hierarchical family of continuous
basis functions is the set of all Courant elements generated by a multilevel nested
triangulation 7, that is, the set of all piecewise linear and continuous functions &7 =
{¢9} supported on the cells {#} (each 6 is the union of all triangles of a particular
level 7,,, attached to a vertex); see [38].

In the present article, we develop the theory of nonlinear n-term approximation
for basis families consisting of differentiable piecewise polynomials (r > 1). The con-
struction of such basis functions suitable for application is hampered by the fact that
both the classical differentiable finite elements [14] and the earlier polynomial spline
basis constructions on arbitrary triangulations [1, 8, 16, 17, 18, 35, 36, 44, 48, 57] are
difficult to use for our purposes; see Remark 4.12 and the discussion in section 5.3. The
stable local spline bases of [27] can in principle be used in two variables. However, all
other arguments of our article are basically “dimension independent,” and we refrain
here from treating the case d > 2 only for the sake of simplicity and clarity. Therefore,
we build upon the nodal spline bases of [22], which is the only known approach that
produces stable local bases for nested spline spaces on general triangulations in all
dimensions.

However, these bases are stable only for triangulations satisfying (in R?) the
minimal angle condition. We extend the construction of [22] to a wider class of strong
locally regular triangulations; see section 2 for a definition. Note that the new basis
functions are invariant under affine transforms (see Remark 4.9). In the case r = 0
our construction reduces to the classical continuous Lagrange finite elements and is
valid for any locally regular triangulation; see Remark 4.13.

A focal point of our development is the characterization of nonlinear n-term ap-
proximation from families of differentiable spline basis functions, including the devel-
opment of B-spaces, proof of Jackson and Bernstein estimates, and characterization of
the approximation spaces by interpolation (see sections 2-3). In [39], there are three
algorithms developed for nonlinear n-term approximation in L, (0 < p < oo0) from
Courant elements. These can be immediately implemented for n-term approximation
from differentiable spline bases, and it can be shown similarly as in [39] that they
achieve the rate of the best approximation. We do not pursue this goal here.

The B-spaces from the present article can be viewed as a generalization of the
“approximation spaces” from section 3.4 of [51] (see also the references therein). More
precisely, in the specific setting of “quasi-uniform partitions” and the basis functions
used in [51], our B-spaces coincide with the approximation spaces of [51].

The theory of nonlinear n-term approximation from box splines (on uniform tri-
angulations) has been developed in [29] (p < o) and [30] (p = o0) (for nonlinear
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spline approximation in dimension d = 1, see [53]). In these articles, direct, inverse,
and characterization theorems have been proved utilizing certain Besov spaces. Even
in this case, our results, which utilize B-spaces (in place of Besov spaces), are more
complete since they characterize nonlinear n-term box spline approximation for all
rates of approximation, while in the above-mentioned articles the rate is restricted by
the Besov smoothness of the box splines.

There is an apparent connection between our developments here and multilevel
finite element methods for PDEs; see, e.g., [51]. Therefore, it seems an interesting
task to develop finite element algorithms for solving PDEs which achieve the rate of
the best n-term approximation of the solution.

The outline of the article is the following. In section 2, we introduce and de-
velop the B-spaces needed for the characterization of nonlinear approximation for any
family of basis functions with certain properties. In section 3, we develop the gen-
eral theory of nonlinear n-term approximation from piecewise polynomials, where the
global smoothness of functions is measured by means of our B-spaces. In section 4, we
construct hierarchical sequences of bases consisting of differentiable piecewise polyno-
mials. In section 5, we review a number of alternative constructions fitting into our
scheme, based on box splines and some other spline bases on special triangulations.
The final section A is an appendix containing some of the proofs.

Throughout the article, we use the following notation: L!°¢(R?) := C(R?) and
Loo(R?) := Co(R?) := {f € C(R?) : limy_oo f(x) = 0}, LI® := LI*°(R?), 0 <
q <00, C:=CR, |-llg = 1I"llz,m®2, 0 < q < oo; Iy denotes the set of all
algebraic polynomials in two variables of total degree < k. For any Q C R2, lg
denotes the characteristic function of  and || denotes the Lebesgue measure of
Q. Positive constants are denoted by ¢, c1,... (they may vary at every occurrence),
a ~  means cia < 0 < ¢, and a := § or § =: « stands for “a is by definition
equal to 8.7

2. B-spaces generated by spline multiresolution. In the present section,
we introduce and explore the smoothness spaces we need for the characterization of
nonlinear n-term spline approximation generated by families of differentiable basis
functions over multilevel nested triangulations.

2.1. Triangulations. In our development, we utilize three types of multilevel
nested triangulations. We shall call each of them simply a triangulation, although such
a triangulation does not form a single partition of R? but rather an infinite nested
family of partitions (each of them is a triangulation of R? in the more commonly used
sense).

Let 7T = UmGZ 7, be a set of closed triangles in R? with levels 7,,,, m € Z. Denote
by Vp, the set of all vertices (nodal points) of triangles from 7,,, and set V := |, ,cz Vin-
We say that 7 is a triangulation of R? if the following conditions are fulfilled:

(a) Every level 7, is a set of triangles with disjoint interiors which cover RZ:
R? =Uner, O

(b) The levels (7,)mez of T are nested; i.e., Tp, 41 is a refinement of 7;,, obtained
by splitting each A € 7, into subtriangles with disjoint interiors called children of
A.

(¢) Each triangle A € 7, has at least two and at most My children in 7,41,
where My > 2 is a constant independent of m.

(d) No hanging vertices condition: No vertex of any triangle A € 7, lies in the
interior of an edge of another triangle from 7,,.
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(e) The walence N, of each vertex v € V,, (the number of triangles A € 7,
which share v as a vertex) is < Ny, where Ny is a constant.

(f) For any compact K C R? and any fixed m € Z, there is a finite collection
of triangles from 7,,, which cover K.

Note that any two triangles in 7 either have disjoint interiors or one of them
contains the other. In particular, A’ € 7,11 is a child of A € 7, (m € Z) if and
only if A’ € A. If A and A/ are two different triangles in 7 and A’ C A, then we
say that A is an ancestor of /', while A’ is a descendant of A.

Locally regular triangulations. We call a triangulation 7 = (J,,, .5, Zm a locally
reqular triangulation of R?, or briefly an LR-triangulation, if T satisfies the following
additional conditions:

(g) There exists a constant 1/2 < p < 1 such that for each A € T and any child
N €T of A,

(2.1) (1-p)|A] < || < plA.

(h1) There exists a constant 0 < ¢; < 1 independent of m such that for any
N N € T, (m € Z) with a common edge,

(2.2) b < |N|/|1A" <67

By (e), it follows that for any A', A" € 7T, with at least one common vertex,

(2.2) holds with 8; replaced by 6{\[0/2.

Strong locally regular triangulations. We call a triangulation 7 = {J,, .5 Tm
a strong locally reqular triangulation of R?, or briefly an SLR-triangulation, if T sat-
isfies (2.1) and the following condition that replaces (2.2):

(h2) There exists a constant 0 < 2 < 1/2 such that for any A, A" € T, (m € Z)

sharing an edge,
(2.3) lconv (A U A /|A] < 6571,

where conv (G) denotes the convex hull of G C R2.

Obviously, (2.3) implies (2.2) with ; = 82. Therefore, each SLR-triangulation is
an LR-triangulation.

Regular triangulations. By definition, a triangulation 7 = J,,,c;, 7m is called
a regular triangulation if T satisfies the following condition:

(h3) There exists a constant 8 = 3(7) > 0 such that the minimal angle of each
triangle A € T is > .

Next, we make a few remarks which will help understand better the nature of the
triangulations that we utilize.

(i) For each of the three types of triangulations there is a number of constants
that are assumed fixed. In what follows we refer to them as parameters. Thus the
parameters of an SLR-triangulation are My, Ny, p, and 62. Notice that because of
(2.1), we can set My := 1/(1—p) and remove My from the list of parameters. However,
this would tend to obscure the actual role of p and M.

(ii) It is a key observation that the collection of all SLR-triangulations with
given (fixed) parameters is invariant under affine transforms. The same is true for
LR-triangulations.

(iii) It is easy to see that (2.3) is equivalent to the following condition introduced
in [38]. Affine transform angle condition: There exists a constant § = (5(7),0 < 8 <
7/3, such that if Ay € 7,,, m € Z, and A : R? — R? is an affine transform that maps
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Ao one-to-one onto an equilateral reference triangle, then for every A € 7, which
has at least one common vertex with Ay, we have

(2.4) min angle (A(A)) > 3,

where A(A) is the image of A by the affine transform A. (The equivalence of the two
conditions follows easily from the obvious but important fact that both conditions are
invariant under affine transforms. Note that we prefer to use (2.3) rather than (2.4)
in the definition of SLR-triangulations in this article since the constant do appears
naturally when estimating norms of the basis functions constructed in section 4 (see
(4.8)) and also (2.3) is easier to verify in practical situations.)

(iv) As we have already mentioned, every SLR-triangulation is an LR-triangula-
tion, but the converse statement is not true. Also, every regular triangulation is an
SLR-triangulation but not the other way around. Counterexamples are given in [38].

(v) The mazimal angle (MA) condition

(2.5) T — max angle (A) > >0, AeT,

known from the finite element method [2] is totally different from our conditions of
regularity. It is easy to see that there are SLR-triangulations that do not satisfy MA,
and there are triangulations that satisfy the MA and fail to be locally regular. As we
shall see below (Example 4.7), our construction of stable differentiable basis functions
does not extend to triangulations satisfying the MA condition but failing to be SLR.

(vi) The rate of change of the size of the elements (]A|, minangle(A), and
diam(A)) of a triangle A € 7 as A moves away from a fixed triangle A® € T for
different types of triangulations 7 is explored in [38]. We shall briefly discuss this
issue for SLR-triangulations, which are the most important type of triangulations
for the present article. An SLR-triangulation 7 may have an equilateral (or close
to such) triangle A° at any level T,, with descendants Ay D Ay D --- such that
min angle (A;) — 0 as j — oo, and also a sequence (A})%2, C 7, with Aj = A
and AN AL # 0 (5 =0,1,...) such that minangle (A}) — 0. Conditions (2.1)
and (2.3) suggest geometric rates of change of |A|, minangle (A), and diam(A) as
A € T, moves away from a fixed A® € 7,,. In fact, the rate of change is a power of
the minimal number of edges connecting A and A°; see [38].

(vil) We shall need to know what happens with the levels 7,, of a triangulation
T as m — —oo. By Lemma 2.1 from [38], for each LR~triangulation 7 there exists a
finite cover 7_, of R? such that either 7_, = {R?} or T_,, = (A{;C)jy:‘xi, N < Ny,
where each AZ_ is an infinite triangle, i.e., the set of all points on and between two rays
which are not collinear and have a common beginning. Moreover, in the second case,
the infinite triangles (Ago);\[:"‘i have a single common vertex and disjoint interiors, and
also each triangle A € 7 and all its ancestors are contained in an infinite triangle
N eT .

For more details about multilevel triangulations, see [38].

Some additional notation and preliminaries. We denote by [vq,vs] the
interval (straight line segment) with endpoints v1,v2 and by |e| the length of e =
[v1, v2]. Furthermore, we let [v1, v, v3] denote the triangle with vertices vy, va, v3, and
let |A| denote the area of A = [v1,va,v3]. Throughout the article, we assume that
the vertices vy, va,v3 of any triangle [v1,vq, v3] are ordered counterclockwise.

For a triangle A € 7., (m € Z), we define level(A) := m.

For any vertex v € V,,, we let star (v) = star!(v) denote the star of v, i.e., the
union of all triangles A € 7, attached to v. Moreover, for each ¢ > 2, we denote



Downloaded 01/04/15 to 129.252.86.83. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

714 OLEG DAVYDOV AND PENCHO PETRUSHEV

by star “(v) the union of star “~'(v) and the stars of the vertices of star “~1(v). (Note
that star “(v) depends also on the level m, but we do not indicate this in the notation
since it is always clear from the context what level is meant.) We also set

(2.6) QY% = U{star‘(v) v € YV, A Cstart(v)}, A€T,.

It is easy to check that Qf := U{star2~1(v) : v is a vertex of A}, A € Ty,.
It is readily seen that there exists a constant ¢* = ¢*(Np, £) < N¢ such that

(2.7 #{N €T, : A Cstar’(v)} <c*, v EVp,

and hence there exists a constant ¢** = ¢**(Np,£) < 3¢*(Np,20 — 1) — 5 < 3NZ‘!
such that

2.8 HNeT,: ACcQL) <™, AN eT,.
AN

We denote by &, the set of all edges of triangles of 7, and set £ := (J,,cz Em-
We let star(e) denote the union of the two triangles attached to e € &,,.
For future use, we state the following inequality:

(29) S (ANIA) D pT =elp ) <0, N ET, >0,
AET, ADA! §=0

which is immediate from the properties of LR-triangulations (|A'] < p|A] if A is a
child of A).

2.2. Basis functions: The general setting. Let 7 = J,,c; 7m be a locally
regular (or better) triangulation. For m € Z, r > 0, and k£ > 1, we denote by
Skr = 8k (T,,) the set of all r times differentiable piecewise polynomial functions of
degree < k over Tp,;; i.e., s € Sk if and only if s € C"(R?) and s = Y n o 1a - P
with Pa € II;. Naturally, S¥~! will denote the set of all piecewise polynomials of
degree < k over 7, which are, in general, discontinuous across the edges from &,,.

We assume that for each m € Z there is a subspace S,, of S&™ (r > 0, k > 2)
and a family @, = {pg : 0 € O,,} C S, of basis functions satisfying the following
conditions:

1. II; C Sy, for some 1 < kE<k (I; independent of m).

2. § CSmy1 (MmeZ).

3. For any s € S, there exists a unique sequence of real coefficients a(s) =
(ap(s))oco,, such that

s = Z ag(s)pe.

0€O,,

(Thus, ®,, is a basis for S,, and (ag())eco,, are the dual functionals.)
4. For each 6 € ©,, there is a vertex v = vg € V,, such that

(2.10) supp g C star‘(v) =: Ej,
(2.11) pollLw®e) = 00l Lo (o) < M,
(2.12) lag(s)| < Ma|[s||L(ms): € Sm,

where ¢ > 1 and M;, M are positive constants, all independent of § and m.
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Let
P .= U ®,, and O := U O

meZ mEZ

We shall refer to r, k, l~€, {, My, and M as parameters of ®.

A simple example of a family of basis functions satisfying the above conditions is
the set of well-known Courant elements (continuous piecewise linear basis functions,
r =0, k = 2) associated with 7 (see [38]). Concrete constructions of differentiable
basis functions (r > 1) will be discussed below in sections 4-5.

Although © and ©,, (m € Z) are simply index sets, in the case of Courant
elements, © can be identified as the set of all cells (supports of basis functions). As
we shall see in sections 4-5, in general, several basis functions of ®,, may have the
same support. However, the supports of only < constant of them may overlap.

LEMMA 2.1. There is a constant L depending only on k, £, and Ny such that for
any N\ € T, (m € Z),

(2.13) #{0€ O, : BgoA}<L,

where Ey is defined in (2.10).
Proof. We have by (2.10) and (2.8)

#{0 €©,, : ACEp} <dimSy" | < dimS"H(T)lge

k1
_( ; )#{A’eTm LA C QL)

1
< (k; )c**. O

We shall frequently use the equivalence of different norms of polynomials as stated
in the following lemma (see also [38]).

LEMMA 2.2. Let PeIly, k> 1, and 0 < p,q < o0.

(a) For any triangle A C R?, [P, n) = |A|1/p_1/’1||P||Lq(A) with constants of
equivalence depending only on p, q, and k.

(b) If A and A are two triangles such that N C A and |A] < c1]d|, then
1PllL,a) < cllPllL,ary with ¢ = c(p, k,c1).

(c) If & and A are two triangles such that A C A and |A'| < co|A] with
0 <ce <1, then ||Pllr,a) < clPll,a\ar) = |A|1/P_1/‘1||P||Lq(A\A/) with constants
depending only on p, q, k, and cs.

By (2.2) and (2.7), |Ep| = |A| if A C Ey, A € Ty, and 0 € O,,. Using this and
Lemma 2.2, we obtain that, for 0 < p, ¢ < oo,

(2.14) 18Il L, (m0) 2 [Bal"* s 1., (54), s€S8,, 0¢€06,,

where the constants of equivalence depend on p, ¢, k, and 6;. In particular, we shall
need (2.14) with s = g, when it takes the form [|pg|l, = |Ea|"/?~1/||pg],, in view
of (2.10).

LEMMA 2.3. The bases ®,, are Ly-stable for all 0 < g < oo. That is, if g :=
> oce,, bopa, where (bp)oco,, is an arbitrary sequence of real numbers, then

1/q
lgllg ~ ( Z |b9<ﬂe||g> -

0€O,,
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Moreover, for any v € R and 0 < 7 < o0,

1/7 1/7
(2.15) ( > (A|’Y|9LQ(A))T> ~ ( > (|E0|7||b9999|q)7> 7

AET, 0€O,

where the constants of equivalence are independent of m and g. In the case ¢ = oo
(or T = o0) the Ly-norm (£--norm) above is replaced by the sup-norm as usual.

Proof. We have to prove only (2.15), since the first statement of the lemma then
follows with v = 0 and 7 = q. For each A € 7,,, we have by (2.10)

lglzyay =1 D bewallg<ec D lbogallq-

0€O,,, EgDA 0€O,,, EgDA

Therefore, by Lemma 2.1 and (2.7),

Yo UAMglle,a) <e Yo > (Eolllbewolla)”

AeT,, ANET,, 0€O0,,, EgDA

<c Y (1B Ibaolly)"-
0€0,,

In the other direction, since ® is a basis of S,,, and g € S,,,, we have by = ag(g),
0 € O,,, and hence, by (2.12), (2.14), and (2.11),

oosllq = llas(9)ellq < cllgllzoznlivolly < cllgllzo. izl ol

<cglle,zn <c D>, lgllya
AEIZ";YL7ACE9

Since |Eyg| = |A| if A € T, and A C Ey, we have, by (2.7) and Lemma 2.1,

> (B[ begella)™ <e > > (181 Nglz,a)”

0cO,, 0€O,, ANET,,, ACEy

<e > (18PNgllL,a)T- O
AET,,

Local polynomial approximation is an important tool in spline approximation.
For a function f € L,(G), G C R?, we denote by Ei(f,G), the error of the best
L,-approximation to f on G from II; and by wi(f,G)s the kth local modulus of
smoothness of f on G:

Ep(f,G)g = jnf ||f = Pl e, wr(f,G)g = sup [AL(F, )z,
€Lk heR2

Whitney’s theorem gives an important relation between these two quantities: If f €
L,(G), 0 < g < o0, where G = A is an arbitrary triangle or G = Qa with A € 7, T
is an SLR~triangulation, then

(216) Ek(fv G)q < ka(fa G)Q’

where ¢ = ¢(q, k) if G = A and ¢ = ¢(q, k,62) if G = Qa (62 is from (2.3)). For a
proof of this estimate, see, e.g., the appendix of [38]. Note that this estimate holds
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for much more general regions G, but then the constant ¢ = ¢(G) may become hard
to control.

For 0 < ¢ < 0o and a triangle A, we let Pa 4 : Ly(A) — I be a projector such
that

(2.17) If = Pag(Dllz,ay < cER(f,D)g for f € Ly(A).

Note that Pa 4 can be realized as a linear projector if ¢ > 1. For instance, one can
utilize the averaged Taylor polynomial. Namely, suppose A\ is an equilateral reference
triangle and A is an affine transform mapping A onto Ay. Let now P(g) € I be
the averaged Taylor polynomial of the function g := f o A=! (the composition of f
with A=) over the disc B inscribed in Ay (see, e.g., section 4.1 of [12]). Clearly,
P : Ly(B) — I is a linear operator, ||P(g)lz,s) < cllgllL,B) (¢ > 1), and P is a
projector, i.e., P(Q) = Q for @ € II;. From these properties of P, it follows that for
an arbitrary @ € Iy,

g = Pz 00 < g = QllL,a0) + 1@ = P(9)lL,(20)
<|lg = Qllz,20) +cllP(g—Q)llz,3) < cllg— QllL,(r0)s

which implies ||g — P(9)|,(a0) < ¢Er(g, No)q. Substituting back, one easily obtains
If = (PoA)(fllr,a) < cEr(f, )y Finally, we set Pa, := P o A, which is the
desired linear projector of L,(A) into ITy.

Note that Pa 4 cannot be realized as a linear operator if 0 < ¢ < 1 (otherwise,
we would be able to construct a nonzero bounded linear functional on Ly).

We define a linear operator @, : Sk”l(’]’m) — 8§, as follows. For each 6 € ©,,,
let A\g : S*~(7,,)|g, — R be a linear functional such that

Xo(s|g,) = ao(s), s€Sn,, and

Mo(f)l < Mol fllrwimn, f eSS Tmle,

Such linear functional always exists by the Hahn—Banach theorem. We set

(2.18) Qm(s) = > Xolslz,)ps,  s€SHU(Tn).
0cO,,

Clearly, Q,.(s) = s if s € S,,, and thus Q,, is a linear projector of S*~1(7,,) into
S
LEMMA 2.4. For any s € S¥~1(T,,), 0 < ¢ < 00, and A € Ty,

(2.19) 1Q@m(s)llz,a) < cllslr, )

with a constant ¢ independent of m, A\, and s.
Proof. By Lemma 2.2 and (2.14), we have

I2oll,(ay < 1l A @l (a) < et Mi|AM9,
150120 (50) < c2l ATV s 1, ()

where ¢y and ¢y depend only on ¢ and k. Therefore,

1Qm ()L, (2) = H Z )\9(3|E9)4P0H <c Z Ao (3£ leollL,(a)
0€0 ., Lq(&) €0,

ACEy ACEy
<c Z ||8||LOO(E9)\A|1/(I <c Z HSHLQ(EQ) < CHSHLQ(QKA)- O
0EO M 0EOm

ACEg ACEg
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We now extend @y, to L°°(R?), 0 < ¢ < oo. Let Pag : Lg(A) — Il be a
projector satisfying (2.17) (linear if ¢ > 1). We define

(2.20) Pmg(f) = Z La - Ppg(f) for fe L}fca
AET,

L . loc k,—
which is a projector of Li°® into SF;~*.
We put

(2.21) Qumg(f) = QuPmq(f)) for f € LYe,

which is evidently a projector of Li°® into Sy, (linear if ¢ > 1 and all Pa 4 are linear).
We next show that @, 4 provides a good local Lg-approximation from S,,. We
let SA(f), denote the error of L, (2% )-approximation from S, i.e.,

(2.22) Sa(Pai= i0f If = sllrep) A €T

Thus, Sa(f), is the error of approximation to f from restrictions to Q% of functions
from S,,, which is not necessarily the same as the approximation by all r times
differentiable piecewise polynomials of degree < k defined only on Q% even if S,

coincides with S¥". However, since II; C S, Sa(f)q does not exceed the error of
L4(Q%)-approximation to f from polynomials of degree < k.
LEmMA 2.5. If f € L;OC(]R2), 0<g<oo (feCifq=c), then

||f_Qm,q(f)||Lq(A) SCSA(f)qa AEITm (mGZ),

with ¢ independent of f, m, and /.
Proof. Let sa € Sy, be such that ||f_5A||Lq(Q@A) < ¢Sa(f)q- Using the properties

of @, (see Lemma 2.4), we find

”f - Qm,q(f)”Lq(A) = ”f - Qm(pm,q(f))HLq(A)
<dlf = sallL,a) +ellsa = QuPmq ()L, a)
< Salfg +clQ@umlsa = pmg ()L, o)

< Salflgtellsa = pPmg(fllz,0)
< Sa(f)gt+elf - SA”LQ(QEA) +cllf *Pm,q(f)”Lq(Q‘fA)
< Sa(f)y. O

LEMMA 2.6. (a) If f € Li*°(R?), 0 < q < oo, then for every compact K C R?,
(2.23) 1f = Qmg(NllL ) —0 as m— oo
(b) If f € Ly(R?), 0 < q < oo, then

(2.24) 1 = Qua(Pllzyn = 0 as m— .

For the proof of this lemma, we need the following result.
LEMMA 2.7. If T is an LR-triangulation, then for each triangle A° € T

(2.25) max{diam(A) : A € T,,, NC A°} -0 as m — .
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Proof. Let mg := level(A®). We set d,, := max{diam(A) : A € T,,, A C A°}.
Since (dim)se=m, s nonincreasing, it suffices to show the existence of a subsequence
tending to zero. Let e be an edge of a triangle A € 7,,,, A C A°. If it is also an edge
of a child of A, then the valence of at least one of the two endpoints of e will increase
by one at level m + 1. (Recall that there are always at least two children, so that a
child and a parent cannot be the same triangle.) Therefore, e will be subdivided at
least once after at most S := 2(Ng — 3) + 1 steps of refinement. By (2.1), it readily
follows that any edge €’ obtained by subdividing e satisfies |¢/| < ple| < pd,,.

We call an edge of a descendant of A° a cutting edge for A® if one of its endpoints
is a vertex of A° and the other lies in the interior of the opposite edge of A°. Since
all cutting edges must emanate from the same vertex of A°, there are totally no more
than M := Ny — 3 such edges for A°. Therefore, no new cutting edges for A® will be
created at levels m > mg+ M. (It is easy to see that as soon as no new cutting edges
are created at a level m, they cannot be created on any further level.) Using this
and the above observation, we conclude that there will be no cutting edges at levels
m > mg + M + S since they all will be subdivided. Therefore, each edge e inside A®
at these levels is either a proper part of an edge of A® or has both of its endpoints
in the interiors of two different edges of A°, or else it has at least one endpoint in
the interior of A°. In all cases, condition (2.1) ensures that |e| < pd,,,, which implies
dpm, < pdpm,, where my = mo+ M + S+ 1. It is clear now that there is an increasing
sequence {mg %2, such that

dm, < pkdmO — 0 as k — oo,

which completes the proof. 0
Proof of Lemma 2.6. (a) By condition (f) on triangulations, it suffices to prove
the lemma for K = A°, an arbitrary triangle from 7. By Lemma 2.7,

(2.26) max{diam(Q%): A € T,,, A C Q4e} — 0 as m — oco.

Case 1. q¢ < oo. Fix e > 0. In view of (2.26), there exists a piecewise constant
function S, of the form

S. = Z ealln, me > level(A®),
AeTmE,ACQZM

such that
(2.27) 1f = Sellp, e, <€

(choose first g € C(Q%.) so that || f — 9l 0z ,) < €/2 and then choose S: so that
llg — SEHLOO(QEAO) < %|QKAO‘71/(I)' Then Qm,q(Se) = Qm(S:).
We have, for m > m,,
1f = Qm.g(FllL, a0y S ellf = SellL,ae) +cllSe — Qmg(Se)llL, (a0)
(2'28) + CHQm(SE _pmyq(f))HLq(Aoy

For the third term above, we have
1Qm (Sz = Pm.g(f))lLya0) < ellSe = Pmg(Hllz, 00 )

(2.29) <cllf = Selln o) +ellf = Pma(Hllr,@
<ellf = Selln, o, < ce

o)
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where we used Lemma 2.4 and that || f — pm,q(f)HLq(QzM) <cf - SE||Lq(QeM) (m >
me), by (2.17).

It remains to show that |[Se — Qum q(S:)llz,(ae) < ce for sufficiently large m.
Denote by G the union of the edges of all triangles A € 7,,,_ such that A C A® and
by Gs := {x € R? : dist(z,G) < 6} the 6-neighborhood of G. Clearly, there exists
6 > 0 such that [|Sc||, (qs) < e

By (2.26), there exists m; > m. such that diam(Q% ) < é for all triangles A € T},
(m > mq) such that A C A® and Q4 NG # 0. Since I C Sy Qum(S:)|a = Se|a if
S’5|QeA = constant. Using this, we obtain by Lemma 2.5

1/q
HSE - Qm,q(SE)”Lq(AO) < C( Z SA(SE)2> < C”SEHLq(Ga) < ce.

AET, U, NGAD

We substitute this estimate together with (2.27) and (2.29) in (2.28) to obtain
IIf— meq(f)HLq(Ao) <ce form >mgq.

This implies (2.23) if ¢ < co.
Case 2. ¢ = co. We have, by Lemma 2.5 and the fact that Iy C Sy,

Hf - Qm7q(f)||Loo(A°) < CAE,T{?FZ(CAO clgrf[l Hf - O”Lm(QeA)'

Now the result follows, using (2.26) and the fact that f is uniformly continuous on

0%..

Part (b) of the lemma is immediate from part (a). a

We denote S_oc = [1,,cz, Sm- As we already mentioned, there are only two
possibilities for T_ ot T_ oo = {R?} or T_o = (A&);V:“i, Ny < Ny, where {A_}

are infinite triangles with disjoint interiors and a common vertex which cover R?. If
T o = {R?}, then obviously R? is the union of a sequence of nested triangles, and
hence each s € S_, is a polynomial of degree < k on R2. Therefore, if 7_., = {R?},
then S_.. a subspace of Il.

Suppose T_ o = (A{,o)é\[:“i and s € S_. Then each triangle A can be repre-
sented as the union of a sequence of nested triangles, and hence s is a polynomial
of degree < k on AJ_ . Therefore, in this case, s € S_o implies s € C"(R?) and
S|Aéo = Pj|Aéo for some P;elly,j=1,...,Ng.

Furthermore, if s € S_, and |[{z € R? : |s(z)| > t}| < oo for some t > 0, then
s = const. In particular, if s € S_oc N L, (p < 00), then s = 0.

2.3. Definition of B-spaces. Equivalent norms. Interpolation. Suppose
7 is an LR(or better)-triangulation and ® = ® is a family of differentiable piecewise
polynomial basis functions over 7 as described in sections 2.1-2.2. For the character-
ization of nonlinear n-term L,-approximation from ®, we need the B-spaces B (D)
which we shall introduce and explore in this subsection. In fact, the spaces B (®)
depend only on the underlying ladder of spaces --- C S_1 C Sg C &1 C - - - associated
with the bases (®.,)mez, but as it will be shown below these spaces have atomic
representations using ®, which justifies our notation.

We shall need the B-spaces B&(®) in two cases: (a) 0 < p < oo and a > 0, or
(b) p =00 and o > 1 (see Remark 2.14). In both cases, we define 7 from the identity
1/tr=a+1/p (1/00:=0).
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Definition of B (®) via local approximation. We define the B-space B2 (®)
as the set of all functions f € L,(R?) such that

1/7
(2.30) £l B2 (@) = ( > (|A|_QSA(f)r)T> < 00,

AeT

where SA(f). is the error of L -approximation of f on QEA from S, if A € T,,, (see
(2.22)).

It is readily seen that B2(®) is a linear space, |[cf||ge = |c|||f|Be, and | f +
QH)ﬁ’g < Hf”)\g + HQH)B’S’ with A := min{7, 1}. Clearly, see Theorem 2.8, if || f||p= = 0,
then f =0 a.e. Therefore, || - ||pa is a norm if 7 > 1 and a quasi norm if 7 < 1.

We next define other equivalent norms in B¢(®). We define

1/7
(2.31) Nogn(f) = ( > (|A|1/p1/"SA(f)n)T> :

ANET

where we have taken into account that 1/7 := a + 1/p. Thus, No s -(f) = || fl| B2 (@)-
Moreover, we shall show that N g, (f) = || f[| o (@) if 0 <7 < p (see Theorem 2.10).

Definition of norms in B (®) via basis functions (atomic decomposi-
tion). For f € L,(R?), we define

1/7
(2.32) Ne(f):= _inf <Z(|Ee|_a||ce¢e|T)T> :

fzzeee 6P\ gcO

where the infimum is over all representations of f in the form f = > ;. cops in
L,. (Note that the existence of such representations for each f € L, follows by
Lemma 2.6.) By Theorem 2.9,

> (1Eol = lleopoll-)” < oo implies | S leopa()l]| < oo,
) G P

and hence ), o cowg(r) converges absolutely a.e. Therefore, the specific type of
convergence that we use in the definition of Ng(f) above is not essential. Using
(2.14), we have

1/7
Ne(f) = _inf (Z(|E9|1/p_l/"|69900||n)7>

7= 00 %0 \ 6co

1/7
(2.33) ~ inf (Zcmng,) .

f:Z(aee Covo \ pcoO
Definition of norms in B (®) via projections. For f € Li,oc, we set

(2'34) Qm,n(f> = Qm,n(f) - mel,n(f> € Sm7
where @, , is from (2.21), and let (bg,(f))oco,, be defined by the identity

(2-35) LIm,n(f) = Z b9,n(f)9097 ie., ba,n(f) = a@(Qm,n(f))v 0 €O

0€O,,
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We define

1/7
(2.36) No.g-(f) = < Z(|E9|_a||be,f(f)809||r)7>

0cO

and, more generally (see (2.31)),

1/7
(237)  Nogn(f) = <Z(|E9|1/p_1/n”%m(f)@@“n)T) ; 0<n<p

€O

By Lemmas 2.2-2.3, it follows that

1/7
(2.38) No,g.q(f) = (Z > (|A|1/p_1/"|qm,n(f)LW(A>)T>

mEeZ NET,,

and, for 0 < u < oo,

(2.39)

1/7 1/7
Ne,qn(f) = (Z(|Ee|1/p1/“||b9,n(f)¢9||u)r> ~ (Z ||be,7,(f)<ﬂe||£> -

0€O 0€O

We shall show (see Theorem 2.10) that all of the above norms are equivalent. To
this end, we need the following embedding theorem.
THEOREM 2.8. If f € L.(R?) and Ne g ,(f) < 00,0 <n < p, then

(2.40) F=" annlf) =D bon(f)ee,

meZ 0cO

with the series converging absolutely a.e. and in L,, and
241) £l < e S lamatHOI| < e 3 boaheol]| < eNognls),
meZ P 0€© P

with ¢ independent of f.

The proof of Theorem 2.8 hinges on the following more general embedding theo-
rem, which is a special case of Theorem 2.5 from [54].

THEOREM 2.9. If0 <7 <p< o0, orp=o0o0, and 0 < 7 < 1, then for any
sequence of real numbers (cp)gco we have

1/7
(2.42) HZIC@@@(NH SC(ZHC@%HZ) :
0O P )

with ¢ independent of (cp)oco-
For completeness, we give the simple proof of this theorem in the appendix.
Proof of Theorem 2.8. We introduce the following abbreviated notation: Q,, :=

Qm,n(f>7 qm = Qm,n(f)7 by 1= b0717(f)a and N(f) = N‘P,Qﬂ](f)' By (235)» (2'39)5 and
Theorem 2.9, we have

(2.43) | 3 lanl]| <e
meZ

> bogo(l|| < eN(f) < o,
€6 P
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and hence ) . |gn(z)] < oo a.e. On the other hand, by Lemma 2.6, we have
I f = QmlL, sy — 0as m— oo for each A € 7. The above two facts imply

(2.44) f—Qo= Z ¢m absolutely a.e. on R?.

m=1

We use Lemmas 2.1 and 2.2 to obtain, for A € 7, (m € Z),

_1 _1 _1
lgmllzay < AP lgmllz,a) S dAIT7 Y lbawolly < dATFN(F).
0€0,, EgDA

Therefore, for a fixed A € 7, (v € Z),

v

S lgmlleean <eN(f) > AP

m=—oo NET, ADA
(2.45) =cN(AHIA |7V ST (1A/|Ap P
AET,ADA
<N |TVPN(f) < o0,

where we used (2.9). We set

0
(2.46) Soo i = Qo — Z ¢m pointwise in R2.

m=—0oo

From (2.45), it follows that s is well defined and the series in (2.46) converges
uniformly on every compact in R%. Evidently, (2.46) yields sooc = Qv — > v Gm
for each v € Z.

Fix n € Z. Using Theorem 2.9, we obtain, for v < n,

v
inf flsoe = sllp < llsoe = Qully = | D2 am
SESTL m=—0o0 p

1/7
< C( Z ||b9809|;> —0 asv— —oo,

o)) ___Om

where we used that (3 ,cq ||bg<p9|\;)1/7 ~ N(f) < co. Therefore, so, € S,, for every
n € Z, and hence 5o € [),,cz,Sn = S—oo-
Identities (2.44) and (2.46) yield

(2.47) f— 5800 = Z Ima(f) = Z bo.n(f)pe absolutely a.e.,

mEZ 0cO

and hence, using (2.43),

15 = seello < ¢ 32 lamalDO],

meZ

> boa(NeoC]| < eNogalf) < ox.

fco

(2.48) <c
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Since f € L, and f — s € Ly, it readily follows that, for ¢ > 0,

{z: [sec(@)| >t} < [{z: [ f(2)] > t/2} + {2« [f(2) = soo (@) > £/2}]
S 27N+ /27PN = seolly < 00,

which implies s, = 0 (see the end of section 2.2). From this, (2.47), and (2.48), we
infer (2.40) and (2.41). The proof is complete. 0

THEOREM 2.10. The norms || - || e@), Nosq() (0 < 1 < p), Na(-), and
No,gn(-) (0 <n < p), defined in (2.30)-(2.32) and (2.37), are equivalent with con-
stants of equivalence depending only on p, o, n, and the parameters of T and .

Proof. Theorem 2.8 readily implies

(2.49) No(f) < Na,gn(f), 0<n<p,
if Nq>7Qm(f) < oQ.
Suppose Nos,(f) < oo. For each A € T, (m € Z), we have, by (2.34) and
Lemma 2.5,
am.n ()L, ) < elf = Qumalle, o) +elf = Qm-1allL, ) < Salf)y + Sac(f)y,

where A® D A, A® € 7,,_1, is the only parent of A. These estimates readily imply

(250) N@,Q,n(f) S N@,S,n(f)a 0< n <p.
It remains to prove that
(2.51) Nosn(f) < Na(f), 0<n<p,

provided Ng(f) < oo. Evidently, (2.49)—(2.51) imply the desired equivalence of
norms.

Notice first that, by Holder’s inequality, No s ,(f) < Nog,(f) if 0 < p <, and
hence it suffices to prove (2.51) only for 7 < 1 < p.

Suppose f € L, and 0 < Ng(f) < co. Then it follows by the definition of Ng(f)
that there exists a sequence (¢g)geo such that

(2.52) f= Z copy in L
6co

and (2969(|E9|*“||cecp9||7)7)1/7 < 2Ng(f). Theorem 2.9 implies that in (2.52) we
have absolute convergence a.e. We next estimate

1/7
(2.53) Nosn(f) = < > HAll/p_l/"SA(f)n]T) 7

ANET

using that SA(g), =01if g € S, and A € 7,,,, and Sa(g), < HgHLn(QZ)’ in general.
We denote fj := 3 4cq. copp. Fix A € T and assume that A" € T, (m € Z). We
have, using Theorem 2.9 (7 < n < co0) and (2.14),

wf);:sm( > fj> <| X5
n j=m+1

j=m+1

< H Z Z Copo

j=m+1 96@_7‘., EQCSZZAZ,

<c > B g7
9€@,E9CQ%,

-
LT/(QZA/)

T

Ly =€ > leowol
A 0€0, By,
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Substituting this in (2.53), we obtain

Nogn(f)7 <e Y [T Op=tm = B =1 g7
NeT 0€0, EgCQ¥,

=cy > (BN YD (E " copoll )T

AN'ET geo, EgcQQAL’,

< e (1Bl leowall)™ D (Eel/|A TP,

0co N'EeT, QQA“,DEG

where we once switched the order of summation. By (2.1)—(2.2),
#{N €T,: Q% D> Ep} <¢(Ng,0), wvelZ, 60e0,

and |Ey| < cp? || if By C Q2 with A’ € T, and 0 € ©,,1j (m € Z, j > 0). Using
these, we obtain

oo

Z (\Ee\/IA’I)T(l/”_l/’”) < CzpjT(l/n—l/Z’) < ¢ < .
N'ET, Q%,DEQ j=0

Therefore, Nas,(f)” < ¢d pcollBol™*|lcowoll-)” < cNo(f)™ which yields
(2.51). |

The following embedding result is quite obvious.

THEOREM 2.11. For 0 < ap < a1 and 7j := (aj +1/p)~1, j = 0,1, we have the
continuous embedding

(2.54) B2 (®) C BY();

i-e., if f € BRH(®), then f € BRo(®) and ||| pzo (@) < cllfll o (@)
Proof. By Theorem 2.8, if f € B3 (®), then f € Ly NL, C Ly,. Fix 0 <n <p.
Then by (2.39), we have

1/75
Wy = (S thnil) - 5=0

0€O

and the theorem follows since 7 < 7g. 0

Interpolation of B-spaces. We first recall some basic definitions from the
real interpolation method. We refer the reader to [3] and [4] as general references
for interpolation theory. For a pair of quasi-normed spaces Xy, X7, embedded in a
Hausdorff space, the space Xy + X is defined as the collection of all functions f that
can be represented as fo+ f1 with fo € Xy and f; € X;. The quasi norm in Xy + X;
is defined by

= inf + .
1 x4, := b flfollxo + /2,

Peetre’s K-functional is defined for each f € Xy + X7 and ¢ > 0 by

(2'55) K(f> t) = K(f’t;X()le) = inf HfOHXo +t||f1||X1'
f=fotf1
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The real interpolation space (Xo, X1)x,q with 0 < A <1 and 0 < ¢ < oo is defined as
the set of all f € Xy + X3 such that

1/q
o dt
£l (xo0,500 = Il x0+32 + </0 (tK(f, t))qt> < 00

with the L;-norm replaced by the sup-norm if ¢ = oco.
It is easily seen that if X3 C Xy (X3 continuously embedded in Xj), then
K(f,t) = | fllx, for f € Xo and t > 1 and, consequently,

oo

1/q
(2.56) 110, x10)5.0 = I1fllx0 + (ZD”K(f’?”)}q) -

v=0

THEOREM 2.12. Suppose 0 < p < oo and o, 1 > 0, or p =00 and ag, 1 > 1.
Let 7j == (a; + 1/p)~1, j=0,1. Then

(2.57) (B (®), B} (®))ar = BF ()

with equivalent norms, provided a = (1 — N)ag + Ay with 0 < A < 1 and 7 :=
(a+1/p) L.

Proof. We shall use some ideas from [32]. We may assume that og < 3. We
denote briefly B® := B2(®) and B* := By/(®), j = 0,1. Furthermore, we denote
by £, the space of all sequences a = (ag)geco of real numbers such that

1/q
lalle, = (Z a9|q> < 00.

0€c©

We shall utilize the following well-known interpolation result (see, e.g., [3]):

(2.58) (brys br ) = Lz, where L =122 4 2 with 0 < A < 1.

T1

We fix 0 < n < p. Then we normalize the basis functions from ® in L,, that is,
lvsllp = 1 (we use the same notation for the normalized basis functions). We also
renormalize the dual functionals Ag in the definition of @, in (2.18) accordingly.

We denote by b(f) = (bg(f))oco the sequence of numbers defined by (see (2.34)—
(2.35))

mn(f) =Y bo(f)pa, meZ (lpol,=1).

0€O,,
By Theorem 2.8, Theorem 2.10, and (2.39), if f € B% (j =0,1), then
LP
(2.59) F2Y bo(fpe and | fllpes = [B(f)le,,
(USIC)

and similarly for f € B.
The theorem will follow by (2.58) and the following lemma.
LEMMA 2.13. For f € B® 4+ B* = B* (o < 1), we have

(2.60) K(f,t; B, B*') ~ K(b(f),t; lry, (r,), t> 0.
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Proof. We first prove that
(2.61) K(f.4: B%, BY) < cK(b(f),t: £y, b)), ¢ > 0.

Indeed, let a = (ag)oco € ¢-,- Thena € £, (1o > 71) and since b(f) € ¢, (f € B*),

Ly :
we have b(f) —a € £;,. We define g := ", o agpg. Then by Theorem 2.9, g is well
defined, and hence
Lp
F=9= (balf) — an)pe-

0c©

By (2.33) and Theorem 2.10, we infer

lgllger < cllalle,, and [[f = gllpeo < cllb(f) —alle,,-

Since a € £, is arbitrary, the last two estimates give (2.61).
We next prove that

(2.62) K(b(f),t; sy, lr) < K (f,; B%, B4), > 0.

Suppose g € B*'; then by Theorem 2.11, g € B* (ag < aq), and hence f —g € B0,
We shall show that there exists a sequence b(g) = (by(g))eco € £r, such that

(2.63) 92 bolg)ps with |gllper ~ [Ib(f)]e.,
0cO
and
(2.64) F—g =S (ba(f) ~bo(9))ps with [|f — gllpeo = [b(f) — b(g)lle,, -
0cO

Clearly, estimate (2.62) follows by (2.63)—(2.64).

Notice that if n > 1, then b(:) can be realized as a linear operator, and hence
b(f —g) = b(f) —b(g). Therefore, (2.63)-(2.64) are immediate from g € B** and
f—g¢€ B*.

Suppose nn < 1. For A € T, we let PA(f) := Pa,,(f) € II; be the polynomial
from the definition of p,, ,(f) in (2.20) (Pa(f) is not unique). Thus Pa(f) € IIj is
such that

(2.65) 1f = Pa(f)llz, o) < cEp(f, D)y

We shall next show that for each A € T there exists a polynomial Pa (g) € IIj such
that

(2.66) lg — Pa(9)llz,a) < cEr(g, &)y
and
(2.67) 1f =9 (Pa(f) = Pa(@)llL, o) < cEx(f —g,0)y.

We consider two cases.
Case 1. E(f —g) < E(g), where E(-) := Ey(-,A),. Let R € IIj, be such that

(2.68) If —g—RI=E(f—g), where|-[:=]"]L, (-
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We define Pa(g) := Pa(f) — R € II. Then (2.67) holds, by (2.68). We use (2.65)
and (2.68) to obtain

lg — Pa(g)ll < ellf = Pa(H)l +cllf —g— Rl < cE(f) +cE(f —9g)
< cE(f —g)+cE(g9) + cE(f — g) < cE(g),

which gives (2.66).
Case2. E(g) < E(f—g). This time we choose Pa(g) € IIj so that ||g— Pa(g)| =
E(g). Similarly as above, one can show that

If =9 — (Pa(f) = Pa(g)ll < cE(f —9).

Thus the existence of Pa(g) € I, satisfying (2.66) and (2.67) is established.
Using the polynomials Pa(g) from above, we define, for m € Z,

Pma(9) = Y a-Palg) and puy(f—g):= Y 1a-(Pa(f)— Palg)).
NeT,, JANSY I

Furthermore, as in (2.21) and (2.34), we define

Qm.n(9) = Qm(Pmny(9)) and  ¢my(9) == Qm.y(9) — Qm-1.,(9)-

We define Q.. (f — g) and ¢ (f — ¢) in the same way. Finally, we define b(g) =
(bo(g))oce and b(f —g) = (bo(f — g))oce from

Imn(9) = Y bo(9)po and g y(f —g) Z bo(f —g)pe, m € L.
00, 06,

Evidently, pm,(f — 9) = Pmny(f) — Pm,n(g) and since @, is a linear operator, it
follows that b(f — g) = b(f) — b(g). From this and the fact that Pa(g) satisfies
(2.66) and (2.67), using Theorem 2.8, Theorem 2.10, and (2.39), we obtain that b(g)
satisfies (2.63) and (2.64), and hence (2.62) holds. This completes the proof of the
lemma. a

By Lemma 2.13, (2.58), and (2.59) (with a; replaced by «), we obtain

[ ll(Bao,Ba1)s - = D)ty try)n - = D)2, = [1f ] 3o

Thus the proof of Theorem 2.12 is complete. ]
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Several remarks are in order.

Remark 2.14. (a) If p = oo, then the B-space BY(®) (7 := 1/a) is useful for our
goals only if @ > 1. The reason for this is that B2(®) is not embedded in C' if o < 1.
Indeed, consider the function f := 25021 7 Yo, where 0; € ©p,;, my <mgy < ---, and

{9, } are Courant (or other) elements which overlap so that || f[loc = 3272, j7l=oo0.

On the other hand (see (2.33)), | f|pa (@) < C(Z;ilj*T)l/T < 00, since 7 :=1/a > 1.

(b) We introduced the B-norms Ng s ,,(-) and No g (-) with 0 < n < p (see (2.31)
and (2.37)) for the following reason. As we shall see in section 3, normally o > 1, and
hence 7 < 1, which compels us to work in L, with 7 < 1, which is not a very friendly
space. At the same time, if p > 1 we can choose 1 <7 < p and work in L, instead.

(c) We also want to explain why we introduce the B-spaces over locally regular
(or better) triangulations but not over more general ones. The reason is that if we
relax the main conditions (2.1)—(2.2) in the definition of LR~triangulations, then we
can hardly work with the B-spaces. In particular, the equivalence of the norms (see
Theorem 2.10) fails to exist, which makes it impossible to prove all the results from
section 3.

General B-spaces. Given an LR(or better)-triangulation 7 and a family of
basis functions ® = &7 over 7 as in section 2.2, we define the more general B-space
B (®) = B3.(S), a > 0,0 < p,q < 00, as the set of all f € L,(R?) such that

1/pqa\ /4
1B, @) = [I.fllp + (Z [gna( Z SMf)i) ] ) < 00,

meZ AET, 2-m<|A|<2-m+1

with the ¢;-norm replaced by the sup-norm if ¢ = oo, where SA(f), is as above
(see (2.22)). Evidently, By(®) = By, (®). In going further, the norms in By(®)
from (2.31), (2.32), and (2.37) can be generalized accordingly. In the present article,
we do not explore the B-spaces in such generality because the space scale BX(®) is
sufficient for our goal of characterizing the approximation rates of nonlinear n-term
approximation from differentiable piecewise polynomials.

Fat B-spaces: The link to Besov spaces. Suppose 7 is an arbitrary SLR-
triangulation of R2. The fat B-space B2*(T) with k > 1 and a, 7 as in the definition
of B&(T) (section 2.3) is defined (see [38]) as the set of all functions f € L, (R?) such
that

1/7 1/7
1F e () = ( > [AI_“Ek(ﬁQA)T]T) ~ ( > HA_“wk(f,QA)T]T> < 0,

NeT ANET

where Ej(f,Qa). is the error of L,-approximation to f on Qa := QL from IIj
and wi(f,Qa), is the local L;-modulus of smoothness of f on Qa. (Recall that
Ey(f,Q0)r = wi(f, Q) by Whitney’s theorem (2.16), since 7 is an SLR-triangula-
tion.) Furthermore, other equivalent norms in B2*(7) as well as more general fat
B-spaces B2 (T) can be defined as in [38].

Suppose that ® = &7 is a hierarchical family of basis functions over 7" as described
in section 2.2. Assuming Iy C S,, C S8%7(T) for all m € Z (that is, k = k in the
notation of section 2.2), we have for f € L, and A € T,,,,

Ek(faﬂg)T <c Z Ek(f7QA/)77
DNE€Tm, A CQY
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which implies || f||ge(o,) < ¢l fllgar (7). Therefore, the space B*(T) is a good can-
didate to replace B¥(®) in nonlinear spline approximation, but this is only possible
if 0 < a < g for some ay < oo, which we do not compute here. The problem with
the space B*(T) is that [[¢g]|par(7) < 00 only for 0 < a < ag. (See Theorem 2.15
in the case of regular triangulations.) Therefore, the basic norm equivalence results
(Theorem 2.10) hold only for a restricted range of o. Thus, B*(7) is simply not the
“right” space for the specific problem at hand if o > «q. It is too “fat.” However, the
spaces B2*(T) are still noteworthy since they are less sensitive to small perturbations
of the triangulation 7 and are technically easier. We believe that a situation will
present itself when they will be the “right” spaces.

Comparison between regular B-spaces and Besov spaces. We begin by
recalling the definition of the classical Besov space by moduli of smoothness. So, the
space B;(L,) := B (Ly(R?)), s >0,1<p,q< oo, is defined as the set of all functions
[ € L,(R?) such that

o dt 1/q

(2.69) 1fllBs(r,) = (/O (t_swk(f,t)p)qt> < oo

(IIflp is usually added to the right-hand side above), where k := [s]+1 and wi(f, 1), is
the kth modulus of smoothness of f in L,(R?), i.e., wi(f,t), := SUp|p <t NAFCE, )l
It is well known that whenever 1 < p < oo, if in (2.69) k is replaced by any other
k > s, then the resulting space would be the same with an equivalent norm. However,
the situation is totally different when p < 1, and this is a reason for introducing & as
a parameter of the Besov spaces in the following.

As elsewhere, let us assume that 0 < p < oo and a > 0, or p = 0o and « > 1, and
in both cases 1/7 := a+1/p. Let k > 1. We define the space B2*¥(L,) as the Besov
space B2¥(L,) (see (2.69)), where k and « are independent of each other. These are
the spaces that naturally occur in nonlinear spline approximation (see [53]).

Suppose that 7* is a regular triangulation of R? (see section 2.1). Then as shown
in [38], B2*(7*) = B2**(L,) with equivalent norms. (Notice that the smoothness
parameters of B-spaces and Besov spaces are normalized differently and « corresponds
to 2a.)

Let us now assume that &7« = {pp} is a family of basis functions over 7* as
in section 2.2 such that I, C S,,, C SE™ (m € Z), where r > 0 and k > r. As we
mentioned above, the fat B-space B2¥(7*), and hence the Besov space B2*¥(L,), is
a good candidate to replace the B-space BS(®7+) in nonlinear n-term approximation
from ®7.. We next spell out the exact conditions for equivalence of the corresponding
norms.

THEOREM 2.15. Under the above assumptions, if 0 < a <r+ 1+ 1/p, then

(2.70) B2H(L,) = B(®7-)

with equivalent norms. Furthermore, if a single basis function pg € @7~ does not
belong to C™+1, then the equivalence is no longer true when o > r+ 1+ 1/p. More
precisely, for such g and H<p9||B§a,k~(LT) = o0, while ||Q09||Bg(¢.7,*) ~ [lpollp-

Proof. As we mentioned before, ||f|pe(@o,.) < cllfllparz~) for f € B (T*),

and also we have || f||gak (7)) ~ Hf”BQa,k(LT), exactly as in Theorem 2.25 from [38].
Therefore,

1£ 2 @re) < cllf | gaaiq, for [ € BEH(L,).
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The proof of the reverse estimate follows in the footsteps of the proof of Theo-
rem 2.28 from [38], and we shall indicate only the differences. Using the conditions
on @7« and the fact that 7 is regular, one can show by straightforward calculations
that, for each § € ©(7*),

(2.71) wi (g, )] < {CEQ;U(M)T) LR ifo<i< 1%1/2’

C‘Eg‘ lftZ |E9| .
Moreover, both sides of (2.71) are equivalent if py does not belong to C"*1. In going
further, one uses (2.71) exactly as in [38] to complete the proof of the theorem. a

Remark 2.16. An interesting situation occurs when p = co and r = 0. Then there
is no « for which (2.70) holds. This is the case when ®7- is the set of all Courant
elements generated by 7* (a regular triangulation).

Comparison between different B-spaces and Besov spaces. Suppose 7
is a family of basis functions associated with an SLR-triangulation 7 which allows
arbitrarily sharp angles. Then some extremely “skinny” basis functions @y € &7
(with elongated level curves) will occur. It is easily seen that such functions have
huge Besov norms (see [38]) compared to their L,-norms as well as their B(®7)-
norms (see Theorem 3.2 below) for any smoothness a > 0. Therefore, the B-spaces
for such a triangulation are essentially different from Besov spaces. The situation is
quite similar when comparing two B-spaces over different triangulations. Therefore,
the B-spaces change substantially with the triangulations, thus making the search for
the “right” triangulation mentioned in the introduction a meaningful task. In contrast
to this, the standard Besov spaces can be used only to characterize the approximation
power of piecewise polynomials over reqular triangulations.

B-spaces over compact domains. B-spaces can be introduced on an arbitrary
compact polygonal domain £ C R2. A substantial difference would be in assuming
that each triangulation 7 of E is of the form T = Uf::o 7,., where T} is an initial level
(triangulation of E) and 77,75, ... are consecutive refinements of 7y. This approach
is important for the applications (see [39]).

B-spaces in dimensions d > 2. Multilevel triangulations and B-spaces can
be introduced in much the same way in dimensions d > 2. Of course, then the
triangles should be replaced by simplices, thus making some geometric argumentation
of this section essentially more involved. In particular, the property (e) of a multilevel
triangulation should be extended to all faces of the simplices in 7,,, thus saying that
there are at most Ny simplices in 7,,, attached to a particular face. The “no hanging
vertices” condition (d) should be replaced by the condition that each facet of a simplex
in 7,, is a common facet of exactly two simplices in 7,,,. The minimal angle condition
appearing in the definition of regular triangulations and in (2.4) should be replaced
by the shape regularity condition that postulates the existence of an upper bound on
the ratio of the diameter of a simplex and the diameter of the inscribed sphere. In
conditions (2.1)—(2.3) the area should be replaced by the d-dimensional volume.

B-spaces in dimension d = 1. B-spaces can be introduced in the univariate
case, but none will give anything new, and hence they are not needed. The key fact
is that, in the univariate case, the Bernstein inequality involving Besov spaces holds
with no restrictions on the smoothness parameter a < co (see [53]).

In a nutshell, the essence of the spaces we considered in this section is the fol-
lowing. The Besov spaces are based on local polynomial approximation over regular
multilevel triangulations, which is explicitly shown in [38]. When the regular tri-
angulations are replaced by SLR-triangulations, then the Besov spaces become fat
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B-spaces, which further evolve to B-spaces when the local polynomial approximation
is replaced by local spline approximation.

The B-spaces are closely related to certain anisotropic maximal functions, non-
classical differentiability, and other problems, which are beyond the scope of this
article.

3. Nonlinear n-term spline approximation. In this section, we assume that
7 is a locally regular (or better) triangulation of R?. Also, we assume that ® = &1
is a hierarchical family of basis functions over 7 (see section 2.2). Notice that @ is
not a basis; @ is redundant. We consider nonlinear n-term approximation from & in
L,(R?) (0 < p < o0), where we identify Lo, (R?) as Co(R?). We let 3,,(®) denote the
nonlinear set consisting of all splines s of the form

s= Y apps,
geM
where M C O(T), #M < n, and M may vary with s. We denote by o, (f, ®), the
error of Ly-approximation to f € L,(R?) from ¥, (®):

Un(fu (I))p = sEiZnﬁé) Hf - SHP'

Our goal is to characterize the approximation spaces generated by nonlinear n-term
approximation from ®. To this end we next prove a pair of companion Jackson and
Bernstein estimates. We shall utilize the B-spaces B2 (®) introduced in section 2. We
assume that 0 < p < oo and a > 0, or p = co and a > 1. In both cases, 1/7 := a+1/p

(1/00 :=0).
THEOREM 3.1 (Jackson estimate). If f € BY(®), then
(3.1) on(f, ®)p < en” (| fll B2 (@),

with ¢ independent of f and n.

In the case 0 < p < oo, this theorem follows by the general Theorem 3.4 from [38],
in view of the results of section 2. For completeness, we shall give its short proof in
the appendix. The proof when p = oo can be carried out as the proof of Theorem 4.1
from [39] but is a little longer, and so we shall skip it.

THEOREM 3.2 (Bernstein estimate). If s € £,,(®), then

(3.2) I8l B2 (@) < en®|lsllp,

with ¢ independent of s and n.

The proof of this (vital for our development) theorem utilizes the ideas of the
proofs of Theorem 3.6 from [38] (0 < p < o0) and Theorem 4.2 from [39] (p = oo) but
is not identical to them. We shall give the proof in the appendix.

For a fixed 7 and ® := @7, we set K(f,t) :== K(f,t; Ly, B}(®)) (L, := Cp if
p = 00); see (2.55). The Jackson and Bernstein estimates from Theorems 3.1 and 3.2
imply in a standard way (see, e.g., [55]) the following direct and inverse estimates:
For any a > 0, if f € L,, then

(3.3) on(f; ®)p < cK(f,n™")
and

"4 /p
(3.4) K(f,na>5cna<|f||p+ S wou(f @), )

where p := min{p, 1} and ¢ is independent of f and n.
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An immediate consequence of (3.3) and (3.4) is that o, (f,®), =0(n™7),0 < v <
a, if and only if K(f,n™%*) = O(n™"). More generally, these estimates enable us to
characterize the approximation spaces generated by nonlinear n-term approximation
from ®. We define the approximation space A7 := AJ(®, L;), a > 0,0 < g < 00, as
the set of all functions f € L, such that

<><> 1/q
g = 170+ (zw%( A ‘I’%)qi) .
n=1

with the £,-norm replaced by the sup-norm if ¢ = oo as usual.

The direct and inverse estimates (3.3)—(3.4) readily imply (see, e.g., [55]) the
following characterization of the approximation spaces.

THEOREM 3.3. If0 <y < a and 0 < g < oo, then

AJ(®,Ly) = (Lp, B (®))2 4

with equivalent norms.

In one specific case the interpolation spaces can be identified as B-spaces.

THEOREM 3.4. Suppose 0 < p < o0 and a > 0, or p = 00 and a > 1, and let
7:=(a+1/p)~t. Then

(3.5) A2(@,L,) = BX(®)

with equivalent norms.
The following interpolation result is immediate from Theorems 3.3 and 3.4.
COROLLARY 3.5. Suppose p, «, and 7 =: 7(«) are as in the hypothesis of Theo-
rem 3.4, and let B > a and 7(B3) := (8 + 1/p)~t. Then

(3.6) (Lps B3 (®)) 5 7(2) = By (®)

with equivalent norms.

Proof of Theorem 3.4. We shall employ the idea of the proof of Theorem 3.3 in
[30]. We shall use abbreviated notation: A§ := Ag(®,L,), By := B¢(®), and the
like. For any 3 > 0, we denote 7(3) := (3+ 1/p)~!.

We first prove the following continuous embedding:

(3.7) Al C Bl with  pi=min{r(g),1}.

Indeed, suppose f € Aﬁ, and let s, € ¥,, be such that

(3-8) 1f = smllp < 20m(f)p-

Since 0, (f)p — 0, we have f = s; + > o (sov — Sgv—1) in L, (uniformly if p = 00),

and hence (p <1)

o0
(3.9) F11% < lsallhs + D llsor —spalls
Bls) Bl Bl (s)

We apply the Bernstein estimate from Theorem 3.2 to sov — Sgv—1 € 3941 and use
(3.8) to obtain

ls2r = spmslls,, < e2llsze = st llp < 2801y + 021 (D),
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and similarly [|s1]|zs < ¢(||f]lp + 01(f)p)- Using these in (3.9) implies
(8)

o0
Hfll‘;a(m < cllflly +ed (2P oa (f)p) < eIl

v=1

which is (3.7).
Second, the Jackson estimate from Theorem 3.1 gives the continuous embedding

(3.10) B4 C AL,

A third important ingredient in this proof is the fact that the approximation
spaces Ag are invariant under interpolation (see [31, 52]): If ap,a; > 0 and 0 <
q1,42,9 < o0, then
(3.11) (AR, Al )ag = Ay, where a = (1 — MNag + Aoy with 0 < A < 1.

q0
Now we choose ap and ay so that 0 < ap < a < a1 (ap :=1if p = 00). Also, we
select 0 < A < 1 so that & = (1 — A)ag 4+ Aay. Furthermore, we set 7; := (a; +1/p) ™!
and p; := min{7;,1}, j = 0,1. By Theorem 2.12, we have
(B2, B, , = B2,

TO ?
We use this, (3.7), (3.10), and (3.11) to obtain the following continuous embeddings:
A% = (A%, A%1), | C B2 = (B, B )y . C (A0, A%y - = A2,

Ho? 70 ?

which give (3.5). d

Algorithms. In [39], there are three algorithms developed for n-term Courant
element approximation in L, (0 < p < oo0). These algorithms can be immediately
adapted to nonlinear n-term approximation from any family of differentiable spline
basis functions ®7 on a compact polygonal domain E C R2. It is an integral part of
our program that using the machinery of the B-spaces, Jackson and Bernstein esti-
mates, interpolation, etc. developed in this article, we can prove that these algorithms
achieve the rate of the best n-term approximation. This aspect of our theory will not
be elaborated on here (see [39]).

Approximation from the libraries {®7} 7. Animportant element of our con-
cept for nonlinear spline approximation is the introduction of another level of nonlin-
earity by allowing the triangulation 7 to vary. For a given SRL(or LR)-triangulation
T, let &7 be a family of spline basis functions like the ones considered in section 2.2.
Now, without changing the nature of the basis elements from ®7, we let 7 vary and
obtain a collection (library) of basis families {®7}7. We denote

Un(f)p = il,}fan(fa (I)T)IH

where the infimum is taken over all SLR-triangulations 7 with fixed parameters,

and we also assume that the parameters of ®7 are fixed. The following theorem is

immediate from the Jackson estimate in Theorem 3.1. We shall assume again that

0<p<ooand a>0,or p=ooand a > 1, and in both cases, 1/7 := a+ 1/p.
THEOREM 3.6. If inf7 || f||pe(@,) < 00, then

on(f)p <en™® ilef £l B (@)

with ¢ depending only on p, «, and the parameters of T and O .
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The ultimate open problem here is to characterize the approximation spaces gen-
erated by {0, (f),} for a given library of basis functions {®7}7.

Global smoothness of functions: How to measure it? Here we come to
one of the fundamental questions in approximation theory (and not only there) of
how the global smoothness of the functions should be measured.

In the case of nonlinear n-term L,-approximation from a single basis family ®7,
a function f should be considered of smoothness o > 0 if || f|| pa(#,) < 0o. Then the
rate of n-term Ly-approximation of f from ®7 is O(n™%) (roughly). If we consider
nonlinear n-term approximation from a given library of basis families {®7}7 (7 is
allowed to vary), then a function f should naturally be considered of smoothness
a > 0 if inf7 || f|| pa(@,) < o0, which means that there exists a triangulation 7 := 7
such that | f| pa(e,) < oo. Then the rate of n-term L,-approximation of f from the
library {®7}7 is O(n™%). It is crystal clear to us that no single (super) space can
do the job in this case. It is an open problem to develop an algorithm for finding, for
a given function f, an optimal (or near optimal) triangulation, i.e., a triangulation
T; for which f exhibits maximal (near maximal) smoothness, using the space scale
B (®1,). It is also an open problem whether, for a given function f € L,, there exists
a single triangulation 7} such that, for all n > 1, the n-term L,-approximation of
[ from the library {®7}7 can be realized by n-term approximation from ®7, and,
consequently, characterized by the B-spaces B&(®7;) via interpolation.

Another important related issue for discussion is the smoothness of the approxi-
mating tool &7 := {pg} (7 fixed). Clearly, in nonlinear approximation, there is no
saturation, which means that the corresponding approximation spaces A7 are non-
trivial for all 0 < v < oo. Therefore, the smoothness spaces to be used should
naturally be designed so that the functions {¢s} are infinitely smooth with respect
to these spaces. This has been one of the guiding principles to us in constructing the
B-spaces. Thus each basis function ¢y € @ is infinitely smooth with respect to the
scale of B-spaces By (®), which is reflected in the fact that |[¢gl|pe@) < cll¢sl|, for
0 < a < oo (see Theorem 3.2). This makes it possible that in our direct, inverse,
and characterization theorems we impose no restrictions on the rate of approximation
a < oo (see Theorems 3.1-3.4). Also, this explains the complete success of Besov
spaces in univariate nonlinear spline approximation (see [53]) and why Besov spaces
are not quite suitable in dimensions d > 1. The latter remark needs a few words of
explanation: First, by allowing triangulations with arbitrarily sharp angles, we allow
very “skinny” basis functions with huge Besov norms compared to their L,-norms (see
[38]), which precludes the use of Besov spaces in such situations. Second, even when
working on regular triangulations, the use of Besov spaces is restricted by the Besov
smoothness (regularity) of the basis functions (see Theorem 2.15), while B-spaces
impose no restrictions on the rates of approximation.

Spline wavelets (prewavelets) and frames. In the case of uniform trian-
gulations, spline wavelets play an essential role in practical algorithms. It would be
desirable to have compactly supported wavelet (prewavelet) bases or frames gener-
ated by (differentiable) spline basis families ®7 over LR~ or SLR-triangulations 7.
To our knowledge there are no constructions of this type available, as for now. More-
over, there is some evidence that such constructions would be too complicated and
impractical for general triangulations. However, continuous spline prewavelets on reg-
ular triangulations with uniform dyadic refinements are available from [21, 34, 58].
(See also [47].) Evidently, nonlinear n-term approximation from compactly supported
spline wavelets or frames, generated by Courant elements or a smoother spline basis
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family @, cannot give a better rate of convergence than nonlinear n-term approxi-
mation from ®7. We hope that efficient algorithms for n-term approximation from
such families may provide a substitute for wavelet methods in situations where the
latter are difficult to apply and, in particular, for approximation in L.

Adaptive tree approximation. This is a method for nonlinear approximation
from piecewise polynomials on (single level) triangular partitions, which has been
developed recently in [5, 7]. In [5], algorithms are developed which achieve the rate
of the best adaptive tree approximation, while in [7] the rates of approximation are
related to the smoothness of the functions in terms of Besov spaces. There are sub-
stantial distinctions between this approach and the one in the present article. Namely,
the approximation schemes from [5, 7] use “single level” piecewise polynomials on tri-
angulations which satisfy the minimal angle condition, while here we use multilevel
(multiscale) piecewise polynomial bases over triangulations which allow arbitrarily
sharp angles. Therefore, the notion of “best approximation” in [5, 7] is quite different
from the one used here. Substantial progress has been made in [6] in applying the
adaptive tree approximation method for numerical (finite element) solution of PDEs.

4. Construction of differentiable basis functions. In this section, we give,
for any SLR-triangulation, a construction of differentiable spline basis in S¥.", r > 1,
k > 4r+1, satisfying the conditions from section 2.2. In general, we follow the scheme
of [22]; however, appropriate modifications in the construction and in the proofs have
to be made since we do not assume that the triangulation is regular. In particular, we
replace the standard normal derivatives to the edges by derivatives in affine invariant
directions; see the definition of D (. A) below. Since our construction is also applicable
to nonnested triangulations (see Remark 4.8), we formulate the results here for a fized
level 7, assuming only conditions (a), (d)—(f), and (2.3) of section 2.1 and making
sure that the constants in (2.11) and (2.12) depend only on k,r, Ny, and 6s.

4.1. Nodal functionals. As before, let V,,, and &,, be the sets of all vertices and
all edges of 7,,, respectively. We shall describe the basis functions for S,,, = S*"(7,,),
k > 4r+1, with the aid of the so-called nodal functionals defined on S*"(7,,). These
are certain linear functionals involving the values of the splines and their derivatives
at specific points in R2. The functional corresponding to the simple evaluation of the
splines at £ € R? will be denoted by 6.

Of particular interest as evaluation points are the vertices v € V,,,, where we also
need the derivative evaluation functionals of type 6, D¢ with e being any edge in &,
emanating from v, and 6, D¢’ DfQ, where eq, es are adjacent edges emanating from wv.
Here D s denotes the derivative of s of order a in the direction of the interval [v, 7],

weighted with the length of [v, 7], namely,

o ~ _ el
[v,8)5 "= ((Ur = g) Dy + (Uy — ”y)Dy> S,
v = (Vg,0y), 0= (Ug,0y).

Note that, due to this weighting, the corresponding Markov inequality reads as follows:

(4.1) 1D 5P| Le o) < ellplliaway, P € i,

where ¢ depends only on £ and «.

Let Ay, Ay € Ty, share an edge e. Since every s € S¥7(7,,) is continuous, the
two polynomial patches s|a, and s|a, coincide along e. Therefore, §,D%s may be
computed for any o = 0,1,... as either §,D%(s|a,) or 6,D2(s|a,) with the same
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result. Similarly, let e, es € &, be two edges of a triangle A € 7, with a common
vertex v. Then 6, Dg, Dés denotes the mixed derivative of s at v in the directions of
e; and eg away from v. If o+ 8 < r, this derivative is uniquely defined. If « + 8 > r,
the result may depend on the choice of the polynomial patch of s attached to v. We
follow the convention to always take §,D% DP s := §,D2 D? (s|a), where A is the
above triangle formed by eq, es.

We shall also need functionals evaluating at some points on any edge e the deriva-
tives of the spline in an affine invariant direction not parallel to e. Let e = [v1,v9] €
Em, and let A, = [v1, v, v3] € Ty, be a triangle attached to e. Denote by u(e, AA) the
median of A connecting the middle point (vq + v2)/2 of e with the third vertex v
of A. For any point § € e, 6¢D,,(c, o) Will denote the derivative at ¢ in the direction
pointing into the half-plane containing A parallel to u(e, A), weighted with the length
of u(e, ). For each edge e € &,,, we choose one of the two triangles attached to e
and denote it by A.. (Note that this selection of A, is not unique, but as will be seen
it will cause no problems for the basis construction.)

Remark 4.1. For later references, we note here that any nodal functional 7 :
S*7(T,,) — R of the above type can be extended to a linear functional 77 : S¥~1(7,,,) —
R such that 7(s) = 7(s) as long as s € S¥7(7,,,). Indeed, if the definition of 1 involves
¢ for some point £ € Ueeg,, e, then we choose one of the triangles A € 7;,, containing
¢ and use the corresponding value of s|a or its derivatives at £ to define 7j(s) for any
s € S&71(T,,). The only restriction on the choice of A is that it must be consistent
with the above rules for ¢, D¢, 6, D¢, DfQ, and 6¢D e, ) Clearly, the extension of this
type is not unique. Moreover, convex combinations of evaluations of the restrictions
of s to different triangles can also be used.

4.2. Characterization of differentiability. Let L be a straight line dividing
R? into two half-planes H, H. Given p,p € II;, we define a piecewise polynomial
function s by setting s|g = p, |z = p. To check whether s is differentiable across L,
we choose two points u, v on L, as well as two points w, @ in the interiors of H and H,
respectively. We set A := [u,v,w], A = [u,v,0], e := [u,v], p = [u,w], fi == [u,d],
0:= ZLepu, 6 := Zjie. The proof of the following lemma can be found in [17, 25].
LEMMA 4.2. Let 0 <r < k. Then s € C"(R?) if and only if

- e\ OB B\ —a
a —ax )\ ( sin(6+6) sin 6 sin 6 -
(4.2) 8,D2DI 5= (—1)ﬁ(5)( o ) ( in ) ( in ) 8, D8 DI~0p

foralla=0,...;randgq=a,...,k—1.
It is readily seen that (4.2) can be reformulated as follows:

[0}

- o . a—0B x s B
(@3)  aDEDIp= 3 (-1 ()(el0) {Zfee DD,
B=0
where o := sgn sin(f + 0) and A* := [u, w,w]. (This identity simplifies in an obvious

way when |A*| =0.)
See [22] for a discussion of the relationship between these nodal conditions of
differentiability and the well-known Bernstein—Bézier conditions.

4.3. Construction of basis splines. Consider the following set N, of nodal
functionals on S¥7(7;,),

(4.4) Nm:=< U N;,;)u( U N;)LJ( U N$>7

VEV ecEm ANET,,
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where for each A = [vy, vg, v3] € Ty,
NG = {77;5A =0 1 £E€ 20},

- {ilm + t2U2 + 1303
Ea = :

k 1 Zl+22+23:k*1, ’L'1,2.27Z'3>7"}CA7

for each edge e = [v1,v3] € &,

Nrc;z = {77275 = 6EDZ(6,AG) = Oa sy Ty E € Eevq}’

- i1v1 + G2V L
Heyq 1= {k — @ +ia=k—qg—1, 41,5 >2r—q} Ce,
q
and for each vertex v € V,,,
2r
N o= | Nt
q=0

with A% ¢ = 0,...,2r, being defined as follows. Let Al = [v,v;,v;11], i =
1,..., Ny, be the triangles in 7, attached to v in counterclockwise order, vy, ¢ = vy,
and let e; = [v,v;]. We set

NGO = [0 =6},
Npti={n i =6,DI°Dg,, :i=1,...,Ny, a=0,...,q—1}, ¢>1.

€it1

Note that N4 or N might be empty for some combinations of 7, k, e.g., N5 =
N =0ifr=0,k=2,or N5 =0 if r = 1,k = 6. This, however, does not cause any
problem for the construction below.

In view of (4.2), the functionals in NV/%7 are not linearly independent on S*(7,,)
if ¢ > 1. Namely, the following conditions hold for all s € S*"(7,,), v € Vin, ¢ =
2r:

v, sin(0;—140; a—p sin 0; p sinf;_1 -« v,
w) = 0P () () (R s

a=1,...,min{r,q}, i=1,...,N,,

yeeey

where 0; := Ze;e;y1, nZ’qq = nfjquO.
The following key lemma is instrumental in constructing the basis functions.
LEMMA 4.3. There is a unique spline s € S®7(7,,) such that

n?(s):a?, EE€EEA, ANET,,
(46) 772,5(5):@2,@ EeEe,qa q:07"'ara eegﬂ'ﬂ
,'71),0(8) — av,O, vE me

Nya(s) = a;7t t=1,....,Ny,, a=0,...,q—1, ¢g=1,...,2r, v € V,,,

i,

for any given a?, agjé,a“’o € R and any a;’} € R satisfying

2 . -8By B/ —a
v,q o\ [ sin(6;—1+06;) « in6; sin@; — v,q
Gia = Z(_l)ﬁ(ﬁ)( \eil\ ) (Isei71|) ( |6i+1|1) i 1,4-p°
=0

a=1,...,min{r,q}, i=1,...,N,.

(4.7)
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Moreover, for each N\ € T,

(4.8) Islallnaa) < e e n(s)l,

where ¢ is a constant depending only on k, and

N (D) = < U N,;g) u( U N,;) UNZ.
VEVmNA c€fm
eCA
Proof. We first determine s|. for each e = [v1,v2] € &, using the fact that s|.,
as a univariate function on the interval e, is a polynomial s, of degree at most
k —1. Therefore, s, o is uniquely determined by the following k& Hermite interpolation
conditions:

— ,0 — ,0
6111 Se,0 = a’", 61}286,0 =a"?",
— V1Y — 4V2,7 —
(4.9) bp, Dlseo =a;0", 6w, DIsco=0a;5", v=1,...,2r
j— e —
beSe,0 = Qg,¢» § € Ecpo,

where we assume that e is the ith edge emanating from v; and the jth edge emanating
from vs.
We next determine s, 4 := (DZ(e,AE)S”@v g=1,...,r. Let A, = [v1,v2,v3]. Then

DZ(e,Ae) = (Djv, v5) — 3Djvy,02))?- Therefore, for v =0,...,2r —gq,

q q
60, Discq = (=1)27 60, DIF DL s = (=1 277 (s).
£=0 £=0
1

Similarly, since DZ(e,Ae) = (Dvy,05] = 5DJvs,017)%, We have for v =0,...,2r —gq,

NE

60, DYscq =Y (—1)27%6,,D7 T DI s

€j—1

70
|
= o

=D (D27 T (s) + (=172 5 (s).

~
Il
o

In addition, we have for each £ € Z. 4,

beSe,q = 5£DZ(e,Ae)S = Tlg,¢(8)-

Thus, for each ¢ = 1,...,r, the univariate polynomial s., of degree kK —1 — ¢ is
uniquely determined by the & — ¢ Hermite interpolation conditions

q
8u, DYseq =y (1) 2 %77, 4 =0,...,2r —q,
=0
(4.10) !
6p, DY seq = Z(*l)fﬂa}fi’?ﬁle (—1)9279a%, v =0,...,2r —q,
=0

O¢Se,q = ag)g, £ € ey
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Let A = [v1,vs, 73] € T, be the second triangle attached to e. We set

&8,5 = G‘S,g’ 5 € Ee,O»
q
G = Z(—U‘(Z) (20|87 )T A A |7 6 DI s,
(=0
£€Zcy, q=1,...,m7
where A* := [0,v3,03], ? = (v1 + v2)/2, and o := sgn sin(v/gﬁv\g + m), where

wow denotes the angle determined by u,v,w with vertex at v. (It may happen that
|A*] =0.) Since A* C conv (A, UA), we have

(4.11) AT\ AL A < 85 AN A < 657,

We now construct each polynomial patch s|a, A € 7, of the spline s as the unique
solution of the following interpolation problem:

8e(s|n) = ag, £ €Ep,
6§DZ(€,A)(S|A) = ag ¢, EE€Eey, ¢q=0,...,1, e CA If A, = A,
(4.12) 6§D/,q1,(e,A)(S|A) = ag ¢, EE€Eeq, q=0,...,1, e CA If A, # A,
bu(s|a) = a”?, vE A,
6,DIODE, (s|a) = a]’s, a=0,...,q,g=1,...,2r, v e A,
(i is such that e;, ;41 C A).

Since (4.12) is a standard finite element interpolation scheme for bivariate polynomials
of degree k — 1 (see, e.g., [57] or Lemma 3.7 in [25]), the polynomial s|a is uniquely
determined.

We now show that the piecewise polynomial s constructed in this way lies in
the space S¥7(7,,); i.e.,it is 7 times differentiable. To this end we consider any edge
e = [v1,v2] € & As before, let A, = [v1, v2, v3], and let A= [vg, v1, 03] be the second
triangle attached to e, and we again assume that e is the ith edge e; ; emanating from
vy and at the same time the jth edge es ; emanating from v,. Then we have

e1i-1 = [v1,03], e1; = [v1,v2], e1ip1 = [v1,03],

€2,j—-1 = [v2, V3], €25 = [v2, V1], €2,5+1 = [v2, T3].
Obviously, for each ¢ = 0,...,7r, Dﬁ(e A )(5|A€)|e = 5., satisfies the interpolation
conditions (4.9) if ¢ = 0 or (4.10) if ¢ > 0. We set

Beq = Di(e7A)(5|AE)

The desired differentiability of s will follow if we show that

(4.13) Seq = S8eq = DZ(e,A)(s|A)|8’ g=0,...,7

By (4.12) we have

8oy (5n,) = 60, (5] 3) = @,
6o, DL TDE, L (sla) =aiyt, a=0,....¢—-1,¢=1,....2r,

85, DI~ DO (s]

€1,i—1" €1,

>
—
I
S
o
|
—
Q
Q
|
\‘O
[}
|
—
Q
I
“}—‘
[\~
=
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which in view of (4.7) imply

b0, DE T DE, 4y, (8la,) = 60, DETEDE, | (8]R),

€1,i41 e1,i €1,i4+1

a=0,...,min{r,q}, ¢=0,...,2r
and hence
60, DY (3¢, — 8e.q) =0, v=0,...,2r—q, q=0,...,n
Similarly, we get
80y, DY (8e,g — 8eq) =0, ~v=0,...,2r—¢q, q=0,...,7.
In addition, a simple calculation relying on (4.3) shows that
0¢8e,q = g ¢, £€Beq, q=0,...,m7,
so that by (4.12),
0¢(Se,g — 8e,q) =0, E€Beq q=0,...,m7
Since 5. 4 — 5. 4 satisfies homogeneous interpolation conditions of a well-posed Hermite
scheme, (4.13) follows.
The uniqueness of s is clear from the above proof, since s = 0 if the numbers in
the right-hand side of (4.6) are all zeros.

It remains to prove (4.8). Since s. 4 satisfies the interpolation conditions (4.9) if
g =0 or (4.10) if ¢ > 0,

Se.qll oo (e) < cmax{n(s) : n € Nt UNZUNS Y, g=0,...,7,

where ¢ depends only on k. In view of (4.11) and Markov inequality (4.1), we have
|C~LZ,§| §05;2q||567q||Lm(e)> q=0,...,m

and (4.8) follows by the properties of the interpolation problem (4.12); see Lemma 3.9

in [25]. O

For each v € V,,, and ¢ = 1,...,2r, we denote by R%? the (min{r, ¢} N, x ¢N,)-
matrix of differentiability conditions (4.5). Let the vectors

a®% j=1,...,puq:=qN, —rank(R}7),
form an orthonormal basis for the null space of R4,
null(RY%9) := {a € R™Nv : R%q = 0}.

For convenience, we shall use the double indices introduced in the definition of N4
also for the components of aV>%7:

(4.14) aed i=1,...,N,, a=0,...,q—1.

i,
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We set
N, gq—1 )

(115) URESD B DAL TN N
i=1 a=0

'/\N[’I,LT)L,q = {nv’q’j : j = 17' b 7p'U,q}7 q = 1’ i '727‘7

2r
N =N NS, v eV,
qg=1
J\Ym:< U /(/;;L>u< U N;)u( U Nﬁ),
VEVm, e€Ep, NET,

and define the set
D, = {p, : neNn}

of the basis functions for S*(T,,) by the duality condition,

(4.16) wlpn) = {(1) ﬁﬁ:xfm \ {n}.

To see that the above definition is correct we have to check that for each n € N,
there exists a unique ¢,, satisfying (4.16). This follows by Lemma 4.3. Indeed, since
the vectors a¥'?7 are orthonormal, we have

Pu.q

v.q _ V,4,7 ,0,q,] - _

771-”(1—5 a;y n" %, i=1,....,N,, a=0,...,q—1.
j=1

Therefore, for a fixed 7, the numbers

ald ::nzg(gpn), i=1,...,N,, a=0,...,q—1,

satisfy (4.7), which ensures the applicability of Lemma 4.3.

4.4. Properties of basis splines. It follows by Lemma 4.3 that every spline
s € SB"(T,,) is uniquely determined by the sequence (1(8)) yexr,, s i-e-, s has a unique
representation

s = Z anon, a, =n(s) €R.
NENm

Furthermore, (4.8) immediately implies

star(v) if n € N for a vertex v € V,,
(4.17) supp ¢, C ¢ star(e) if n € N for an edge e € &,
A if n € N% for a triangle A € T,,,

(4.18) ol 2y < 852"
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By using Markov inequality it is easy to show that
sl (star (v))  if 7 € NP for a vertex v € Vp,,
(4.19) In(s)| < €9 1IsllLostar (e))  if 7 € NS, for an edge e € &,
sl () if n € N2 for a triangle A € Tp,,,

with ¢ a constant depending only on k,r and Nj.

Thus, we showed that the basis ®,,, = {¢, : n € Nm} satisfies all requirements
of section 2.2 with S,, = S¥"(7,,) and k = k. (Obviously, II; C S,, and S¥"(7,,) C
SFT(Tpny1) if Tpnyq is a refinement of 7,,.) More precisely, we have the following
result.

THEOREM 4.4. Let r >0, k > 4r+ 1. Suppose that T,, satisfies (a), (d)—(f), and

(2.3) of section 2.1. Then the basis functions ¢, € S¥"(T,,) (n € Ny) constructed
above have the following properties:

(a) For any s € S*"(7,,) there exists a unique sequence of real coefficients
(an),ex, such that

§= Z n#n;
NENm
with a, = n(s), 1 € Npn.
(b) For each n € N, there is a vertex v = v, € V,,, such that
supp ¢, C star (v) =: B,
lonll Lo 2y = lonllLo(e,) < M,
n(s) < Mallslloo sy, 5 €SH(Twm),
where My, My are positive constants depending only on k, r, 62, and Ny.
In particular, by the proof of Lemma 2.3, we have the following stability property

of ®@,,.
THEOREM 4.5. The basis ®,, is Ly-stable for all0 < p < oo, i.e., for any sequence

(a”)neﬁm ’

1/p
H Z ansﬁnHLp(Rz) %( Z ||a7]gan||’2p(R2)> ,

n ENnL n 6/\7.771

where the constants of equivalence depend only on p,k,r,62, and Ny. In the case
p = 0o the {p-norm in the right-hand side is replaced by the sup-norm.
The linear functionals A, : S¥~1(7,,) N Loo(E,) — R, n € N, with properties

)‘77(8|En) = 77(5)7 ERS Sk’r(Tm)a

(N < Mol flloe,y. fe€SH T, NLo(Ey),

needed in the definition of the projector @Q,, (see (2.18)) can now be defined in a
constructive manner. Indeed, we first extend each functional n € N,, to a functional
7 defined on S¥~1(7,,,), according to Remark 4.1, and then set

Api=iif ne( UN,;)U( U N$>

ec&m ANeT,
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and
Ny q— Ny, g—1
_ 2 : vqj~vq . v,q,7 _ V,4,5 0,9
_E: 2a za if n _2:2: ’LO( nzae U
i=1 a=0 i=1 a=0 VEVm

By (2.22), @ can be extended to the operator Q. p : L;,OC — S*P7(T,,) whose
local approximation power is described in the following theorem (see Lemma 2.5).
THEOREM 4.6. Suppose f € LloC 0<p<oo(feCifp=c0). Then

If = Qump(Dll,a) < Salfp < cE(f,Qn)p, A € Ty,

where Qp = QL is the union of all triangles in T, that have a common vertex with
A\, and the constant ¢ depends only on p,k,r, 62, and Ny.

To show that the assumption that the triangulations 7,, satisfy (2.3) cannot be
omitted, we consider the following example.

Ezample 4.7. Suppose T, has an edge e = [v,u] with two triangles A = A,
[v,u,w] and A = [v,u, ] attached to e such that v = v + (27 Ma,0), w = v +
(—a,a), w = v+(—a, —a), where the positive numbers M, a depend on m. Evidently,
lconv (A UA)|/|A] = 2(2M +1), and (2.3) will be violated if M grows unboundedly
with m, while the maximal angle of the two triangles is 37 /4, thus allowing the
maximal angle condition (2.5) to hold. Note that such configurations of triangles
are possible for a sequence of levels of an LR-triangulation 7 with the corresponding
M’s tending to infinity; see section 2.1 of [38]. Choosing k = 6 and r = 1, we
consider the basis functions ¢, € S%'(7,,), n € N, constructed according to the
above algorithm. We next show that the basis ®,, = {¢, : n € Nm} is instable;
i.e., Theorem 4.5 does not hold for it. (Therefore, neither ®,, nor a renorming of it
satisfies the requirements of section 2.2.) More precisely, we show that the constant
function Ig:(z) = 1, z € R?, does not have an L..-stable expansion with respect to
®,,,. We have

Mol =1,  dpe= Y n(lg2)g,
nENm
Now choose n =70 = §, € N%O. Since n(llgz) = 1, the instability of ®,, will follow
if we show that ||| 1 (r2) is unbounded as M — oo. By (4.12),
5D 5 (aln) =
A |A
= —2' Pl‘éngseo \Ac||5fse’17
where § = (U + u)/2a A = [faw7w]7 Se,0 = 9017|67 Se,1 = (DllL(e Ae)(pn)‘e- Obviously,
AL/ 2] = 1, and
* _ AN _ 1De|+IA _ oM+1
IA*|/| e = (|conv(AeUA)| - )/|Ae|_2 +1.
The univariate polynomial s, ¢ of degree 5 is determined by the Hermite interpolation
conditions (4.9) that take in our case the form
61;85’0 = 1, 6uSe,0 = 6UD;SE7O = 6uD§se,0 = (SvDiSe,Q = 6vD§Se70 =0.

An elementary computation shows that §¢ D!s. o = —15/8. By (4.10), we immediately
get Ogse,1 = af ¢ =0 ¢(py) = 0. Thus,

15
0D, 5)ala) = 7@ 41) w00 as Moo
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In view of Markov inequality, ||,z (r2) > c|6§Di(e A)(<p77|A)|, and we get the de-

sired unboundedness of ||| 1 (r2) for sufficiently large M.

Remark 4.8. It is clear that Theorems 4.4—4.6 are valid for any sequence of levels
7T, satisfying the hypotheses of Theorem 4.4; i.e., nestedness and other additional
assumptions on {7,,} stated in section 2.1 are not needed for these results.

Remark 4.9. It is an important property of the basis functions ¢, constructed
above that they are invariant under affine transforms. More precisely, let 7,,, satisfy
the hypotheses of Theorem 4.4, and let A : R? — R? be an affine transform. We
set A7) = {A(D) © A € T}, and An(s) := b4 D, D i(e )8, for each nodal
functional 7 of the form n(s) = 6,D¢ Dﬁ s and extend the operator A linearly to
the linear combinations of the nodal functlonals such as those occurring in (4.15).
Then, clearly, the sets of nodal functionals A, and N4 defined by (4.4) for 7, and
A(T,,), respectively, satisfy N2 = {An : n € N,,,}. (We used here, in particular,
the fact that p(A(e), A(A.)) = A(u(e,Ae)).) Moreover, since the matrices RY;?
of the differentiability conditions (4.5) are affine invariant (see (4.3)), we also have
NA = {An : neN,} for the appropriate sets N,,, N4 defined as in the construction
above provided we choose the same orthonormal vectors (4.14) in both cases. Let now

m={py: €N, }CS’”( T,) and 2 = {p4, : 1 € Np, }CS’”( (7)) be
the spline bases dual to N,, and N£7 respectively. Since ¢, (4-), n € N, obviously
satisfy the same duality relations, we conclude that @4, = ¢,(4-), n € N, which is
the desired affine invariance.

Remark 4.10. Our construction is extendable to the spaces S*"(7,,,), k > 2941,
in dimensions d > 2. To this end the algorithm given in [22] should be extended to
SLR-triangulations in R%. In particular, the orthogonal directions of derivatives used
in [22] should be replaced by appropriate affine invariant directions.

Remark 4.11. If the triangulation covers only a compact domain F, then usual
modifications of basis functions corresponding to boundary edges or vertices (see
[22, 23]) lead to the desired stable local bases.

Remark 4.12. In this section, we extended to the setting of SLR-triangulations
the bivariate version of nodal stable local basis construction of [22, 23], which was
originally designed for regular triangulations. The scheme from [27] can be used as
an alternative means of constructing stable local bases for S*7(7,,), k > 3r + 2, in
dimension d = 2. Such a development would take advantage of the affine invariance
of the Bernstein—Bézier representation of piecewise polynomials. We elected to utilize
the scheme from [22] instead, since it is available for any number of variables and allows
an effective numerical implementation as shown (for r = 1,2, d = 2) in [23]. Also, we
want to pay heed to two more spline basis constructions (for regular triangulations
in dimension d = 2) that allow the same kind of extension to SLR-triangulations:
(a) stable local bases for S¥1(7,,), k > 5, constructed in [26]; (b) locally stable
bases on nested triangulations (k > 4r + 1) [24]. Note that the stable local bases for
superspline subspaces of S¥7(7,,,) [16, 17, 44, 57] cannot be used since these spaces are
not nested for nested triangulations, while the earlier local spline bases for S*"(7,,)
[1, 8, 18, 35, 36, 48] are known to be unstable for certain triangulations.

Remark 4.13. Tt is easy to see that, in the case r = 0, the above basis reduces to
the classical Lagrange finite element basis for S¥°(7,,), k > 1. Since 6, disappears
from (4.8) when r = 0, Theorems 4.4-4.6 hold for locally regular triangulations;
i.e.,,the SLR assumption (2.3) is not needed in this case. (Note that 62 and Ny
completely disappear from Theorem 4.4, and 8, is replaced by 6; in Theorems 4.5—
4.6.) For r =0, k = 2, we get the Courant elements, and the only essential difference
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to the construction from [38] is that we rely here on the extensions of linear functionals
described in Remark 4.1 rather than on the explicit quasi interpolant for continuous
piecewise linear functions adopted in [38]. Both approaches obviously lead to the
same B-spaces.

5. Spline bases on special triangulations. There are several constructions
of differentiable spline bases fitting into our scheme that are only available for specific
multilevel triangulations. Since these triangulations have a special structure or even
are uniform, the corresponding libraries {®7} of bases are not as rich as the one
of the previous section associated with arbitrary SLR-triangulations. Moreover, the
necessity to maintain the structure of the triangulation highly reduces the variety of
refinement methods that can be used (whereas, e.g., local refinement by bisection can
be used with bases on arbitrary triangulations). On the other hand, bases on special
triangulations usually allow a smaller degree of piecewise polynomials for a given order
of differentiability as well as a simpler and more efficient practical implementation.

In this section, we review some known constructions of this type. (Note that only
box splines are available for more than two variables.)

5.1. Box splines. As usual, we consider only splines of two variables. Let
ZE = [£---&,] be a full rank 2 x n matrix with columns &; in Z? \ 0. The boz spline
Mz : R? — R? associated with = is defined by its Fourier transform

n

M=(u) = [

v=1

1 — e itwu
7;6711,7 u € ]R2,
v

where £, u denotes the inner product of the two vectors.
We now review the basic properties of box splines (see [9]), in order to verify the
requirements of section 2.2. It is well known that Mz has a compact support,

(5.1) suppM:{Ztl,ﬁy : O§tV§1}.

v=1

The box spline basis functions at the mth level are defined by

pmg=M=(2" —j),  jer’

We set
®,, = {‘Pm,j RS ZQ}a m € Z,
and
Sm = { Z G jPm.j & Om,j € R}, m € Z,
jez?

where the series converges everywhere since for every x € R?2 and m € Z only a
finite number of ¢y, ;(z) (j € Z?) are nonzero. Clearly, any affine change of variables
Q : R? — R? gives rise to basis functions ¢, ;(Qz) that satisfy the conditions of
section 2.2 if and only if the ¢, ; do. Therefore, we do not distinguish between
constructions that can be transformed into each other by such a method.
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Since

Mz (2u) 1+e vu
M_ H

Mz is a finite linear combination of Mz (2 - —3), j € Z?, which implies that
Sm C Sme1, m € Z.
Let
r(Z) := max{r : any 2 x (n — r) submatrix of = has rank 2} — 1
and
k(Z) :=n-—1

The elements of S, are r(Z) times differentiable piecewise polynomials of degree
k(Z) — 1 with respect to the rectilinear partition 7,5 of R? determined by the straight
lines

H, +27™j, jez? v=1,...,n,

where

H, = {t&, : t e R}
Thus,

S, € SFEE(TE),
Moreover,

2y C Sm, m € Z,

and ;241 ¢ Sy, where

k(E) =r(2) + 2.

It is well known that the translates of a box spline are not always linearly in-
dependent. In fact, ®,, is a basis for S,,, (m € Z) if and only if the matrix = is
unimodular; i.e.,each nonsingular 2 x 2 submatrix of = has determinant +1. This
condition implies substantial restrictions on Z. Namely, up to an affine change of
variables, = must have the form

E: €1---€1€z---e2€3"--€3|,
N——

ni n2 ns3

where e; = [(1)], €y = [?], e3 = [}], ny,ng > 1, n3 >0, and ny +ns +n3 =n. Itis
easy to see that

r(E) = n — max{ny, ng,n3} — 2
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and that TTE is either a tensor product mesh if ng = 0 or a three-directional mesh Tngl)
defined by the straight lines xq = 27™j, x5 = 27™j, 21 — 1y = 27™j (j € Z?) in R? if
n3 > 1. Since only the latter case leads to a multilevel triangulation, we assume that
ns > 1.

It remains to verify (2.10)-(2.12). By (5.1), the support of M= is the hexagon
with vertices (0,0), (n1,0), (0,n2), (n1+ns3,n3), (n3, n2+ns), (n1+ns3, n2+ns), which
implies (2.10) with £ < |n/2]. Obviously, (2.11) is valid with My = ||Mz||r_, . Finally,
it is easy to show (2.12) by using the constructions of dual functionals ; : So — R
(j € Z?), with \;(¢ox) = 6;.k, given, e.g., in [19, 37, 41].

Let us mention the following two cases that are perhaps most relevant in appli-
cations:

(a) mi=na=2, mnz=1, SnmcSTY), k=3,
(b) ni=nao=n3=2, S,C 85’2(’27£L1)), k= 4.

5.2. Other spline bases on uniform triangulations. There are some other
spline basis constructions for the three-directional mesh Tw(}); see, e.g., [15, 56]. How-
ever, to our knowledge, none of them simultaneously satisfies the requirements of
nestedness of the spaces, stability, and locality of the basis functions. The situa-
tion is better for the four-directional mesh ’777(12) obtained from Tn(ll) by adding the
straight lines x1 + o = 275 (j € Z?). Since 79 is a special case of a so-called
FVS-triangulation (see section 5.3), finite element bases for 84’1(717(12)) are available
and satisfy the conditions of section 2.2. Some recent alternative constructions of
stable local bases for S4>1(Tn(12)) can be found in [13, 28, 42, 49]. Moreover, a stable

local basis for 87’2(7;$L2)) is also constructed in [28]. Finally, we want to mention the
stable local basis from [33] for C! quadratic splines with respect to a sequence of
triangulation levels that can be called the siz-directional meshes.

5.3. Refinable composite finite elements. Multilevel and hierarchical bases
play an important role in the modern theory and practice of numerical methods for
PDEs; see, e.g., [51]. Classical smooth finite elements [14] give rise to stable local
spline bases on triangulations satisfying the minimal angle condition. (Note that it
should be possible to replace this condition of regularity with SLR.) However, there
are difficulties in using them to build nested spline spaces on multilevel triangulations;
see [11, 20]. Although the “polynomial” finite elements (e.g., the Argyris element)
are available for arbitrary triangulations, they lead to superspline spaces [57] that lack
nestedness for nested triangulations (levels in the terminology of our section 2). In
contrast to them, “composite” finite elements require a special structure of the levels
T, e.g., a Clough—Tocher or Powell-Sabin split, which is not always compatible with
nested refinements with other desirable properties like boundedness of the valence of
the vertices. In fact, we are aware of only two cases when composite finite elements are
refinable, i.e., provide stable local bases for certain multilevel triangulations. First,
this is true for the triangulations obtained by the Powell-Sabin 12-split; see [50] for the
relevant construction of stable local bases for C' quadratics and cubics. The other case
is that of F'VS-triangulations obtained from arbitrary strictly convex quadrangulations
by adding two diagonals of each quadrilateral; see, e.g., [20, 43]. Here, a well-known
composite finite element due to Fraeijs de Veubeke and Sander gives rise to a stable
local basis for C! cubics, while for higher orders of differentiability only nonnested
superspline-type constructions are known [40, 45, 46].
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Appendix A.
Proof of Theorem 2.9. Denote briefly N := (3 ,.g ||cecng;)1/T.
Case 1. 0 < p <1. Since 7 < p < 1, we have

1/p /T
> teogo| < (meg) < <lecwe;> :
L) P 0co

0€c©

Case 2. p = o0. Since 7 = 1/a < 1, then (2.42) is obvious.

Case 3. 1 < p < co. We need the following lemma.

LEMMA A.1. Let g := ) 5o lcopsl, where #M < oo and |lcopgll, < L for
6 € M. Then

lglly < eL(#M)Y?,
with ¢ independent of M and (cg)ocm-

Proof. Using the properties of ®, we have (recall that supp g C Ey := Stare(vg)
and [|@gloo ~ |Eo|~1/P||0e|l, by (2.14))

lallp < || 3 leopolloo - 15, O < eL|| 32 1Bl 1, () -
veM P veM P

We define E := (Jye o Eo and E(z) := min{|Ep| : 6 € M and Ey > z} for x € E. By
the properties of the LR-triangulations, it follows that

S BTV 1, (2) < cB(x) VP 1p(z), @R
oeM

On the other hand,

E(x)™' = max [Ep[™' < Y |Ey| Mg, (2).

6eM, Eg>x by
Therefore,
1/p
lglly < eLI|E()~"?| L, = cL </ E(z)™! dw)
E
1/p
< cL< > 1l [ e da:> —cLHEM)YP. O
9eM R2
We define

Fui=1{0: 27N < [leopoll, < 274N,

where N := (3 )co ||ce<p9|\;)1/T. Then

U Fu =10 : |copsllp = 27N},

v<p
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and hence

(A1) HFu <Y #F, = #( U ﬂ) <2

v<p v<p

We set F), := 296]_-“ |cows|. Using Lemma A.1 and (A.1), we obtain

|5 oo, < |5 R0, = 551 205 meamto
e u=0 =0 =0

<N 27#ITTP < eNY T2 < N
n=0 u=0
This completes the proof of Theorem 2.9. O
Proof of Theorem 3.1 (the case 0 < p < o). Suppose f € BY(P), where a > 0,

1/t = a+1/p, 0 < p < oco. By (2.40), f can be represented in the form f =
> oco bowe with the series converging absolutely a.e. in R? and in L,. We denote

briefly N(f) := No.q.-(f) = (Zgeo Ibavoll;)"™ = || fll B2 (@)-
Suppose that (bg;pe;)52; is a rearrangement of the sequence (bppg)gceo such that

Hb913091||p > Hb929092HP > oo Set sy 1= Z?:l bejgooj’ Sp € En(q))
Case 1. 0 < p < 1. To estimate ||f — s,||, we shall use the following simple
inequality [38]: If x; > 23 > --- >0 and 0 < 7 < p, then

50 1/p 00 1/7
(A.2) < Z xf) <n1/p_1/T<Zx;> :

j=n+1 J=1
We use Theorem 2.9 and apply (A.2) with x; := ||bg, e, ||, to obtain

0o 1/p
= ( 2 IlbejsoejII,%)

j=n+1

1 = sally < || D2 1ba,e0,]

Jj=n+1

00 1/7
Sn1/p1/7<2||bejsﬁ9j|;> =n""N(f),

Jj=1

which proves Theorem 3.1 in Case 1.

Case 2. 1 < p < co. We proceed quite similarly as in the proof of Theorem 2.9.
We set 7, i= {0: 24 N(f) < boollp < 2 #FIN(f)} and Fy = gz [bospal

Fix m > 1 and set M := [2™7]. As in the proof of Theorem 2.9 (see (A.1)),
#HFm <Y pem #Fu <27 < M. Using Lemma A.1, we obtain

17 =sulp< | 3 Fa < 30 15l

p=m+1 pu=m+1
<c Z Q—MN(f)(#].‘u)l/p < eN(f) Z 9—u(1—=7/p)
n=m+1 p=m-+1

< eN(f)27mA=7/P) < eM~YTHYPN(f) = eMTEN(f).

This estimate readily implies (3.1). O
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Proof of Theorem 3.2. Step 1. With this step we lay some groundwork that
is needed for the proof of the Bernstein inequality. Let 7 be an arbitrary LR-
triangulation and suppose A is a finite subset of 7. The set A generates a certain tree
structure that we want to bring up in what follows.

We say that A € T is a branching triangle if at least two children of A
have descendants in A. Let A denote the extension of A obtained by adding all
branching triangles and all children of branching triangles if they are not already
in A. By considering the tree of the ancestors of all triangles in A, it is not diffi-
cult to see that the total number of branching triangles does not exceed #A — 1.
Since the number of children of a triangle is bounded by Mj,, we conclude that
#A < c#A.

Furthermore, for a later use in Step 3, we call A € T\ A a chain triangle if
at least one of its descendants belongs to A. The set of all chain triangles will be
denoted by I'. By construction, for each A € T' there is a unique largest triangle
A € A contained in A. We set Kx = A\A and ua := m — m, where A € T,
and A € T;. We denote by T the set of all A € T for which there is a A’ € A
containing A. It is easy to see that I is the disjoint union of finite chains, i.e.,sets
A of the form A\ = {Ay,...,A,} € T (v > 1), where AY D Ay D --- D A, DA}
for some Ay, A} € A, and A is a child of AV Ajisachildof Aj_q, v=2,...,v
and A is a child of A,. Similarly, T'\ I is the disjoint union of infinite chains
A={...,A 9,A_1} CT, where --- D A_y D A_; D A} for some A} € A, and
Ajis achild of Aj_1, v=—1,-2,..., and A} is a child of A_;. We let £ and £L>
denote the sets of all finite, respectively, infinite chains in I'. Clearly, #£ < #A and
#LZ < H#A.

Step 2. For the proof of the theorem in the case 0 < p < 0o, we need the following
lemma.

LEMMA A.2. Suppose s = Y ncp I - Pa, where Pn € 11y, (k> 1), AC T with
T an LR-triangulation, and #A < co. Then

1/7
( > |A|_M||8|ET(A)> < c(#M)|Is]lp,

AEA

with ¢ independent of s and A.
Proof.  'We adopt all necessary notation from Step 1 above with A from the
hypotheses of the lemma. Since #A < c#A and s =) ;5 1A - Pa, where PA =0

for A € ]\\A, we may assume without loss of generality that A = A; i.e., the branching
triangles and their children are contained in A.

Let Aq,...,/\,, be all nonbranching triangles in A. It is not difficult to see that
for each of them there are only two possibilities: either /\; does not contain any other
A € A (in which case we call A; a final triangle) or there is a unique largest triangle
A; € A strictly contained in A;. We define the rings K; := A; \AZ, i1=1,...,m,
where A; := () for a final triangle A;. Obviously, K; have pairwise disjoint interiors,
and s|x, = Pi|k,, for some P; € I}, i = 1,...,m. Since all children of branching
triangles are in A, we have for each A\ € A,

G K; and s|a= i 1k, - P;.

i=1 i=1
A,CA TN
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Therefore,
ST TsIT o) = 21D D slT ki
NN AEA A
=Y llsllio iy D, AT
i=1 AEN, ADA,
=Y lIsllT 2™ DD (Al/IADT
i=1 AEAN, ADA,
< CZ ST, iy 127,
i=1

where we once switched the order of summation and used (2.9). Since |A;| < p|A],
we have by Lemma 2.2,

1P, ) = K™ VP Pl k) = 1O Py ()

which implies [|s(|7 .
ity,

N 7O HS”EP(KW i=1,...,m. Now by Holder’s inequal-

m m T/p
2 lsllE, ) < (Z sllip<m>> m! TP < (#A)° s,
i=1 i=1

and the proof is complete. |

Step 3. Let s € ¥,(®) and suppose that s =: 3, copy, where M C O(7)
and #M < n. Let A be the set of all triangles A € 7 which are involved in all
Ep := supppg, 0 € M. Then s = > ., sa, where spo =: Ia - Pa, Pa € 1.
Evidently, by (2.7), #A < ¢*(No, £) #M < cn.

We first extend A to A as in Step 1 above and introduce some auxiliary sets of
triangles needed for the forthcoming arguments. We set

Ar o ={A €T, :Q% DA for some A € ANT,},

AN ={AN €T, 0% >N for some A € ANT,}, m € Z,
and also

A* = U ]\:‘n, A = U A*WT

meZ mEeEZ

Note that A, A’ € T,, and A’ C QY imply A C Q4%,, and hence
A, ={A €T, :AcQ forsome N € ANT,}.

Therefore, by (2.8), #Ax < c*t(No,é)#(]\ N 7py), and it follows that #A* < en.
Similarly, #A** < ¢**(Ng, 20)(#A) < ¢en. It is clear that A C A* C A**.
We now proceed to estimate |s|pa 7y := D acr |77 Sa(s)7. Let

Sm = Z Z Copo, m € 7.

pu<m 60eMnNO,
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Then s,, € Sy, and hence SA(s); = SA(s — 8m)r if A € T,,,. For each A € T, we
shall use one of the following two obvious bounds for Sa(s).:

(A-3) Sa(s)r < lIsllz, @),
(A4) Sa(®)r <ls = smllz ey D ETm.

Namely, (A.3) will be applied to the triangles A in the set A* C T defined above,
while (A.4) will be used for all remaining triangles in 7.

For the next estimates, we shall consider separately the cases 0 < p < oo and
p = oo.

Case 1. 0 < p < oco. We consider two possibilities for each A € T: A € A* or
AeT\A

(a) If A € A%, then for each A’ € T;, such that A’ C Q4, we have A’ € A**
and, in view of (2.2), |A’| < ¢|A|. Hence, by (A.3),

Yo 1AITTSA()T < Y AT > 15117 (ar)

A€eAy, A€EAr, AERE, AT CQY

<c Z Z AN il (1

NeNr, ANeNry, A'CQY

=c Z Z A il | E 9N

AERr N€ERy,, QL DAY

<e > ATVISIE, a0y

AreRyy

where we have switched the order of~ summation and taken into account the fact that
#{A e A, : QZA DA Y=#{AN e : ANC ¢ 3 < *(Ny, L), by (2.8). It follows
that

YA TSAT <e Y AT TSI (o)

NS NS
(A.5) < c(#A) T |Is; < enT |57,

where we applied Lemma A.2 to s with A replaced by A**, which is obviously legiti-

mate since A** D A. 3 )
(b) Now suppose A € T, \ Aj,. Then Q% = (2, A; for some A; € T, \ A,

j=1,...,n, with na < <3N (see (2.8)). We have, using (A.4),

na

(A.6) Sa(s); =Sals —sm)T < Y lIs = sml7, (a,)-

j=1
If Aj ¢ T, then it has no descendants in A, and hence s|a; = s;u|a;, and
(A7) |5 = smllz, (a,) =0, A;¢T.

Suppose A; € I'; i.e., it is a chain triangle. Let Aj be the unique largest triangle
of A contained in Aj, and let Ka; = A;\Aj and pa; = m—m be defined as in Step 1.
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It is clear that in this case s|x, = Sm|xk,. = Ik, - Pa; and sp|a; = 1, - Pa; for
J J J
some Pa; € . Therefore,

s = sualls oy = s = sl 5, < elisly_ 5, +lPa, 17 4
IfA; eI\ I, then clearly Sml|n, = 0, and we have
(A8) Is = smllzoan = lsll a, A5 €T\E
Assume that A; € I'. By Lemma 2.2,

128,15, 5, < 185 11Pa, F sy < A 1P, I i
< el a1 1P 15, ey < el 151781,

By (2.1), |A;| < p"*i|A;|, and we arrive at the inequality
(A9) s = sullfay) < clisly, s, + 18507 IslE cn e Ay €T

From (A.6)—(A.9) and (2.2), we obtain

S olarsar = Y S 1AISa(s)]

AET\A* meZ NeT,, \Az,
< e D ATl qy + e D 22 lsIT, )
A€eT NSy
=: 21 + 22.
Trivially,

Islz,a) < Z Isllz, ar, Ael.
NEN, N CA

Switching the order of summation, we find

Si<e ) sl an X 1877

AER AET, ADA!
(A.10) <e Y sli ] > (A1ADT
AeA AET, ADA!
<e Y AT ST an < c#A)T S]],
AeA

where we also used (2.9) and applied Lemma A.2 to s with A replaced by A.
_ To estimate Y3 we shall use the representation of I as a disjoint union of chains:
I' = Uyeg A Let A € £ and suppose A = {Aq,...,A,}, where AY D Ay D --- D

A, D A, with A, A e A. Then pun, > v —1i+ 1. Therefore,

14
> PrelslL, ay < ISIT, amar) > prt < cllsllz, (k)
JAYSD j=1
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where K := A\ A). It is easy to see that the sets K, A € £, have pairwise disjoint
interiors. Summing over all A € £, we obtain by Hoélder’s inequality

T/p
U<y sl ) < ( > sll’ipuw) (#L) /7 < e(#R) |55,

AeL AeL

From this estimate and (A.10), we find

D IATTSA(9)T < e(#M) sl < en®T sl
NET\A*
Combining this with (A.5) gives ||s||73$(q>) < enT|[s|;; ie., (3.2) holds.
Case 2. p = oo. The proof in this case is easier. We consider as before two

possibilities for each A € T: A € A*or A e T\ A
(a) For A € A*, we obtain by (2.2)

[AITISa ()7 < AT o) < 1AIT1QAIsIZ < cllsl%.
Therefore,

(A.11) > IAITSA(9)] < cllslT (#A%) < enls| %
NS

(b) Let A € T,,,\ A%,. Then Q4 =: U?ﬁl A for some A € To\A, j=1,....n4,
with na < ¢ < 3NZ™! (see (2.8)). We have (see (A.4))

na

Sa(s)] =Sals —sm)I <Y lIs = smll7(a,)-
=1
As in Case 1, if A; ¢ T, then ||s — smllL,(a,) = 0, and if A; € T', then 3|KA]. =
5m|KAj =lg,, - Pa, and sim[a; = 1a; - Pa; for some Pa; € Iy, Therefore,

s — SmHz,(Aj) =[ls— 5m||zf(gj)

< el Bl(lsllEe + 11Pas 1T a,y) < elBilllsllc,

where we used the inequalities ||PAJ'HLOC(AJ-) < ||PA]-||LOO(A_,») < CHPAJ-”LQO(KAJ)

c|ls|loo (see Lemma 2.2). From the above, we infer by (2.2)

IAI71SA(s)] < cllsllZ > 1251/121,
1<j<na, A;€TNT,,

and hence, using (2.2) and the fact that each A’ € T'N 7, can belong to < ¢** sets
Q% , we obtain

Yo lAlTsaler <cslii Y 1A1/1A
AET\Az, AETNT,,

<dslz, 3 o

Ael'NT,,
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Summing over m € Z, we find

o IAITSa()] <cllsllz D e < el (BL + #L>) < enlls|| .
AET\A* A€eT

We couple this with (A.11) to obtain HSHTBg(T) < cenl|s||%,, which is (3.2). O
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