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“Push-the-Error” Algorithm for Nonlinear
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W. Dahmen and P. Petrushev

Abstract. This paper is concerned with further developing and refining the analysis
of a recent algorithmic paradigm for nonlinear approximation, termed the “Push-the-
Error” scheme. It is especially designed to deal with L ..-approximation in a multilevel
framework. The original version is extended considerably to cover all commonly used
multiresolution frameworks. The main conceptually new result is the proof of the quasi-
semi-additivity of the functional N (¢) counting the number of terms needed to achieve
accuracy ¢. This allows one to show that the improved scheme captures all rates of best
n-term approximation.

1. Introduction

The understanding of nonlinear approximation has greatly benefitted from recent mul-
tilevel and wavelet concepts. Norm equivalences induced by wavelet bases in a Hilbert
space context play a major role in the analysis of best n-term approximation, part of
which can even be retained for L,-norms for 1 < p < oo, see, e.g., [18]. Near best
n-term approximation is simply obtained by keeping the (properly scaled) n largest co-
efficients in the wavelet expansion. However, many applications involve more complex
geometries for which wavelet bases with the desired properties are hard to construct or
are not available at all. In the absence of such bases the realization of best n-term approx-
imation is far less obvious, let alone approximation in L. A significant advance in best
n-term approximation, in settings where explicit wavelet bases may not be available, is
offered by the approach in [16], [23], [25].

The situation is again quite different when approximating in the uniform norm which is
the primary concern and guiding issue in this paper. The “piling up” effect of multilevel
structures is not well aligned with the Lo,-norm. This principal obstruction concerns
any sort of multilevel expansion, even those for “ideal” wavelet bases. Nevertheless,
an efficient way of realizing optimal L ,-approximation rates, for approximation spaces
induced by best n-term approximation in the above-mentioned flexible settings, is offered
by another algorithmic paradigm, called the “Push-the-Error” algorithm. This has been
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developed in [24] for the specific case of nonlinear n-term approximation from Courant
elements (piecewise linear finite elements) in the uniform norm and dimension d = 2.
The essence of this algorithm originates from [18]. In view of its importance as a paradigm
that works in the uniform norm (even in the absence of good multilevel bases), it is
interesting to explore the scope of applicability of its conceptual foundation.

Our primary goal in this paper is therefore to further refine and extend this algorithm
in several directions. The key new steps in this paper are the following:

(i) We generalize the “Push-the-Error” algorithm to nonlinear n-term approximation
from the “scaling functions” of a general multiresolution analysis (MRA) on
compact domains in R?.

(i) We refine the algorithm from [24] and its analysis considerably. In particular, we
prove the quasi-semi-additivity of the functional N (&) counting the number of
terms in the approximation needed to achieve accuracy ¢. This enables us to show
that the improved algorithm captures all rates of the best n-term approximation.

It should be stressed that the “Push-the-Error” paradigm is, in principle, very flexible
in that it essentially requires only refinability of single scale basis functions, i.e., it has
a potential to work under fairly general circumstances. For instance, complex domain
geometries pose much less of an obstruction than for the construction of wavelet bases
thresholding concepts in L, are typically based upon. The main idea is to complement
thresholding strategies, i.e., keeping terms with large coefficients, while transferring
small terms to higher levels with the aid of refinement equations. This accounts for the
fact that small terms may add up over different levels to form eventually a significant
contribution in the uniform norm, because even the best multilevel bases are no longer
able to properly separate the contributions from different length scales.

In addition, we briefly relate our findings to the somewhat wider context of nonlin-
ear n-term approximation in L,. As mentioned before, for 1 < p < oo, best n-term
approximation is provided by thresholding wavelet expansions. We show here first that
even for 0 < p < oo the usual thresholding strategy can be utilized for nonlinear n-term
approximation in L, for the more flexible setting of multilevel scaling function repre-
sentations in general MRAS so as to capture the rate of the best n-term approximation.
This thresholding scheme can be shown to emerge from extending “Push-the-Error” to
the L, case for 0 < p < oo.

In [24] there is another algorithm (named “Trim & Cut”) developed for nonlinear
n-term approximation in L,, 0 < p < o0o. The idea of this algorithm originates in the
proof of the Jackson estimate in [20]. A similar algorithm has also been suggested by
Yu. Brudnyi and I. Kozlov (see [2] and the references therein). The execution of the
“Trim & Cut” algorithm relies heavily on a coloring procedure used to represent the set
of all supports of basis functions as a disjoint union of trees with respect to the inclusion
relation. This renders the scheme practically infeasible. Consequently, it is less valuable
compared to the “Push-the-Error” algorithm.

Finally, we note that the “Push-the-Error” algorithm is not restricted to only approx-
imation from MRAs consisting of continuous functions. It can successfully be used
for nonlinear approximation of continuous functions from discontinuous (isotropic or
anisotropic) hierarchical bases in the L,-norm. All results from this paper have ana-
logues in such settings under less restrictive conditions. We shall not present the details
here.
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The paper is organized as follows. In Section 2 we collect some prerequisites. First,
in Section 2.1 we describe a general multiresolution setting which is designed to host
all commonly used setups. In doing so, we extract the abstract requirements on such
multiresolution hierarchies of spaces that make “Push-the-Error” work and collect the
tools needed in this context. In Section 2.2 we outline several examples covered by
the general framework while we collect, in Section 2.3, some further consequences and
prerequisites for later use. In Section 2.4 we introduce a family of local projectors that
serve as a tool for forming multilevel decompositions. In Section 3 we introduce a scale
of “Besov-like” spaces (B-spaces) associated with the MRA needed to prove optimality
of the ‘“Push-the-Error” scheme. In Section 4 we characterize the approximation spaces
generated by nonlinear n-term approximation from the scaling functions of an MRA,
placing special emphasis on the L -case. In Section 5 we describe the improved “Push-
the-Error” algorithm, present its error analysis, and discuss its complexity. In Section 6
we describe and give the error analysis of the “Threshold” algorithm for nonlinear n-
term approximation in L,, 0 < p < oo, from the scaling functions of an MRA. In
Section 7 we give the proof of the main results concerning the quasi-semi-additivity
of the functional counting the number of terms generated by the scheme, and the error
estimation theorem. Finally, Section 8 is an appendix where we place the proofs of the
Bernstein estimate and the norm equivalence in the B-spaces.

Throughout the paper, we use the following notation: N := {1, 2, ...}, Np := NU{0}.
For any set E C R?, 15 denotes the characteristic function of E, and | E| denotes the
Lebesgue measure of £ while E° means the interior of E. For a finite set E, #E denotes
the cardinality of E. Positive constants are denoted by c, ¢, cx, . . . (if not specified, they
may vary at every occurrence), A & Bmeansc;A < B <¢;B,and A:=BorB =: A
stands for “A is by definition equal to B.” Whenever an L,-norm refers to the fixed
underlying domain €2, we write briefly || - ||,, whereas || f|., () indicates the reference
to a particular subdomain G C Q.

2. Preliminaries

2.1. Multiresolution Analysis (MRA)—Basic Properties

We consider the general case of a hierarchy of spaces
2.1 VWwcVvic---

on a compact domain Q C R? (d > 1) such that m = C(R2) (usually Q is a
polyhedral (polygonal if d = 2) domain in R?). We set M := {V,,},,=0. In what follows
we shall specify our requirements on such hierarchies. These assumptions are designed
to accommodate all commonly used setups as well as possible further settings that could
be anticipated in the future.

We assume that each V,,, is spanned by a basis ®,, = {¢s}oco,, , consisting of compactly
supported and continuous basis functions, normalized in L, (||¢g|lcc = 1), which should
be viewed as scaling functions when dealing with the classical wavelet setting. Here ©,,
is an index set and for convenience we use these indices simultaneously to denote sets
satisfying supp ¢y C 0 for 6 € ®,,. We denote ® := | J O, and @ := J,,cn, P

méeNy
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At times we shall loosely call 6 the “support” of ¢, although supp ¢y may actually be
strictly contained in 6. However, 6 and the true support will always “scale” in the same
way which will be made precise later. In particular, ®,, may contain more than one
(although always a uniformly bounded number) copy of a set 6.

More specific properties of the single scale bases ®,, can typically be related to some
underlying mesh or, more generally, to some partition of the spatial domain. We shall
formalize next our requirements on such partitions that will cover all cases of interest.

Cells (Cubes, Simplexes). We shall always assume that there is an underlying sequence
of partitions of Q: Py, Py, ... with P := [, N, P Which satisfy the following condi-
tions:

(a) Every level P, is a partition of 2, consisting of finitely many compact connected
sets (cells) with disjoint interiors. Usually these cells are cubes, simplexes (trian-
gles), or polyhedral subdomains of €2.

(b) The partitions (P,,) are nested, i.e., P41 is a refinement of P,,,.

(c) Eachcell I € P, has (contains) at least two and at most vy children in P,,,; with
Vo > 2 an absolute constant.

(d) There exist constants 0 < r < p < 1 such that, for each I € P and any child I’
of I,

(2.2) r|I] < |I'] < plI|.
(e) Local quasi-uniformity. There exists a constant ¥ > 1 such thatif I, J € P,
(m >0)and I N J # @, then
2.3) o7 <1/ = .
Further conditions on the “supports” 8 € ® of the basis functions ¢y are specified in
the following:

() Each 8 € ©,, as well as supp ¢y is a connected compact set which can be “paved”
by cells from P,,, that is, 8 = UIGNg I, where Ny C P,, and #Ny < vy with v,
an absolute constant.

(B) The interiors of at most v, sets 6 € ®,, (m > 0) may intersect at a time, where
v, is another absolute constant.

For a given 6 € ®, we denote by [(0) the level of 0, 1.e.,1(0) = m if 0 € ©,,, and we
similarly denote by [(]) the level of I € P.

For later use it will be convenient to record for direct reference the following conse-
quences of the properties (a)—(e) and («)—(B):

(y) f I cOandi(l) =1(0), then
(2.4) 1] < Bolll, Bo = constant.
(§) Foreachf € ®,, (m > 0),

2.5) #{neOu1nCl} <vs, v3 = constant.

|
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Remark 2.1. Itisanimportant observation that the above conditions involve essentially
only measures of cells but not the shape of cells and, consequently, cover the case of
anisotropic partitions of the types considered in [16], [23], [24], [27].

Since ®,, is a basis for V,,, each f € V,, has a unique representation

(2.6) f=Y cofgs.

0e®,,

where {co(f)}oco, are the dual functionals, i.e., cy(@s) = 8¢9’

Aside from the locality of the ¢,’s, a crucial further requirement on the MRA M
concerns the locality of the dual functionals. We assume that each linear functional ¢y (+)
is supported on 6 and satisfies the condition

2.7 lca ()] =< % / lgx)dx  for 0€®, and geV,,
0

where 81 > 1 is a constant. We shall assume that the linear functionals ¢ () are extended
to L (2) (retaining the same notation) so that

2.8) lco ()] < %/Olf(X)ldx for f e L(2).

Due to the Hahn—Banach theorem this is always possible. We pause to record a few
important consequences of (2.7).

A first consequence of (2.7) is the stability of the single scale bases (®P,,)men,. There
exists a constant B8, > 1 such that for each g € V,,, with representation g = Zee(am Coy,
we have

1/p
2.9) B gl < (Z ||cegoe||§> <Bligll,, 1<p=oo,
0e®,,

uniformly in m, with the usual modification when p = oo. Moreover, using also (2.3)
and property (B) of the ®,,’s, it follows that, forany 0 < ¢ < ocoand y € R,

1/q 1/q
(2.10) (Z (|1|V||g||Lp<1)>Q> ~ (Z (|9|y||09§09||p)") :
1eP, 0e®,,
Condition (2.7) readily implies that
.11 lgoll, =~ 1017V llgglly, 6 €O, 1<p,q=<o0,

where the constants of equivalence depend only on f;.
When dealing with nonlinear approximationin L,,0 < p < 1, weshall be additionally
assuming that, forany g € V,, and I € P,, (m > 0),

(2.12) Igllz,a ~ 11V gy,  O0<g <1,
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with constants independent of g and m. Evidently, this condition yields (2.9)—(2.11)
when0 < p < 1.

From (2.1) we know that each element of ®,, can be written as a linear combination of
elements in ®,,,. Furthermore, due to the locality of the dual functionals, this expansion
is local, i.e., we have

(2.13) Qo= Y. apupy.  0E€O,.
ne®,,, nCo
Moreover, by (2.7) and the L.-normalization of ¢y, we have |ag ,| = |c,(@s)| < Bi.

We conclude our list of basic general assumptions with one which can be viewed as
strengthening our assumptions on the dual functionals. We shall assume that there exist
constants 0 < § < 1 and B3 > 1 such that, for each g € V,,, I € P,, (m > 0), and any
set E C I with |E| < §|I|, we have

(2.14) gl < BsllgllLoa\E)-

This condition is in essence the local linear independence of the ¢,’s which is known to
hold in many cases of interest, see the examples below.

For the purpose of nonlinear approximationin L,, 0 < p < oo, we shall assume that
the L,-analogue of (2.14) is valid:

(2.15) ||g||L,,(1) = ,33||g||Lp(1\E)-

The only use of (2.14) and (2.15) is in the proof of the corresponding Bernstein estimates
(see Theorem 4.2 below).

Depending on the domain €2 in some settings one can even construct wavelet or
prewavelet bases. For simplicity, whenever we assume in this paper the existence of
wavelets, we assume the existence of a biorthogonal wavelet basis W = {y; : A € L}
on 2 withadual ¢ = {1/& A€ L}, where L=, eN, L£m 1s the index set of the “true”
wavelets. Then each f € L,(£2) (1 < p < o0) has the representation

216)  f=> Nt Y. Y. Gl alf) = (P,

6e® meNy AeL,,

which is assumed to be unconditional if 1 < p < oo. In addition, we assume that
¥, w,\ are compactly supported with supp ¥, supp w,\ Ch,and 2 =, n; I, where
N, C Ppy1if A € L,,, and #N, < v, with v, = constant. Also, we assume that for
AE Ly, Yy € Vi, ie, Y = Z@e@),,,H a9, and |a; g| < B4 with B4 a constant. Our

last assumption is that i, are at least continuous, |4 ||c = 1, and ||IZA oo < 00.

2.2. Examples of MRAs

In this section we briefly outline some examples covered by the above framework. This
list is by no means meant to be exhaustive.

Shift-Invariant Refinable Functions. The classical approach to constructing wavelets
on R is based on hierarchies of nested shift-invariant spaces spanned by the dilated
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translates ¢ (2" - —k), k € Z, of a single scaling function ¢ or, more generally, of a finite
number gai Q" -—k),i=1,...,r,k € Z, of multiscaling functions, which are refinable,
ie.,

o= ap2-—k) or  ¢'=)"Y alg)2-—k)

kel Jj=1 kel

holds for some mask sequences (a,i)kez. These translates are usually required to have
some stability properties such as linearly independent integer translates, i.e.,
D wez ck@(- — k) = 0 implies ¢, = 0,k € Z. It is known that this latter fact im-
plies the existence of local dual functionals in the sense of (2.7). For the most prominent
examples, such as cardinal B-splines or the family of orthonormal Daubechies scaling
functions, one even has that the dual functionals are also refinable scaling functions [14],
[7]. In this case even local linear independence of the scaling functions is known to hold
[5]. This means that, whenever a linear combination of such scaling functions vanishes
on any given open neighborhood, the coefficients of those scaling functions whose sup-
port intersects this neighborhood have to be zero. This setting hosts the well-known local
orthonormal or biorthogonal bases for L, (R).

As mentioned above, the local independence implies property (2.14). Moreover, fixing
any interval €2, say, we can take here

D, = {pQR2" - —k) :k € Z, suppp2" - —k) C Q (or (supp (2" - —k))° N Q # h)}.

Here P, consists of the dyadic intervals of length 27" contained in €2, while the 6 € ©,,
are unions of finitely many dyadic intervals.

Of course, taking tensor products provides analogous MRAs on domains €2 which
are finite connected unions of integer translates of the unit cube, the cells being dyadic
cubes now.

A classical class of nontensor product shift-invariant multivariate MRAs satisfying
the above requirements is based on the notion of box-spline. In this case, stability, linear
independence, and local linear independence are known to be equivalent properties whose
validity can be characterized completely in terms of the generating set of directions, see,
e.g., [10].

Wavelets on the Interval. The biorthogonal or orthogonal shift-invariant MRAs on R
can be used as a starting point for constructing an MRA on a fixed finite interval [0, M],
say, along with corresponding biorthogonal or orthogonal bases, see, e.g., [5], [9], [8].
Instead of taking just basis functions whose supports are contained in a given domain
or its restrictions to such a domain, one proceeds as outlined next, first again for the
univariate case and a fixed integer interval 2. The idea is to generate Vj as the span of all
integer translates of a scaling function ¢ whose supports are fully contained in (0, M)
and by finitely many additional basis functions near the endpoints of the interval, which
are formed as finite linear combinations of the ¢(- — k) so as to retain some polynomial
exactness and refinability. The V;, j > 0, are obtained by scaling. One still has local
biorthogonal bases so that (2.7) and (2.14) remain valid. These boundary adaptations
allow one to construct a dual pair of biorthogonal MRAs on €2 which in turn lead to the
construction of wavelet bases on €.
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Parametrically Lifted MRA and Wavelets on Domains. Once boundary adapted MRAs
of the above type are available, one can construct MRAs on more complicated domains
whose boundary is not necessarily aligned with the coordinate axes. In fact, on can deal
with domains of the type

Q=Jx®,

kel

where O is again the unit d-cube and the « are regular parametric mappings. Corre-
sponding parametric liftings of the MRAg on O can be stitched together to form even a
globally smooth MRA on 2 which inherits the relevant properties of MRAg. For details
the reader is referred, e.g., to [3], [4], [11], [12], [6].

Finite Elements. Suppose that Py is a locally quasi-uniform, shape regular triangula-
tion of the polyhedral domain €2 and that each P,, for m > 0 arises from P, through
m successive regular subdivisions. Examples for d = 2 are based on decomposing each
triangle into four congruent children or into two triangles by splitting the longest edge.
Similar procedures are known for d = 3. In this case the cells are triangles or, more gen-
erally, simplices. Finite element spaces of degree k on such partitions are usually defined
as linear spans of nodal basis functions which are (globally continuous, sometimes even
C") piecewise polynomials on these partitions which are dual to suitable collections of
nodal values (point values or derivatives) at the vertices or midpoints of edges. The sim-
plest examples are continuous Lagrange finite elements of degree k in the plane where
the nodal values are associated with a regular “k-mesh” which is the refined triangula-
tion obtained by subdividing each triangle in P, into k> congruent subtriangles. Since
on each cell the same number of basis functions overlap, namely the dimension of the
generated polynomial space, local linear independence and hence property (2.14) holds.
Moreover, the construction of a local dual basis, consisting of (discontinuous) piecewise
polynomials of the same degree, is straightforward, so that all the above assumptions
can be verified in this case as well, see, e.g., [13] for wavelet bases in the finite element
context.

Anisotropic Spline Bases over Multilevel Nested Triangulations. For a given bounded
polygonal domain  C R2, consider a sequence of triangulations (P,,),cN, such that
each level P, is a partition of €2 into triangles and a refinement of the previous level
Pn-1. Write P := |,,,cn, Pn- Each such sequence of triangulations generates an MRA
of spaces Sy C S; C - - - consisting of piecewise linear functions, where S,,, (m > 0) is
spanned by all Courant elements ¢y supported on cells 6 at the mth level P,,. Natural
mild conditions should be imposed on the triangulations in order that this MRA satisfies
our conditions from Section 2.1 (see [23], [24] for the exact conditions; P is then called
a locally regular triangulation). These conditions essentially do not allow the areas of
the triangles to change uncontrollably when moving away from a fixed triangle in P
with regard to scale and spatial location. On the other hand, the conditions still allow the
triangles in P to change in size, shape, and orientation quickly when moving around at
a given level or across the levels. In particular, triangles with arbitrarily sharp angles are
permitted in any location and at any level. The above-described hierarchy of linear splines
provides a simple example of an MRA which may have a very anisotropic structure.



“Push-the-Error” Algorithm for Nonlinear n-Term Approximation 269

To give an example of more general anisotropic MRAs, consider now the hierarchy
So C S; C---, where S,, := Sk (P,,) is the space of all r-times differentiable piece-
wise polynomials over the triangles of P,, of degree < k (k > 1). In [16], a construction
of spline basis ®,, in Sk (p,,) is given, whenever r > 1 and k > 4r + 1, in the case of
Q = R2.1tis shown that under some reasonable conditions on the triangulations (Pp,)mez
of R? the bases (®,,) ez satisfy our conditions on MRAs from Section 2.1. In particular,
these conditions admit arbitrarily sharp angles and offer considerable flexibility. The tri-
angulations satisfying these conditions are called strong locally regular triangulations.
If one considers a sequence of triangulations (P,,)neN, on a compact domain Q2 C R,
then the usual modifications (see [15]) of the basis functions corresponding to boundary
edges or vertices lead again to bases satisfying our conditions. The construction in [16]
can be extended to the spaces S*"(P,,), k > r2¢ + 1, in dimensions d > 2.

MRAs Consisting of Discontinuous Functions. MRAs consisting of (discontinuous)
piecewise polynomials are completely legitimate as well. Such hierarchies can be defined
over regular (uniform) or irregular simplicial or other partitions of a compact domain in
R?. See [23], [26] for more details in the anisotropic case. Due to the more enhanced
locality of corresponding basis functions (e.g. supports and cells agree in this case) the
analysis becomes simpler in many ways. In this paper we therefore focus our attention
on MRAs consisting of continuous or even more regular functions.

2.3. Geometric Properties and Further Prerequisites

Refined properties of the above examples involve, in one way or another, the geometry
of the supports of the basis functions. In spite of the difference of respective geometric
settings the relevant properties turn out to be governed by the same abstract mechanism.
The goal of this section is to extract and bring out the essential mechanism in order to
allow us to provide a unified treatment of the above and many other cases.

In order to deal with neighborhood relations in such partitions under possibly general
circumstances it is convenient to employ the notion of the mth level star of a set. For a
given set E C 2 and level m > 0, we define

Star™ (E) := Star{"’(E) :=_J{ € P : INE # 0}

and, inductively,

Star{" (E) := Star{"” (Star{") (E)), j> 1.
One can easily show that
Star{") . (E) = Star|" (Star{""(E)), ji, o> 1.

We shall drop the reference to m whenever the level is clear from the context which is,
for instance, the case when the set E has a specific level such as the indices 8 € ®,, or
the cells I € P,,. When E consists of a single point x we write, with a slight abuse of
notation, briefly, Starj(-'")(x) instead of Star;m)({x}).

The extent to which the supports € overlap can be conveniently expressed in terms of
stars as well. We record for later use the following consequence of («):
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(¢) Foreach6 € ®,,
(2.17) 0 C Star”(x)  for x €,
where v, < v is also a constant, see property («) in Section 2.1.

We now state one more condition on the cells which guarantees that they are properly
refined, i.e., as in all our examples, all “sides” of the cells are subdivided (in a weakly
isotropic fashion).

(f) There exists a constant v > 1 such that
(2.18) Stary"*" (E) C Star™ (E), ECQ.

The fact that the supports 6 overlap causes some “spatial pollution” across different
levels. The following notion helps us to quantify this effect.

Connecting by n-Stars. For 6, n € © with[(n) > [(0), we say that 0 is connected with

n by n-stars (n > 1) if there exist cells I;, j = 1, ..., r, such that:
O ) =1O)+ L) =MU)+ L j=1,...,r = LIU) < 1)
(i) I, c Star™ ), I, ¢ Star™ (1), ..., I,  Star"V(I,_)), n C Star™ (1),

where lp :=1(9), [; :=1(1)).

Lemma 2.2. [f6,n € ®withl(n) > 1(0),and0 is connected with n by n-stars (n > 1),
then independently of the number of the connecting cells

(2.19) n C Star? (6), m:=1(0),

2vn

where v is from (2.18).

Proof. Using the monotonicity of the nth stars with respect to the levels (Star,(lH'l) (E) C
Star,(f) (E)) it is easy to see that for the proof of the lemma it suffices to show that, for
any k > 1,

(2.20) Star" 9 (Star™ =D (... Star™ (9) - - -)) C Stari) ().

Letk =: vj+i,where j > 0and 0 <i < v. Again, by the monotonicity of the stars, it
is clear that (2.20) will follow if we prove that
2.21) Star” ) (Star” UV (L Star™ 9) - - ) € Stard?) (6).

One proves this by applying recursively the inclusion

Star 7 (Star) (E)) c Starl) (E),  1>0, EcCQ,

vn

which follows by applying (2.18) vn times. |

The possibly significant overlap of the supports 6 is a severe obstruction to localizing
estimates. In order still to be able to manage such pollution effects, we require an
auxiliary multilevel system of overlapping cells that are, on one hand, simple enough to
be disentangled while, on the other hand, they essentially scale like the actual supports.
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Extended Cells. 'We assume the existence of a collection of overlapping extended cells

o= o,

mENo
with the following properties:

(1) Every level O,, is a cover of @, i.e., 2 = Uwe@m w.
(i) Each extended cell w € O,, can be “paved” by cells from the same level P,,, i.e.,
o =Uen;, I With N, C Py
(iii) If w € O,,, then

(2.22) w C Star‘()i”)(x) for x € w,

where vy is a constant satisfying 1 < vy < v,.
(iv) For every w C O,,, m > 1, there exists o’ € O,,_1 such thatw C o'.
(v) For every w; C O there exists w, € O such that

(2.23) Star| (1) C w2 and () > l(wy) — vs,

whenever [ (w;) > vs, where vs > 1 is a constant and /(w) denotes the level of w.

(vi) Coloring property. The set O can be represented as a finite disjoint union of
subsets {O/ }jle such that each set O/ is a tree with respect to the inclusion
relation, that is, if @', ®” € O/ and (@')° N (0”)° # @, then either o’ C " or
o' Cw.

The existence of the extended cells w € O is, in general, not a consequence of the
conditions on the cells / € P and supports 8 € ®. One should think of extended cells
w € O,, as simple regions of type w = Stargm)(v) with v a point in €2 (which in the case
of Courant elements agrees with the supports 6) or w = Star(lm) (1) with I € P,. This is
the case in all examples mentioned in Section 2.2. The supports 6 € ®, however, can be
much larger than the extended cells w € O.

The coloring property (vi) of the extended cells is the reason for introducing them
here. It is not clear whether this holds directly for the supports 6. In the case when P
consists of dyadic cubes in R?, the coloring property is established in [20], and in the
case when P consists of triangles (in R?), such a result is proved in [24]. The proof of
the coloring lemma from [24] can be carried over to spatial dimensions d > 3.

Our final assumption on the supports 6, which is also satisfied in the examples listed
in Section 2.2, couples the system of extended cells with the supports 6.

(¢) Foreach w € O,, (m > 0) there exists 6 € ®,, such that w C 6.

Lemma 2.3. Suppose m > jK, where j > 1 and K := v,vs. For any 0 € ©®,, there
exists w € O such that

(2.24) Star{™ (@) Cw  and  l(w) =m — jK.
Moreover,
(2.25) Star{™ (0) C Star" /) (x)  for x €.
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Proof. In view of (2.23), it suffices to prove the lemma only in the case j = 1. Choose
I e Pandw € Osothatl(l) =1l(w) =1(0),1 C 6,and I C w. Then, by (2.17),

Star; () C Star, (/) C Star,, (w).
Using (2.23), there exist extended cells wy := w, wy, ..., ,, such that
Star; (w;) C wit1 and Hwiy1) = l(wi) — vs.

and hence
Star,, (0) C w,, and l(wy,) = 1(0) — v,vs,
which implies (2.24).

Fix x € 6. By (2.24) and (2.22), we obtain Star;'” (6) C w C Star" 75 (x). [
In the following all constants will depend on r, p, ¥, §, Bo, - - -, Ba, Vo, - - -, Vs, U, Vs,

vy, and #0 (or at least some of them), which are not completely independent. We shall
refer to them as parameters of the MRA which is being currently used.

2.4. Local Approximation from V,, and Projectors

As in [16], [23], [24] a scale of B-spaces induced by the multiresolution hierarchy will
play an essential role in the subsequent analysis. The local approximation from the spaces
V,n will be an important element in the definition of these B-spaces. We first define, for
agivencell I € P, (m > 0), the extension / by

(2.26) = o
0€0,,:1CO

Clearly, m < c|I| with ¢ depending only on the parameters of the MRA.
For a given function f € L,(2) and I € P, (m > 0), the error of L,-approximation
to f on I from V,, is defined by

2.27) Ef. Dy = inf If —gll, 7 -
g€V q
We define
(2.28) On(f) =Y co(Hgs, [ €Li(R),
0e®,,

where cy(f) are extensions of the linear functionals from (2.6) which satisfy (2.8).
Clearly, Q,, : L{(2) — V,, is a linear projector onto V,,,.

Lemma24. IffelL,(Q),1<qg<o0,andl €P,,m=>0,then

(2.29) 1w (Pliz,ar < IS, 5
and
(2.30) If = Qu(Olle,ay < CES, Dy,

where c” depends only on q and the parameters of the MRA.
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Proof. Estimates (2.29)—(2.30) readily follow by property (2.8) of the linear functionals
co(f) (see also [16], [23]). |

We use the projectors Q,, for decomposing a given function into multilevel compo-
nents. We denote by

(2.31) Gm = Qm — Qm-1 where Q_; :=0,

the “detail” of f between the levels m and m — 1. Whenever a wavelet basis is available,
qm 1s understood to arise from the associated canonical projectors, i.e.,

an(f)= Y Dy alf) = (f9).

rely

In general, for a given function f € L,(2), one has ¢,,(f) € V,, and hence

(232) an () =: Y bo(f)ps.

0€®,,

From the approximation properties of the spaces V,,, we therefore know that, for f €
L,(2),1 < g < oo, the expansion

(2.33) F=YanH)H =Y be(fee

meNy meN, 0€®,,

converges in L.

For the purposes of nonlinear approximationin L,, 0 < p < 1, we modify the above
construction in a standard way as described in the following. Denote by V/ the linear
space of all piecewise V,,-functions over P,,, i.e., g € V, if g = ZJer gy -1;, where
g7 € Viu. Foragiven I € Py, let P;, : L,(I) — V,|; be a (nonlinear) projector such
that

If = Prg(lle,ay =c€(fiDg  with  E(f, Dg = gienvf If =gl -
We now define the operator (projector) p,, 4 : Ls(2) — V,, by

Pmg(f) =Y Pry(f)-1,.

JePy,

Finally, we consider the operator Q,,, : L,(R2) — V, defined by Q,,,(f) =
Om(Pm,q(f)). Itis easy to see that Q,, := Q,, 4 satisfies (2.29)—(2.30) if 0 < g < o0.
In going further, we set g,, := gu.q = Omg — Om—-1,4 With O_; 4, := 0, and define
{bo,4(f)}oco, similarly as in (2.32). Now, we have the following representation of any

m

feLy(2),0<g <00,

(2.34) F=> g =Y. > bog(f)ge inLy.

meNy meN, 0€B,,

See [16] for more details of the above in the spline case.
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3. B-Spaces and Besov spaces

We first introduce the B-spaces, which will be an important vehicle in showing that the
“Push-the-Error” algorithm captures the rates of the best nonlinear n-term approximation.
As elsewhere, we assume that 0 < p < oco,anda > 1if p = ocoand o > 0if p < oo.
In both cases, we set 1/t := o + 1/p. Here we impose the restriction ¢ > 1 when
p = oo since otherwise the important embedding of the space B2 (M) (defined below)
in Lo (2) := C(R2) is not true (see Remark 3.3).

The Case 1 < p < oo. Given an MRA M with a set of basis (scaling) functions
o = UmeNO ®,,, we define the B-space B¢ = B2 (M) as the set of all f € L;(£2) such
that

1/t
3.1 | flss ) = (Z(Ill“"““/’g(ﬂf)l)’) < 00,

IeP

where E( f, T)l denotes the error of L;-approximation to f on T from V,if I € P, (see
(2.27)). Clearly, | - |px(aq) is a semi-norm if T > 1 and semi-quasi-norm if 7 < 1. For
different purposes it will be convenient to employ different equivalent norms. We shall
next introduce these variants.

The local approximation in L; above can be replaced by approximation in L, with an
arbitrary ¢ < p (but not with ¢ > p). Namely, for 1 < g < p, we define

1/t
(3.2) |f|§%(M) = (Z(“ra_l/ﬁwg(ﬁ 7\)q)T> ~ | flezmy-

IeP

For the proof of the above equivalence, see Theorem 3.4 below.
By (3.10) below, it follows that B is embedded in L, and hence it is natural to define
a (quasi-)norm in B¢ by

(3.3) I fllse == Nfllp + 1f]5e-
We also set
(3.4) 1F g = 1Dy + 115

The space B¢ has an atomic decomposition. We define

1/t
3.5) If 1By i=  _inf <Z<|9|“1+‘/f||a9¢9||1>f> ,
1= 0 w90 \hco
where the infimum is over all representations of f in L;(€2). By (2.11), we have
1/7
(3.6) ISl fepgy = _inf (Z ||a9<pa||;) :
I=2 heo P \9e®

Another important fact is that the norm in B¢ can be realized by decompositions using
simple projectors. Let f = Y, o bo (f)¢s be the decomposition of f from (2.33). We
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define

1/t
3.7) R (Z(wr“—‘*”’||b9<f)<oe||1)’> :

He®
The norm equivalence (2.11) yields

1/t
(3.8) 11 Gty = (Z ||b9<f)<pe||;> :

0e®

Finally, the B-spaces have equivalent norms through wavelets or prewavelets, when-
ever the latter are available. Suppose a wavelet basis exists and satisfies the conditions
from Section 2.1. Let f € L;(2) and

f= Z Cops t+ ZCM/O\-

0e® reLl
We define
1/t
(3.9) 1F 118 pgy = <Z lcogally + > ||cmn,’,> :
6e® rel

The Case0 < p < 1. Werecall our standing assumptions: ¢ > Oand 1/7 := o+ 1/p.
In this case we define |f|§i(M) ,0 < g < p,asin (3.2) and set | f|g=(ng) i= |f|f32(M).
We also define the quasi-norms || f|| 52(r1) and ||f||‘;‘é(M) as in (3.3)—(3.4). Further, we
introduce the atomic quasi-norm || f || gu M) by the quantity on the right-hand side in (3.6)
and define the quasi-norm || f|| gu( M) by the right-hand side quantity in (3.8) with by (f)
replaced by bg ,(f) from (2.34) for some 0 < g < p. The only substantial difference in
the definition of the B-spaces, when 0 < p < 1 compared with the case 1 < p < oo,
is that in the definition of || f ||L%, (m the projectors 0, defined in (2.28) are replaced by
the projectors Q,, , (see the end of Section 2.4) and also wavelets are no longer usable.

Remark 3.1. In the above definition of ||f||2’i;(M), I fliBzan == ”f”??(/\/l) (g=1),

and || f ”g‘;(M) via{bg 4 (f)}or{bs(f)} (g = 1)itisimperative tohave g < p.Therefore,
itis important that (Q,,) satisfy (2.29)—(2.30) for some g < p, which essentially follows
by condition (2.8) on the duals {cy (-)}. In turn, condition (2.8) can be relaxed somewhat;
it can be replaced by |cg(-)| < c|0|7V4|| ||, with 1 < g < p.

The following embedding result, proved in [23], [26], will play an important role.

Theorem 3.2. For any collection of real numbers {cp}pce, and 0 < 7 < p < oo or
p=oocand( <t <1, we have

> lesl e

0e®

(3.10)

1/t
<c (Z ||Ce¢)e||;) ,
P

6e®

where ¢ depends only on t, p, and the parameters of the MRA.
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Remark 3.3. It is easy to see that estimate (3.10) is not true if p = coand v < 1,
and consequently the space B (M) is not embedded in C(£2), which is critical for our
further development. This is the reason for imposing the restriction « > 1 when p = oo.

The announced equivalence result now reads as follows:

. £ .
Theorem 3.4. For a given MRA the norms || - || 5=, || - || g |l - ||ga, Il - ||ga, and || - ||¥3Va, if
(pre)wavelets exist and p > 1, are equivalent with constants of equivalence depending
only on p, o, and the parameters of the MRA.

The proof of this theorem is quite similar (but not identical) to the proofs of the cor-
responding results in [16], [23]. For completeness, we give this proof in the Appendix
(Section ).

The following Sobolev-type embedding result follows immediately by (3.6) or (3.8):
If0 < ap < oy and 7j := (o + 1/p)~', j = 0,1, then B (M) C B(M), ie., if
f e Bi (M), then f € B (M) and || fllgzo vy < cllf Il any-

Since the B-spaces are essentially sequence spaces (retracts of sequence spaces [1])
they are easy to interpolate. In particular, the analogue of Theorem 2.12 from [16] holds
with a similar proof. We skip the details.

For a given MRA M, more general B-spaces B;‘q (M),0 < p,g <00,a > 0,can
be defined similarly as in [23] and then BY(M) = B, (M). The B-spaces should be
viewed as nonclassical smoothness spaces which are specifically designed for the needs
of nonlinear n-term approximation. A crucial property of the B-spaces is that the basis
functions {@g}ece of an MRA M are infinitely smooth with respect to the scale of the
B-spaces B¢ (M). This is reflected by the estimate ||@g || 21y < cll@gll, for0 < @ < o0
(see Theorem 4.2 below). As a consequence, our direct, inverse, and characterization
theorems as well as our algorithms impose no restriction on the rates of approximation.

In regular settings the scale of Besov spaces B (L. (£2)), 1/t = s/d + 1/p, usually
arises in nonlinear approximation in L,(2) (see, e.g., [17]). Note that the smoothness
parameters of the Besov spaces and B-spaces are normalized differently. Thus the Besov
space Bf"‘ (L. (£2)) corresponds to the B-space B (M). The Besov regularity of the basis
functions {¢y} determines the smoothness range where the Besov space can be used in
nonlinear approximation. To be more precise, assume that, in the setting described in
Section 2.1, all P, are regular partitions of €2, that is, for each cell I € P, there exist
balls B,,, B, of radii ry, r, such that B,, C I C B,, and r, < cr; with c a constant. It is
not hard to be seen that if for some & > 0, [|¢g || pee (1)) < cll@oll, forall gy € P, then
BX(M) C Bf"‘(L,(Q)) and ||f||Bga(Lt(Q)) < cll fll g2 (see [16], [23] for the spline
case).

In anisotropic setups, when basis functions of strongly elongated supports are involved,
the Besov spaces are no longer suitable for characterization of the rates of nonlinear
approximation whereas the B-space concept still applies.

B-spaces have been used implicitly or explicitly elsewhere, see, e.g., [25], [2]. They
are systematically developed and used in the case of anisotropic MRAs generated by
piecewise polynomials in [16], [23], [24], [26], [27].
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4. Best Nonlinear n-Term Approximation

Our primary goal in this section is to characterize the approximation spaces generated
by nonlinear n-term approximation from the scaling functions of an MRA.
We let X, denote the nonlinear set consisting of all functions g of the form

8= Zaefﬂe,

feA

where A C®, #A <n, and A is allowed to vary with g. We denote by o, (f), the error
of best L ,-approximation to f € L,(£2) from X,:

0 (/) = inf IS =gl

To characterize the approximation spaces generated by (0,(f),), we shall use the
machinery of Jackson-Bernstein estimates combined with interpolation (see, e.g.,
(191, [28D).

As elsewhere, our standing assumption is that 0 < p < coand @ > 1 for p = oo and
o > 0if p < oo; in both cases we set 1/t :=a + 1/p.

Theorem 4.1 (Jackson Estimate). If f € B(M), then
4.1) 0. (f)p < en™ | fliBrmy,

where ¢ depends only on o, p, and the parameters of the MRA.

Estimate (4.1) follows from the basic estimates of the error of the “Push-the-Error”
algorithm (p = oo) and the “Threshold” algorithm (0 < p < 00), stated in Theo-
rems 5.6 and 6.1 below.

Theorem 4.2 (Bernstein Estimate). If g € X, then
(4.2) lgllsemy < cen®ligllp,

where ¢ depends only on o, p, and the parameters of the MRA.

To avoid a major diversion from the presentation of our central results we postpone
the proof of this theorem to the Appendix.

One can now follow the standard lines to obtain “regularity-free error estimates.”
To this end, denote by K(f, 1), := K(f,t; L,(2), BX(M)) (Lso(2) := C(R)) the
K -functional defined by

K(f.0p = inf If = gllp +elighsr,  1>0.

The real interpolation space (L, BY); 4 is defined as the set of all functions f € L,
such that

00 | dt 1/q
||f||(L,,,B?)A,q = (/ " K(f, f)p)q7> < 00.
0

(For more details see, e.g., [1].)
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By standard arguments (see, e.g., [28]), the Jackson and Bernstein estimates (4.1)—
(4.2) imply the following direct and inverse estimates: for f € L,(£2) one has

4.3) 0, (f)p < cK(f,n™%),
and
nq 1/t*
4.4 K(f,n™®), <cn™® ([; ;(UQUV(f)p)T*:| + I|f||p>,

where t* := min{z, 1}.
We define the approximation space A} = A} (®, L,) to be the set of all functions
f € L,(L2) such that

]

1/q
4.5) ||f||A; =1fl,+ <Z(nyon(f)p)q%) < 00

n=1

with the usual modification when g = oo.
The following characterization of the approximation spaces A} in terms of the above
defined interpolation spaces is immediate from estimates (4.3)—(4.4).

Theorem 4.3. [f0 <y <o and0 < g < oo, then
AZ((D, Lp) = (Lp(Q)v Bg(M))y/a,q
with equivalent norms.
In one specific case the approximation space Ay (L) can be identified as a B-space.

Theorem 4.4. Assuming that o > 0if p < cocando > 1if p = oo, and 1/t =
o + 1/p in both cases, we have

(4.6) AY(®,L,) = BZ(M)
with equivalent norms.

The proof of this theorem is a mere repetition of the proof of Theorem 3.4 in [16] and
will be omitted. We next turn to a constructive realization of best n-term approximation.

5. “Push-the-Error” Algorithm

5.1. Description of the Algorithm

For a given function f € C(£2), we use the decomposition scheme from (2.33) to
represent f in the form

(5.1) F=D"bs(Hga= D > ba(f)gs,

0e® meN, 0€B,,
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where the coefficients by := by(f) depend linearly on f and the series converges
uniformly on 2. As elsewhere in this paper, the basis functions ¢y are normalized in
Lo, i.e., |l¢ollc = 1. Whenever f has a wavelet expansion (see (2.16)), we rewrite the
wavelets in terms of scaling functions to obtain (5.1). We shall drop the reference to f
at times when this is clear from the context.

For the purpose of designing an algorithm capable of achieving the rates of the best
n-term approximation from {gy} in the uniform norm, the initial decomposition (5.1)
should provide an efficient representation of f. In our case, this means that the terms in
(5.1) should characterize the norm in B (M), « > 1, 7 := 1/, as in (3.7)—(3.8), which
we achieve by employing simple projectors onto the spaces (V,,) (see Section 2.4 and
Section 3).

To describe the “Push-the-Error” algorithm we need a few preliminaries that help us
to develop substitutes for simple thresholding concepts that would work in L, p < oo.

For any n, 6 € ® with [(n) > [(0), we say that n is connected with 6 via sets from
O if there exists a sequence of elements n =: ng, 0y, ..., N := 6 with k :=1(n) — ()
such that

@) ) =1z +1,i=0,...,k—1;
(ii) n; overlaps n41,i =0,...,.k—1,ie,n? Nn5,  #0.

The notion of being connected is closely related to the notion of being connected by
n-stars, introduced in Section 2.3. The relevant Lemma 2.2 will play a vital role in the
following.

Given 6 € ©, we define

(5.2) Uy :={n € O :1(n) > 1), nis connected with 6}
and
(5.3) U = U U {0).

Note that n € Uy implies that U, € Uy and, hence, by Lemma 2.2 and (2.17),
(5.4) nels = nCStaryy’(©), N, :=20v,, m:=I10).

In order to compress the representation (5.1), it would not be reasonable to threshold
the coefficients by (f), due to the lack of stability across levels. Therefore we need more
subtle indicators and introduce local error terms by

(5.5 E(f.0) = E@©) = 1bp (/)] +

> by (Hey

nel,

Remark 5.1. Since by (2.9) and (2.31), one has, for 6 € ®,,,
(5.6) 1bg() = B2ll (@ — Om-1) flloo < B2 Qi () — fllo + I1f — Q-1 ),

and

(5.7)

> by(Hey

)
neu,

= 1Qm(f) = flioos

o0
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the assumed uniform convergence of (5.1) and (2.30) ensure that, for each f € C(2)
and every ¢ > 0, there exists an M € N such that E(f,0) < efor6 € ®,,,m > M.

For each 6 € ®, we define its “concrete” Q4 by
(5.8) Qp = Starg\'ZL@*(Q), m :=1(0),

where v, is from (2.17) and N, is from (5.4).
Also, for a given 8 € ©, we define

5.9 Xp:={ne®,:n°NQ # 0} with m :=1(0).
We shall call the elements of &) the neighbors of 6. By (2.17) and (5.8),
(5.10) neXy, = 1CStrys, 6.

We are now prepared to describe the “Push-the-Error” algorithm which, with a slight
abuse of terminology, will play two different roles. On one hand, it will be used as
a theoretical tool that offers a constructive way of identifying n-term approximations
realizing optimal rates. In this role it will be applied to an arbitrary infinite expansion of the
form (5.1), although the error terms E ( f, 8) would then not be practically accessible. In a
practical context the scheme should be thought of as applied to some initial approximation
consisting of a finite expansion of the form (5.1). We shall briefly discuss corresponding
practical ramifications later, and work here first with the conceptual version of the first
form.

PTE[¢, f]1 — A.(f) produces, for a given function f € C(£2) and any target accuracy
& > 0, an approximation

A=A = Y do(f)es

OeA(f.e)

by the following steps:
Step 1 (Decomposition). We represent f in the form (5.1) (see also (2.33)).
Step 2 (“Prune the Shrubs”). We discard all terms by @y such that

(5.11) E(f,n) <e Ynely.

We denote by I' = I'(f, ) the set of all elements of ® which have not been discarded
and write

(5.12) fri= bogs.

oel’

From Remark 5.1 we know that there exists some M € N such that
(5.13) E(f,0) <e¢ VOe®,, m>M,

i.e., I' is a finite set.
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Step 3 (“Push the Error”). This step is a variation of Step 3 of the “Push-the-Error”
algoriﬂ}m described in [24].
Let Agbethesetofalld € ®yNI suchthat|by(f)| > eandset Ay := (eri\o Xp)NT.

We define
.Ao = Z bg(pg.
X
Using the refinement equations (2.13), we represent (rewrite) each of the remaining terms
bows, 8 € (g N T")\ Ay, as a linear combination of {¢,},co, and add to the resulting
terms the existing terms by@y, 6 € ®; N I'. As a result we obtain a representation of fr
in the form

M
fr=Ao+ Y degot+ Y doge+ D D bogs.

0eO\I' 0e®;NI m=20€0, NI

Further, we define A; as the set of all @ € ©; N T such that |dy| > & and set A| :=
(Upei, Xo) N T. Then we define

A1 = Z dggl)g.

fe,

Similarly as above, we rewrite all remaining terms dpy, 0 € (©1 N T")\ A1, at the next
level and add to them the existing terms by@y, 0 € ®, N I'. We obtain

M
fr=Ao+ A+ Z dyp + Z depy + Z d9<p9+2 Z bypy.

0€®\T 0€®\T 0€0,NT m=30€0,,NT
We process in the same way all other levels until we reach the finest level © ;. We define
Ay, Ay, and Ay, as above.

We obtain as an output the set A(f, &) := UZIZO A, of the e-significant indices (with
ldg(f)]| > ¢),theset A(f, ¢) := Uf\n/l:o A, containing also the neighbors of the elements
in A(f, ¢) identified by the concrete 2y, and the approximation

M
Ac=Af) =) An= ) dogs.
m=0

0eA(f. €)

Lemma 5.2. We have

(5.14) If = frilleo < 26
with v, the constant from property (B) of the elements of ©, Section 2.1.

Proof. To see this, let x € Qandset C(x,") := {0 € " : x € 6°,1(0) is minimal}.
Notice that the 8°s in C(x, I') are from one and the same level in ®. If C(x, I') = @, then
Jr(x) = f(x). Suppose C(x, ") # (. By property (B), #C(x, ') < v,. Then, for any
0 eC(x, ),

1f) = frl < Y Ibol +

0eC(x,I")

Z by

neu,,

< Y E@®) <ws,

00 6eC(x,T)

which confirms the claim. ]
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Lemma 5.3. We have

(5.15) I fr = Ac(Nlloo < ce
with ¢ = 2v§ﬁ1, where B1 is a bound of the coefficients from (2.13).

Proof. Fixx € QandletC(x,I") :={0 € " : x € 6°,1(0) is minimal} as in the proof
of the previous lemma.

Suppose first that C(x, ') # . Let 6’ € C(x, ') and set m := [(#’). Since x € 6’ and
0’ ¢ ', thenU), N T" = ¥ and, therefore, there is no contribution to fr at x from levels
> m. Then

(5.16)  fr(x) = ANH@+ D depe)+ Y rege(x)
6eC(x,I") 0€0,,Nl:xeb
= A:(f)(x) + Fi(x) + F2(x).
Here the terms dppy, 6 € C(x, I'), are obtained from the rewriting of some terms d,¢,,

n € ©,_;sothat x € n and |d,| < ¢. Denote by KC(x, m) the set of their indices. By
(2.13), ¢, = Z%@WGCW ay.0@9 With |a, | < 1, and hence

Yo dwn= ) ( > an,edn><po,

nell(x,m) 0eC(x,I") \nek(x,m)
which yields
dy= Y ayd,
nek(x,m)
Therefore,
dol < D layolldy| < mpre. 0 €Clx.T),
nell(x,m)
and, hence,
(5.17) IFi0)l < ) ldal < v3Bie,

0eC(x,I")

where v; is from property (8), Section 2.1.
The terms rggy (if any) in the second sum in (5.16) have indices 8 € ®,, N I" such
that x € 6 and |ry| < ¢ since they have not been selected in A,,. Therefore,

IR Y Irel < we.

0€®,,NI":xeb
Combining this with (5.17) yields (5.15).

It remains to consider the case when C(x, I') = #J. Now, we have

fr@) =ANH@+ Y deps(x),

0e®yNl:xel

where dpgy are terms which have not been selected in the approximant. Therefore,
|dg| < € and (5.15) follows as above. |



|

“Push-the-Error” Algorithm for Nonlinear n-Term Approximation 283

Remark 5.4. Combining the estimates from Lemmas 5.2 and 5.3, we obtain the fol-
lowing error bound for the “Push-the-Error” algorithm with target accuracy ¢ > 0:

(5.18) If = Ac(Nllo < Ce

with ¢ < 3v3 ;.

5.2. Error Analysis of “Push-the-Error”

Assuming that ‘“Push-the-Error” is applied to a function f € C(2) with ¢ > 0 and
A, (f) is the approximant obtained, we denote

N(g) = Ny(e) :==#A(f, ), Aney(f) =11 — A (Hlloos
and
A, (f) = ig(f){AN(s)(f) :N(e) <n}.

The main conceptual tool is the following weak quasi-sub-additivity of the counting
functional N (g). We shall point out later in which sense this may be regarded as a weak
stability property.

Theorem 5.5. There exist constants c, and ¢ depending only on the parameters of the
MRA such that if f = fo+ fi, fj € C(Q), and the “Push-the-Error” algorithm is
applied to fj withe; > 0 (j =0, 1) and to f with € := c,(g9 + &1), then

(5.19) Ny(e) < ¢(Ny,(g0) + Ny (e1)).

The proof of this theorem is rather involved and will be postponed to Section 7.
We shall now make precise in which sense the “Push-the-Error” scheme gives rise to
an optimal approximation scheme.

Theorem 5.6. If f € BX(M),a > 1,1 := 1/a, then, for each ¢ > 0,
(5.20) Ane(f) < ce and N(e) < ce” | fllpe(rmy
and, therefore,

(5.21) A(f) <en™ | fllBrmy.  n=1,2,....
Moreover, for f € C(R),

(5.22) AN (oo = cminfe, || flloo}-

Here the constants depend only on o and the parameters of the MRA.

The proof of this theorem is closely related to that of the previous theorem and will
also be deferred to Section 7.

We can now address the program outlined in Section 4. Let us denote by K (f, #)oo
the K-functional generated by the spaces C(£2) and B (M) with 7 := 1/a.
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Theorem 5.7. Suppose that f € C(Q2) and o > 1. Then one has

(5.23) An(foo = cK(fin™ oo

and, therefore,

" /e
(524 0u(floo < An(foo <cn™® ([Z ;(Vaav(f)oo)T:| + IIfIIoo),
v=1

where ¢ depends on o, and the parameters of the MRA.

Proof. We need only prove (5.23), since (5.24) follows by (5.23) and (4.4). Suppose
g € BY(M) with ||gllg # Oand || f — glls # 0. Choose &9 := 4B2¢" || f — &lloo, Where
B> and ¢’ are the constants from (2.9) and (2.29). Further, choose &; := n"%||g | 5. Let
& := cy(g9 + €1), where c, is the constant from Theorem 5.5. By (5.18) and Theorem
5.5, applied with fy := f — g, fi := g, we have

(5.25) ANy (f) < cleo+ 1) <c(lf — gllo +n"%llgllB2)
and
Ny(e) < c(Ny,(€0) + Ny (1)),

where ¢ depends here on the constant ¢ in (5.18) and on the constants c,, ¢ in Theorem 5.5.
We next show that Ny(¢) < cn. Similarly, as in Remark 5.1, using (2.9) and (2.29),
we have, for6 € ©,,,

1bo (f0)] < B2l @ (f)lloo + I1Qm—-1(f0)lloo) < 282"l folloo

and

< fo = Qu(f)lleo < 26" folloo

[ee]

> by(fo)ey

neu,

and, hence,

E(fo.0) < 4B:¢" | folloo-

Now, since &g := 48:¢"|| fol o0, then Ag, (fo) = 0 and Ny, (g9) = 0, due to Step 2 of the
algorithm. On the other hand, by Theorem 5.6, N, (¢) < ce; " |Igll%e < cn, where we
have expressed &, in terms of n according to the above choice, and hence N r(g) < cn.

Since g was selected arbitrarily in B% (M), (5.25) yields A, (f) < cK(f,n™%)eo,

which implies (5.23) (with a different constant c). |

The following result is an immediate consequence of Theorem 5.7.

Theorem 5.8. For f € C(Q) andy > 0, A, (f) = Om™7) ifand only if 6,(f)oo =
on™7).
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More generally, let A} (o, L) be the approximation spaces generated by the nonlinear
n-term approximation from the scaling functions of the MRA, definedin (4.5). Let A} (A)
be the set of all functions f € C(£2) such that

1/q
0 1

n=1

with the usual modification when g = oo.
Theorem 5.7 yields the following more general result.

Theorem 5.9. Forany y > 0and 0 < g < 0o, we have AZ (A = AZI/ (0, Lso) and
I f a7 cay 2 1 F a7 o, o) fOr f € AL (A) = A (0, Lo).

5.3. Practical Aspects of “Push-the-Error”

From a practical perspective the “Push-the-Error’” algorithm can be applied only to finite
expansions (5.1) since otherwise Step 2 is not feasible. Therefore it can be viewed as a
coarsening procedure that turns some initial (nonoptimal) approximation into a (nearly)
optimal one. To make this more precise, suppose that f belongs to some space Vi so
that the decomposition Step 1 of the scheme yields a representation

£=>"bo(f)es.

0ec®’

where @ C UmE y On and thus N := #©" < dim Vyy < oo. Suppose, furthermore,
that f is an approximation to the (ideal) function f* € C(£2) and that

(5.27) If = Tl < &

From the proof of Theorem 5.7 we infer that there exist constants c;, ¢, > 1 such that
the (theoretical version of the) “Push-the-Error” scheme yields that, for every n € N
there exists ¢* > 0 such that

(528)  Anen(f") = 2K(f*,n" e, N(E) <n, & <aK(f*n "

Now let n be the smallest positive integer for which ¢, K (f*, n7%)o < €. One easily
confirms that then

(5.29) € < 2K (f*,n ") < 2%.

Setting f¥ := A (f*), one therefore clearly has || f — fllc < 2¢. Now we write
= —=f)+ f; and set

foi=f—fF, fii=fF  eo:=8pc.
Next note that

K(fi,n™ oo = i = M lloe + K(f*, 070 = 1+ ) K(f*, 17" ox.
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Hence, by the same reasoning as above, there exists ¢** > O such that e™ <c; K (f1, n7%)
<c(1+)e,

(5:30)  Anj, e (f1) £ K (fi,n")e = crea(l + o), Ny (e™) = n.

Choose &1 = £**. We now apply Theorem 5.5 with the above selection of f, f1, &, and
&1 to conclude that

Ny(cx(eo + €1)) < ¢(Ng,(e0) + Ny, (e1))
and, using (5.29),

”f - AE*(SoJrS])(f)”oo =< 6(80 + 81) < c'e < CK(f*v n_a)oo-

But as in the proof of Theorem 5.7 one confirms that, by (5.28), Step 2 of the algorithm
returns I'y, = ¥ and hence A, (fo) = Ny, (g0) = 0. Therefore, using (5.30),

Ny(cx(eo + 1)) < Ny, (™) < Cn.
Consequently,

||Ac*(so+£1)(f) - f*”oo =< CK(f*, n_a)oo» Nf(C*(So +¢1)) < cn,

where K (f*, n™%)s =~ €. Thus a proper coarsening of f, obtained through the (practical
version of the) “Push-the-Error” scheme, yields a near optimal approximation to the
ideal f* whenever an initial error bound (5.27) is given. Such situations arise in the
context of adaptive schemes. One also derives from the above considerations that, when

f* e BY(M), one has

e oo () = [ lloo < c, Ny(c*(eo + &1)) < ce” "L f* e an)

which explains in which sense the scheme deserves to be termed stable in L.

Complexity. Assume now that the function f (a surface or multidimensional data)
has an initial representation (approximation) in some “finest” space Vj, of an MRA
involving O (N) terms. Let us assume that the “Push-the-Error” algorithm (as described
in Section 5.1) is applied to this f. The decomposition Step 1 of “Push-the-Error” will
runin O (N) flops. Step 2 (“Prune the Shrubs”) of the algorithm can evidently be realized
in O (N log N) flops by rewriting all terms of interest at the finest level. Step 3 (“Push the
Error”) works in O(N) flops. Finally, the reconstruction step also runs in O(N) flops.
Therefore, the “Push-the-Error” algorithm appears to be an attractive coarsening scheme
from a practical point of view. Our next goal is to propose an even more economical
version of the second step of the algorithm.

Scalable Second Version of Step 2 (“Prune the Shrubs”). We define a new local error
term E(f, 6) by

(5:31) E(£.0) = ba(Hl +max Y 1b,(H)]

nely:ven
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Now, the condition E(f,n) < e in (5.11) is replaced by the condition E (f,in <e¢
(see (5.5)) which is practically easier to be verified. The new version of Step 2 of the
algorithm can be realized in O(N) flops by employing the well-known principle of
Dynamic Programming. We use the coefficient {bg(f)} obtained in Step 1 to compute

M(f,0) := max Z 16, ()] forevery 6 € 0.
ved nel,ven

To this end, we proceed from finer to coarser levels and compute each M(f, 6) by
using the outcome of the previous steps.

It is easy to see that for this new version of “Push-the-Error,” Theorem 5.6 remains
valid with a slight modification of the same proof. However, it is impossible for us
to establish Theorem 5.5 in this case, which makes this version less attractive from a
theoretical point of view. In particular, we fail to have estimates like (5.23).

Further Observations and Practical Modifications. ~ As already mentioned at the begin-
ning of Section 5.1, for an optimal performance of the “Push-the-Error” algorithm it is
important to have an initial sparse representation of the function f being approximated.
To this end, the dual functionals {ce(-)} should be bounded in L, for some g < oo (see
Remark 3.1). In turn, this means that decomposition methods based on interpolatory
schemes do not provide efficient representations and should be avoided.

In the description of Step 3 of “Push-the-Error,” the neighbors of a given 6’ € ©
are described as all 8’s from the same level which overlap with the concrete Q¢ of 6’;
all terms {dy¢y} with such indices are taken in the approximation whenever |dy/| > &.
For practical implementations much smaller concretes should be used and one can even
consider realizations where the neighbors are not included at all.

Finally, one can run the “Push-the-Error” algorithm without executing Step 2 at all.
An algorithm consisting of only Steps 1 and 2 is also reasonable in some situations.
Other modifications are also possible. However, one should be aware of the existence of
several traps which may defeat such modifications of the algorithms (see [24]).

6. “Threshold” Algorithmin L, (p < o0)

Here we show that the usual threshold scheme used in nonlinear n-term approximation
from waveletsin L, (1 < p < oo) can be successfully utilized for n-term approximation
from the scaling functions of MRA in L, (0 < p < 00) (see also [24]).

We begin with a description of the algorithm.

Step 1 (Decomposition). We represent the function f being approximated by using
the decomposition (2.33)if 1 < p < oo and (2.34) with0 < g < pif 0 < p < 1. So,
in both cases,

©.1) f=Y be(fHgs inLy(Q).

6e®

Step 2 (“Threshold”). 'We first order the terms {bs @y }gco in a sequence (by, ¢, )jeN SO
that

”b91¢01 ”p Z ||b02¢92||p 2 te
Then we define the approximant by A, (f), := >_7_, by ¢s,-
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We now turn to the error analysis of the “Threshold” algorithm. We define the error
of the algorithm by

AT () = If = APl @-

As elsewhere we assume that @ > 0,0 < p < oo, and 7 := (a + 1/p)~".

Theorem 6.1. If f € BX(M), then

(6.2) AV (H)p < en®l fllseomy-
Furthermore,
00 1/t
6.3) AL (f)p < en™® (Z ||b9_,<p9_,,||;) .
j=n-+1

Here ¢ depends only on «, p, and the parameters of the MRA.

Proof. Estimate (6.2) follows immediately by the general direct estimate of Theo-
rem 3.4 in [23] and the equivalence ”f”g’:(/\/t) ~ || f | B2 (m) established in Theorem 3.4.
To prove (6.3) we again apply Theorem 3.4 from [23] but this time to the sequence
(bo,00,)72,41- u

We next show that in a sense the “Threshold” algorithm captures the rates of the best
nonlinear n-term approximation in L,, 0 < p < oo. For this denote by A% (o, L) :=
A%(®, L)) the approximation space defined in (4.5) and by Af; (AT, L p) the set of all
functions f € L,(£2) such that

1/q
> 1
(6.4) L azar, 2,y = Il + (ZWAZ (f)p)";) <0
n=1
with the usual modification when g = oo (see also (5.26)).

Theorem 6.2. Foranya > Oand 1/t = a+1/p, we have A%(A”, L,) = B*(M) =
A% (o, L) and for each f in this space

(6.5) I fllazcar.z,y = 1By = I flla2e.,)-

Proof. The right-hand side equivalence in (6.5) is the statement of Theorem 4.4 when
p < oo. Clearly, to complete the proof we need only show that

o 1/t
(6.6) A= (2[2”“A2Tu(f)p]f) = cliflisem-
v=0

Choose a; so that 0 < a; < « and set 7; := (a; + 1/p)~'. By (6.3) applied with «
replaced by «, it follows that

00 1/1’1
(6.7) Ay (f)p < 27 ( 2°11be,, s, ||;‘> :
k=v
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Denote briefly g; := 2%/ b6, @a, |l p- Then by (6.7) for v > 0 and (6.2) withn = 1, we
obtain

0 00 1/tiqt 0
AT < cZ{sz—“” (Z ﬂ,f‘) } <cy @y,
v=0 k=v k=0

where we used the well-known Hardy inequality (see, e.g., Lemma 3.4 from [19]). Using
now that  — o; + 1/71 = 1/7, we have

(o] o0 o0

k(o— 1 k

AT < Yy et T by g N7 = c Y 2K Nboyguy lIf < Y l1ba,gs, I
k=0 k=0 v=1

and (6.6) follows. |

Several remarks are in order. We first observe that the “Threshold” algorithm, in
principle, cannot be applied for approximation in the uniform norm because of the
“piling up” effect: there can be a huge number of terms by @y with small coefficients and
with significant contribution to the norm of f at a certain location, which the algorithm
will fail to anticipate.

As for the “Push-the-Error” algorithm, it is critical to have an efficient initial decom-
position of the function f being approximated, i.e., representation (6.1) should provide
a decomposition of the norm in B¢ (M), 1/t = a + 1/ p. For the “Threshold” algorithm
this is guaranteed by employing the decompositions from (2.33)—(2.34) with ¢ < p.

The estimate A,{( f)p < cllfll, fails to be true in general (even if 1 < p < 00) since
the convergence in the representation of the function f being approximated that is used
(see (2.33)—(2.34)) is not assumed to be unconditional. (This problem does not arise
in the case when wavelets exist.) Consequently, we are unable to prove the analog of
estimate (5.23) and the right-hand side of (5.24) for the “Threshold” algorithm. This is
why the result from Theorem 6.2 is somewhat weaker than the result from Theorem 5.9.

It is possible to extend the “Push-the-Error” algorithm to approximation in L, (p <
o0). However, the resulting algorithm is very close to the “Threshold” algorithm. There-
fore, the “Threshold” algorithm should be considered as a natural generalization of
“Push-the-Error” in L ,.

7. Proof of the Main Results

Proof of Theorem 5.5. Our strategy will be to find for eachindex from A := A(f, c,&)
a reference index 7 in [\0 U [\1 with [\i = 1~\(fi, &), so that n € ]\0 U 1~\1 serves as a
reference index for at most a uniformly bounded number of indices in A.

In what follows the “Push-the-Error” algorithm is applied to g € {f, fo, f1}. We shall
adhere to all the notation established in the previous sections, in particular, 1, 82, V, vy,
0, - - -, Vs (all of them > 1) denote the parameters of the underlying MRA (Section 2.1),
and we recall that N, := 2Vv,, K := v,vs.

Our main tools are criteria for identifying indices in A (g, €). The simplest one is based
on a sufficiently large threshold for the coefficients by (g).
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Lemma 7.1. If |bo(g)| > ce where ¢ := 2pv,, then 6 € A(g, €). Equivalently, if
0 & A(g, €), then |by(g)| < ce.

Proof. Sincec > 1,6 cannot be discarded in the pruning Step 2 of the “Push-the-Error”
algorithm. Suppose that after processing all levels < m — 1 with m := [(6) in Step 3,
the current approximation to g has the form

Em—1 = Z -Al(g)"‘ Z ey + Z bn(g)‘pn,

I<m—1 NEOn_1NIONAp— [(m)=m

where |r,| < eforeveryn € (®,,_1NT)\A,,_,and Z,Smf1 A;(g) is the approximation
generated so far. Since by (2.13) we have ¢, = Zl(&_):l(n)ﬂ aye@e, where |ay | < Bi.
Hence

[(m)=m—1 1(&)=m n

so that we can rewrite g, as

gnri= Y A+ Y deggt+ Y b2y

I<m—1 0e®,,NI" l(n)>m,nel’
This implies
do(@) = Y anory+bo(g).
I(n)=m—1:6Cn
Therefore,

do ()] = b = D lagallryl < 1ba(@)] = Bi Y_ Iry| > & — Prvae > &
n

[(n)=m—1:0Cn

and hence 6 € 1~\(g, ). |

Next we have to take into account that through rewriting small terms in Step 3 of the
algorithm new significant terms may build up. The identification of those terms will be
based on certain subsets of indices in ®, which we call segments. For a given v € Q and
integers k| > ko > 0, we define the segment S (v, kg, k1) by

7.1 S, ko, k) ={ne®:ven® and kg <I(n) < ki}.

It is an important observation that for each v € 2 and § € © the set {n € Uy : v € n°}
is a segment or is empty.
We call S = S(v, ko, k1) an e-segment for a given function g, if

(1.2) Fs(g) ==

> €.

> by(2)g(v)

nesS

Large segments imply the existence of significant coefficients in a certain neighbor-
hood which is quantified by the following lemma:
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Lemma 7.2. Let L > 1 and ¢® = 7Lv22,31. Suppose that the “Push-the-Error” al-
gorithm has been applied to g with threshold ¢ > 0 and let S = S(v, ko, k1) be a
c®e-segment for g. Then there exists 0* € A(g, €) with the following properties:

(@) ko <1(0%) < ki.
(b) veb*andky <1(0*) < ko+ L,orv e Stary, 45, (0%) and ko + L < 1(0%) < k;.

Proof. IfSNA # () with A= 1~\(g, €), then the assertion of the lemma obviously
holds.

Suppose now that SN A = . Let m be the minimum of k; and the lowest level so that
all indices n with v € n°, [(n) > m have been discarded in Step 2. Denote by D,, the set
of all indices n € S with /() = m, which have been discarded in Step 2 as well. Thus
Dn =85N0O, NI, where I'“ is the complement of " := I'(g, €). By our assumption,
(SNO\D,, # Handall ® € S with [(8) < m belong to I". Now, since by assumption
SN A = @, we have for each 6 € D,, that |by(g)| + I|Z,’eué by(8)¢yllee < €. Using this
and the fact that, by the hypotheses of the lemma,

(7.3) Fs(g) =Y _by(2)g,(v)| > e,
nesS
we obtain
T4) | D by, = D by(@)ey)| = D by = | D by(®)ey
neSNr nesS neD,, neu, 00

> (c® — v — D,

where 6 is an arbitrary index from D,,,.
Since SN A =@, by Lemma 7.1, |b,(g)| < ce for n € S and hence

(7.5) Y. Iby(®)l < Lvoce.

neS, 1(n)<ko+L

Since ¢® — v, — 1 > Ly, it follows by (7.4)—(7.5) that kg + L < m < k;.
From (7.4)—(7.5), we obtain

\%

(7.6) Y. bh(®e,

neSNT, I(n)>ko+L

D R 03]

neS, ko<l(n)<ko+L

> by()py(v)

neSNI

> (¢ — vy — 1 — Lud)e.
Suppose now that after having processed all levels < ko+ L in Step 3 of “Push-the-Error,”
we have

B 1) = Y A+ Y e+ Y b(@e,)

I<ko+L () =ko+L:ven° neSNT, I(n)>ko+L

=1 AW) + g1(v) + &),
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where A(v) is the approximation generated so far. As before, the r,, arise from rewriting
small lower level terms and can thus be estimated as |r,| < Bj1.¢. Hence, the second
sum can be bounded by |g;(v)| < B v%e. Using this and (7.6), we obtain

(77 181() + &) = [g2(W)] — [g1(W)] = (¢® = 1 = va(l + Biva + LO))e.

Suppose now that none of the indices n € SN T, () > ko + L, has a neighbor in A.
Then we can write

g+ 2@ = Y 4,0
nesSNO,,

and, hence,

lg1(v) + &) <

> dy(@)e,

<v, max |d,(g)l
nesSNO,, neSNO,

o0

This together with (7.7) yields

(7.8) max |d,(g)| = vy ' (c® — 1 —vy(1+ Biva + LE))e > &,
nesSNO,,

because, recalling the definition of ¢ from Lemma 7.1, \;2_1 (c®=1—v,(14+B1v+Lc)) > 1
if and only if

> 14+0Q+Bivy+ LE) = 1420, + Bvi2L + 1),

and 142, + Bv3 (2L + 1) < 6Lp;v3. Since therefore (7.8) contradicts the assumption
SN A = @, there exists n € SNT, () > ko + L, with a neighbor #* € A. Then, using
(5.10), v € Stary, 45, (6*) and the assertion of the lemma holds. |

_ We have now collected the necessary tools for detecting reference elements in
A(fo, €0) UA(f1, &) from A(f, c* (g9 + €1)). We shall verify the claim for

(7.9 ¢, = 14,31,32171)%(N* + 7v) K where N, :=2vv,, K :=v,vs,

which is certainly far from being optimal (and we make no attempt at determining optimal
constants here). For the rest of the proof, we assume that the hypotheses of Theorem 5.5
are fulfilled.

It is an important observation that the coefficients by (f) from the decomposition of
Step 1 of the algorithm (see (5.1)) are linear functionals and hence by (f) = by (fo) +
by (f1). 5 y y

In what follows we shall use the abbreviations A := A(f, c.(g9 + €1)) and A; =
A(fi e),i=0,1.

We shall use two detection devices. The following first one says that one can for any
0 € A always find an element 6* in Ag U A; which is spatially located near 6 but has
possibly a higher level. This device is, for instance, useful for the leaves in A.

Lemma 7.3. Forany0 € A there exists an index 0% € 1~\0 U 1~\1 such that

0* C Stary, 4, (0)  and  1(6%) = 1(6).
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Proof. From Step 3 of the algorithm, A C I'(f, cs(eo + €1)). Then, by Step 2, for
every 0 € A there is n € Uy such that E(f,n) > c.«(eo + €1). Since E(f,n) <
E(fo, n) + E(f1, n), we must have either E(fy, n) > c.&9 or E(f1, n) > c.&1. Suppose
that the first inequality is true, so that 8 € I'( fo, c.&0). Then either |b,(fo)| > c.&0/2
or ”Zseu; be (fo)@ello > cx80/2. If the first happens to be true, we set 6* := n. We
use Lemma 7.1 and the fact that ¢, /2 > ¢ to conclude that 6* € 1~\(f0, €o). By (5.4), we
know that 6* C Stary, (). Thus 6* has the claimed properties.

Consider now the second case ||Zseug be (fo)eelloo > c4&0/2 of asignificant segment.
Then for some point v and S(v) := {§ € Z/l,’7 :v € &°), we have Fs(f) > c.&0/2.
Choose L := (N, + 6v,)K with K := v,vs. One easily verifies that c¢,/2 > ¢°® with
c®:=T7L v%ﬁ 1. This allows us to apply Lemma 7.2 to f; with the above segment S(v)
to find 6* € Aq such that [(§*) > [(0) and either v € 6* or v € Stary, 450, (6*) and
1(6*) = 1(0) + L. If we denote m := [(0) and m* := [(6™*), then from the above choice
of L, we have m* > m + L = m + (N, + 6v,) K. Employing Lemma 2.3, we obtain

6* C Stary )¢, (v) C Star™ (v) C Starly”, , (6),

which completes the proof. [ ]

We need a second somewhat refined device for elements in A whose neighborhood is
hit by some higher level elements in A. In this case we need to cap the reference element
from above.

Lemma 7.4. Suppose 6y,0, € A satisfy the followjng: l~(90) < [(6)) and 6, C
Star;j(6p), where j < N + 2v,. Then there exists 0* € Ao U A such that

(7.10) 6% C Starj 12, (6))  and  1(6p) < 1(6%) < 1(6)).

Proof. Letly:=1(0y), [, := [(6,), and consider the set
T :={ne®NT :nC Starj4s, () and Iy < I(n) <[}

of indices which are sandwiched by 6, and 6, and where we have to search for 8*.

If |b,(f)| > c(go + &1) for some n € 7, then since b, (f) = b,(fo) + b, (f1) either
|b,(fo)l > ceg or |b,(f1)] > ce. Applying Lemma 7.1, it follows that n € AgUA, and
the lemma holds.

Suppose
(7.11) [, ()] < c(eo + €1) for neT.
Choose
(7.12) L :=20(N, + 6v,)K
and split 7 into a lower part 7~ := {5y € T : I(n) < lo + L} and an upper part
TH:=T\T".

We first show that, under the assumption (7.11), the lower part 7~ cannot intersect A
so that 1 > [p + L. To this end, fix & € 7~ and denote

Ty:={ne®:0Cn and Iy <I(n) <I1®)}.
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From the definition of I" in Step 2, it follows that 7y C I". Moreover, if 6 € T, then all
n € ©, with [(n) < [(8) which are connected to 6 via sets from ®, belong to I'.

Now a possible source of significant coefficients dy(f) in 7~ is through rewriting
small lower level terms in Step 3. However, the important point here is that, since
0 C Stary,12,, (6p) (it suffices to have 6 C Stary, 13,, (8p)) and the “concrete” of 6y € A
is Qg, := Stary, 14, (o), there are no contributions to dy(f) (obtained in Step 3) from
levels < ly. (Since 6y € 1~\, all neighbors of 6 are taken in the approximant.) Therefore,
a significant coefficient dy (f) could only be fed from 7y which, however, turns out to
be prevented by the bound (7.11). In fact, using (2.9), (7.11), and property (8) of ®, we
obtain

A

ldo (N < Bo(O+ B2 | Y by

neTy:0Cn

[e¢]

1(6)—1
ﬂz(lbe(f)lJr > Ibn(f)l)

m=lp+1 neTyNO,,:6Cn

IA

IA

BrLné(eo + £1) < culo + 1),

where we have used ¢, > ,Bzisz (see (7.9)). Therefore, 6 & A and 7~ N A=40.
Thus, under the assumption (7.11), it suffices to search in the upper part 7. For a
given 6 € T+, we distinguish again an upper section

T,r:=(me®:0cnand lp+ L <l(n) <1(0))
and a lower section
T, =={ne®:0Cn and lo<l(n)<lo+i},

which may build up dy (f). Notice that, by the same reasoning as above, Tf crT.
We next show that there exists 6° € A with the following properties:

(P1) I+ L <1(8°) < 1,,6° C Starjy,, (6p); and
(P2) neither n € 7;5 has a neighbor in A.

Indeed, if none of the 1 € TQT has a neighbor in [N\, then 0° := 6, has the claimed
properties since (P1) holds by assumption. Otherwise, using (5.10) thereis 6! € 7+ N A
with [(8') < [; such that §; C Star,, (9'), where n, := N, + Sv,. If none of the
n e T(;f has a neighbor in A, i.e., (P2) holds, we set 6° := 6'. If (P2) is not true we
proceed further in the same way and find indices 62, 83, ... with strictly decreasing
levels. After finitely many steps, this process will therefore terminate and we find an
index 6" € T+ N A such that either each n € 7,7 has no neighbor in A, thus satisfying
P2),orl(0") =1y + L. In this latter case ’Z;J,.r = (J so that (P2) is trivially satisfied. We
define 6° := 6" and show next that ¢ also satisfies (P1). To this end, note that 6 (as
well as every other 0/, j=12,...,r —1)is n,-star connected with 8; and, hence,
by Lemma 2.2, §; C Starg;';i (6°), where m® := [(0°). Now, using (2.17), we have

6° C Staré’;;iﬂ* (61). Further, taking into account that m® > [y + L > lo+ 2vny+v)K



|

“Push-the-Error” Algorithm for Nonlinear n-Term Approximation 295

(see (7.12)), we apply Lemma 2.3 (see (2.25)) to obtain

6° C Stary?) . (61) C Star™(@)) € Starl®), (B0) (v, = wy).

Thus 0° satisfies (P1) as well and thus 6° has the desired properties.

Consider first the case when m® = [(0°) > [y + L. As was argued above, since
0° C Stary, y3,, (6p) then there are no contributions to dg- (f) (obtained in Step 3) from
levels < [y. Then using (2.9), property (8) of ®, and (7.11), we obtain

(7.13)  ldpo(f)] < B (Z by(OL+ | D bo(Hew| + |b90<f)|>
nel, ne’T+
< ﬁz(ivz5(80+81)+ D b(Den| + Iboo(f)|>-
nel; 00

This will allow us to find a large coefficient by (f) or a significant segment and either
case will lead to a 6*. In fact, since 6° € A, |dp-(f)| > c«(g9 + €1). Combining with
(7.13), we obtain

dob (f)‘/’n

n€T+

+ 1bge (F)] = (cxfa™" = Lvaé) (o + 1) =: c*(eg + £1).

If [bge ()] = (c*/2)(g0+¢1), theneither [bge (fo)| = (c*/2)eo or [bge (f1)| = (c*/2)e1.
Using that c?/2 > ¢ and Lemma 7.1, we infer that 6° € AoﬂA1 and the lemma follows.
If || Z,,eq;; by(f@nllse = (c*/2) (g0 + €1), then

Ct
> —£1.
2

o
> e o Zb(foso,,

7]€TJr

> by(fo)e,

+
neT;

o0

Therefore, there exists a (c”/2)e;-segment (i = 0 or 1)8 (v) for foor fi w1th v € 0°.Now
applying Lemma 7.2 with L = 1, there exists 8* € AOUAl such that lo+L <10* <l
and either (0*)° N (6°)° # @ or Stary,+s,, (0%) N (6°)° # @. In the latter case, we obtain
as above, using that L > (N, +6v)K,

0" C Starly’ ), (6°) C Starl?(6°) C Star?, (60). m* = 1(0%).
The proof of Lemma 7.4 is complete. [ ]

Finally, we are in a position to complete the proof of Theorem 5.5. An important
vehicle for proving this theorem will be the coloring property of the extended cells
(Section 2.1). We begin with some additional coloring type preprocessing of the subsets
{O/}/_, of O. By Lemma 2.3, for each 6 € © there exists @ € O such that

(7.14)  Qp := Stary, 4,,(0) C @ and [(w) =1(0) — K with K := (N, +4v,)K,

whenever [(§) > K. We associate @ with 6. Note that each w € O can be associated in
this way with no more than N := v¥ indices 6 € ©. In fact, recall that, by property (¢)
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of ® (Section 2.1), there is 6¢ such that @ C 6°, and N is a rough upper bound for the
number of elements 6 € © atlevel /(¢) = [(w) + K which are contained in any 6° with
1(6°) = I(w). We take N copies of each class O/, denoting them by

on, n=12...,N; j=12...,1J.

From above, it is clear that we can establish a one-to-one correspondence between
®" = ,>¢ ©n and a subset of |J; , O’".

The set @\ O’ is finite with #0\O' < (#0Q) - v3K , which is a constant that can be
absorbed by the constant ¢ in (5.19) and hence ®\®’ can be ignored.

To simplify the notation, we denote by O° an arbitrary class /" and also we denote by
®° the corresponding subset of ®” which is in one-to-one correspondence with a subset of
O¢. Thus we can associate with each 8 € ®° an wy € O° such that Stary, 14, (6) C wp
and [(w) = [(®) — K. In addition, if 6/,0” € O°, ¢’ # 60", and wy C wyr, then
10" > 1(6").

Clearly O° inherits the tree structure of the corresponding O7. Setting A° :=
1~\(f, €) N @°, the theorem will be proved if we show that #A° < c(#[\o + #ZN\I).

We now introduce a partial order (<) in A% 0) < 6, if wy, C wg,. With this partial
order A° becomes a tree as well.

We next introduce several subsets of A°. We denote by A the set of all leaves in A°
(6 € A¢ if 0 has no children in A°) and by Ay the set of all branching elements in A°
(elements in A° with at least two children in A®). Also, we denote Z\gh = [\0\([\2 U ]\g )
which is the set of all chain elements in A° (elements of A° with exactly one child in A®).

After this ground work, we proceed with estimating #A¢, #AZ, and #AS,. By
Lemma 7.3, foreach € 1~\Z there exists 0* € AgNA; suchthatf* C Stary, 1., (0) C wy.
We assign such 6* as a reference index for 6. Clearly, the extended cells wy associated
with leaves 6 € [\Z are leaves in the corresponding subtree of O° and hence are with
disjoint interiors. Therefore, the 6*’s which are associated to indices in 1~\j are distinct
and hence

(7.15) #AS < #Ao+#A,.

Evidently, in any tree the number of the branching elements does not exceed the
number of the leaves. Therefore,

(7.16) #AL < #AS < #Ao + #A,.

It remains to show that #[\gh < c(#[\o + #[\1). To this end, decompose #[\jh into at
most K subsets #Agh,i such that for each i < K, 6’ < 6 implies [(0') > [(0) + K. It
suffices to show that #[\jhj < c#HAo+#A,),i < K.Fix0 € 1~\§h.i and let 8’ < 6 be
the only descendent of 6 in the tree A° N [\;}h. ; and hence 6’ € A.Letm :=1(#). Then
wy C wg and [(0") > m + K. Two cases presént themselves here:

Casel: ' C Starg\'z)ﬁv* (#). ThenbyLemma 7.4 and (7.14), there exists 0* € 1~\0 N [~\1
such that

0% C Stary,, (0) Cwy  and  1(0) < 1(6%) < 1(8)).

We assign 6* as a reference index to 6.
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Case?2: 0’ ¢ Starx,’zlrm (). By Lemma 7.3, there exists 6* € Ag N A such that

6" C Starly’,, () Cwy  and  1(6%) = 1(9).

(m)

We assign 6 as a reference index to 6. Since 6" ¢ Stary

veo'n (Starﬁ\’ZLzU* (0))¢, and hence

(0), there exists a point

(Star!™ (v))° N (Starly”, , (6))° = 2.
Further, using (2.22), we have 6’ C wy C Starff*(‘g/)_'()(v) C Starf)’:’)(v). Therefore,
0* C wy\wy.

To summarize, we have assigned to each 6 € 1~\§h,i (with descendent 6’ in A°) an
index 6* € Ao N A, such that either 6* C wy and [(9) < [(8*) < 1(0’) or 6* C wy\wy
and [(6*) > [(0). Recalling that the wy’s are from a tree with respect to the inclusion
relation, it follows that each 6* € [\0 N [\1 can be a reference index to at most two indices

from A, ; and hence

#AS, < 2K (#Ao + #A)).

Combining this with (7.15)—(7.16), gives #A° < 2(1+K)(#Ao+#A ), which completes
the proof of Theorem 5.5. n

Proof of Theorem 5.6. We shall follow the scheme of the proof of Theorem 5.5, but
everything will be much easier. We adopt all necessary notation from the proof of The-
orem 5.5. Denote briefly A= [\(f, £).

The following two trivial lemmas can be considered as analogues of Lemmas 7.3
and 7.4.

Lemma 7.5. Forany0 € A there exists a segment S = S(v, kg, k1) such that
S:= U{n :n €S, ko, ki)} C Stary, (0), ko = 1(9),

and

D by ()] > €/2.

nesS

Proof. If6 € A,then6 e I'(f, ¢) and hence there exists @’ € Uy suchthat E( £, 6") > e
This immediately implies that either |be(f)| > &/2 or there exists a segment S C
Stary, 6’ such that Fs(f) > ¢/2, which yields ZneS |b, () = Fs(f) > &/2. |

Lemma 7.6. Let 6y, 0, € A be such that [(6p) < L(61) and 6, C Stary,43,,(00). Let
l() = 1(9()), l] = l(@]), and let

S=80,1,) = he®:0, Cnandly <1l(n) <1;}.
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Then
> by ()l > &/Ba.

nes

Proof. Since 6, C Stary,3,, (6)), there is no contribution to dp, ( f) from levels < jj.
Denote by S’ the set of all terms by (f )@y which contribute to dy, (f). Clearly, S’ C S
and, using (2.9),

& <l|do,(f)| < B2

> by(Hey

neS":6,Cn

<B Y Iby(f)l

nesS

oo

and the lemma follows. |

To complete the proof of Theorem 5.6 we shall utilize the coloring construction
from the proof of Theorem 5.5. According to this construction (with a slight change of

notation), A can be represented as a disjoint union A = (Ujj=1 A/)U A and there exists

a collection {O/ }jJ , of subsets of O with the following properties:

) # 10\5 constant.

(i) There is a one-to-one correspondence between A’ and O/ 1 <j=<J).If
we denote by wy the extended cell in (7 which corresponds to 8 & A, then
Star]v*_;,_u* 0) C wy.

(iii) Each set (/ is a tree with respect to the inclusion relation which we often
indicate by writing (07, C). Moreover, if 8, 8” € A/, 0" # 0", and wy C wyr,
then [(0) > 1(0").

We introduce a partial order (<) in A/: 8’ < 0" if wg C wyr. Since OF (C) is a tree,
then A/ (<) becomes a tree as well. '
As in the proof of Theorem 5.5, we introduce the following subsets of A/: 1~\é is
the set of all leaves in A/ s ]\{; is the set of all branching elements in AJ , and [\gh =
AI\(A] U A]) is the set of all chain elements in AJ.
We denote briefly (see (3.8))

1/t
(7.17) I fllge == <Z|be(f)|’) .

0e®

Here 1 = 1/, @ > 1, and || f|5x = IIfIIg?(M) ~ || fllsxmy, using (3.7) and Theo-
rem 3.4. ' 4

We first estimate #]\é. By Lemma 7.5, for each 6 € [\é there is a segment Sy such
that Sy C Stary, () C wy and

Z |by(f)] > ¢&/2, andsincetr <1, (g/2)" < Z b, (I

7}689 7]659

Clearly, the extended cells wy associated with leaves 8 € 1~\£ are leaves in @/ and hence
are with disjoint interiors. As a consequence, the segments {Sy}, 7 are disjoint. From
l
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this and (7.17),
1f e = D Y Ibe(HIF = #AD (/)"

6chA] 0€Ss

and, therefore,
(7.18) #A) <ce "\ flp  and  #A] <#A] <ce 77| Il

It remains to estimate #[\gh. To this end, we shall associate with the indices 8 € Agh
segments Sp which essentially do not overlap and have significant (> ce") contribution
to ||f||Ba For a given 6 € Ach, let 6" be the only child of 8 in AJ. Setm :=1(9). Two
cases are to be considered here:

Casel: ' CStary, 4, (0). Thenweassociate with thesegmentSy := {6, 1(6"), 1(0)}.
By Lemma 7.6,

(71.19) D ibe(f) = e/fs. andsinceT <1, (/B < Y Ibe(f)I"-

neSy n€Sy

Case2: 0’ ¢ Stary, 1., (6). ThenbyLemma7.3, there exists asegment Sy = S(v, ko, k1)
such that Sy C Stary, (0), ko > [(6), and

(7.20) D by ()] > /2, andhence  (¢/2)" < Y |by(f)[".

nes neSy
Choose a point v € 6'\Stary, 1, (0). Then, using (2.22), 6’ C wy C Star, (v) and
(Star,, (v))° N (Stary, (6))° = .

Therefore, Sy C wy\wy .

Taking into account that O/ is a tree with respect to the inclusion relation, it is easy
to see that the set of all segments Sy, which were associated with indices 6 € 1~\éh has
the property that any two segments may have a common element only if one is obtained
from Case 1 followed immediately by the other obtained from Case 2. Using this and
(7.19)—(7.19), we infer

1flIBe =5 > Y Ibe(HIT = 3#AL) (/287

OEA/ 0689
ch

AJ
and hence #Ay), < ce"|| f e

Combining this with (7.18), yields #AJ <ce? ||f||3n, which implies N (¢) <ce’ ||f||BE,
The latter estimate, in turn, coupled with (5.18), establishes (5.20).

For the proof of (5.22), denote &y := 4B,c”|| flloo. Exactly as in the proof of The-
orem 5.7 E(f,0) < gy for each & € © and hence A, (f) = 0. Consequently,
| f — Ay (H)lloc = Il flloo, which, coupled with the left-hand side estimate in (5.20),
implies (5.22). The proof of Theorem 5.6 is complete. [ ]
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8. Appendix
Proof of Theorem 3.4. We shall consider only the case when 1 < p < oo. The proof

in the case 0 < p < 1 is similar to the proof of the corresponding results in [16], [23].
Evidently, if || f]| 2, < oo, then

(A.1) 111 < 111G

Our second step is to prove that if || f ||Z‘L < 00, then

&
(A2) 1F11Ge < cll£llg-
To this end, we first observe that, by (2.11) and (2.10),
(A3) (18" = D llea(Pealls + Y > U g (Ol L)
0B m=11€P,

where g, (f) is defined in (2.31). By (2.8) it follows that

(A4) Z lico (Peell, < cll fllp, ¢ =c(#, 1, p).

0@

On the other hand, for m > 1, by Holder’s inequality, and Lemma 2.4,

A

lgm (O ly < U0 gm (O, i
YA f = QP eyay + 1f = Quaa (DL, i)
l)VES, Dy + ECF T9),),

IA

IA

where I* is the only parent of I in P,,—; (I C I*). Using this, and (A.4) in (A.3), we
obtain (A.2).
We next prove that if || f|| 4« < oo, then

13}
(A.5) I llge < el fllge l<q<p.

By Holder’s inequality, ||f||2‘f: < c||f||§€z if 1 < ¢ < 7. So, it suffices to prove (A.S),

only whenmax{l, 1} < g < p.ByTheorem3.2,| ]|, < c||f||ga.Sincel/r =a+1l/p
we have, by (3.2),

1/t
(A.6) |f|f3({? = (Z |I|t(l/P*1/<1)g(f’ 'f);) )
IeP

Evidently, £(g, 1), = 0 for I € P, if g € V,,, and E(f, 1), < A1, i f € L.
For I € P,, denote I := Uie € , : 6°nN 7° # 0} Let f = ) .o aope be any
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representation of f in L; (and hence in L,) such that (3, ¢ llaegs ;)" < c||f||g5.
Then using the above, Theorem 3.2, and (2.11), we obtain

oo
<c Y > laswll

L (1) j:m+166(~)j,9CT

(o]
1/g—1
c YD P laggs |

j=m+lgee,, 0cT

E(L.D;

IA

j=m+10€0;

IA

Substituting this in (A.6) gives

& _ _
(f1g)" < ey [P r=vo 3 7 jor P agg,|,
1eP 0e®,0Cl
<> laggolly Y (11T,
G 1ePocT

where we have switched the order of summation once. By the properties of cells and
supports of bases functions, #{I € P, : 6 C I} <c<ooand |0| < cp’|I|if O C I
0 € ©;,and I € P;_,. Using this and that 1/g — 1/p > 0, we obtain

Z (61/11)*Va=1p < CZ;Or(] =1/P) < ¢ < 0.

IeP: 9c1

Therefore, (| f |f;a)’ < ¢) yeo llagps|?,, which completes the proof of (A.5).

In view of (3.8) and (3.9), the equivalence of | - I|gx and || - ||ge is an immediate
consequence of the relations

b ()] = C max {lci(f)] : A°N6 # B}, lea(f)] = Cmax {|bg(f)] : 6°NA° # B},

which follow by taking scalar products of both sides of the relation

Y b= alHn

0€B+1 reLy,

with the dual functions ;. or applying the dual functionals cy. [ ]

Proof of Theorem 4.2 (Bernstein Estimate). We shall give the proof of estimate (4.2)
only in the case p = co. We shall utilize the idea of the proof of the Bernstein estimates
in [16], [24], where the case of piecewise polynomials is treated. The proof in the case
p < oo can be carried out in a similar way (see the proofs of the Bernstein estimates in
[16], [23]) and will be omitted.

Suppose g € ¥, and g =: ) ,_, ag@s, Wwhere A C ® and #A < n. Let Ky be the set
of all cells in P which are involved (covered) in all sets 8 € A. Then g = )_ Texc, 81
where g; =: 1; - vy, v; € V,, with m := level([). Evidently, #/Cy < v; #A < cn.

The proof of (4.2) hinges on the tree structure in P induced by the inclusion relation:
Each I € P, has at most vy children in P, and one parent in P,,_, if m > 1. We
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denote by 7y the set of all cells I € P for which there exists J € Ky such that J C I,
which is the minimal subtree of P containing /Cy with its root(s) in Py. We denote by 7y
the set of all branching cells in 7y (cells in 7, with at least two children in 7;) and by
T,." the set of all children of branching cells in P (which may or may not belong to 7p).
We define 7 := Ty U ’]?, which is again a subtree of P.

We next introduce several subsets of 7 which will be needed later on. We denote
by 7, the set of all leaves in T (I € 7, if I does not contain any other J € 7) and
T :=T\(KyU Ty U 7;* U 7y) the set of all chain cells in T . (Notice that each I € Ty,
has only one child which belongs to 7'.)

Let u be the smallest positive integer such that p#* < §, where0 < § < 1isthe constant
from (2.14). For each I € 7T,, we denote by I° the unique cell 1° € Ky U 7y, U 7, such
that 1° C I and I° is of the least possible level. Let 7], be the set of all I € 7, such
that level(/°) — level(I) < p, and 7)) := Ton\T}..

Clearly, #7, < #(7o); < #Ko < cn, which implies #7," < M#T, < cn, #1; <
#Ko + #’Tb+ < cn, and #TJ1 < u# (Ko U 7T, UT,) < cn. Notice that #’Z;?l can be huge.

We now extend Ky to K := Koy U T, U ’Zl';r U TC%I From above #/C < #Ky + #7;, +
#E’ZI)+ + #’Z;L < cn. Evidently, g can be represented in the form g = ), - g; with g,
similar to the g;’s from above. R

After this ground work, we next estimate |g|§? = yep ITTE(g, 1], where T :=

1/a (see (3.1)) and 7 is defined in (2.26). We denote
8m = Z asPo, m > 0.

OeA, level(@)<m

A key fact is that
(A7) E@Di=E@—gmDi=llg—gull, 7. 1€Pu

We also have £(g, D1 < lIgll,, 3

LetL:={l € P, : I C J forsome J € KN Pn) and let £ := {J,~¢ Lm-
Evidently, #£ < vi#K < cn. -

We shall split up the sum in the definition of |g|}. above into two sums: over / € £
and over I € P\L. '

(@ If I € L,,, then there is J € K N P, such that I C J and (see (2.26))
[117°E(g, D < clI|77lIgll® ~ <cllglli- Therefore, we have

Ly —
(A8) Y INTE@. DY = Y Y Eg. D =cligli, Y #L
lel m>01I1eLl,, m=>0

= cllglliH#L < enliglls.

(b) Let I € P,\L,,. Then I = | J!_, J; for some J; € (T2 N P,) U (P,\T), where
v; < v (see Section 2.1). We have, by (A.7),

Vi
@ DI <Y Ig—gnll,uy (=1
i=1

Clearly, if J; € P,\7, then g|;, = gul), and hence ||g — gullL, sy = 0. Suppose
J;i € 7;‘}’1 N P, and let J° be the unique largest element of K contained in J; (see the
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definition of T above). We have g| NP = 8mlupe = 1, Je Y for some v; € V,,,. On
the other hand level(JQ) — level(J;) > n and hence [J°] < < o J;| < 8|J;|. Therefore,
using (2.14),

villLwwey < illewwn = il = cllglioo-

We use the above to obtain

lg — gmllLiy = llg = gmllL,ey < 1971UIE N0 + MillLaw)) < clJE NI oo
Therefore,

1177E@. D <clglle D (21D

1<i<v;, J;€T)NP,

and, hence,

D oUITER DY <clglly, Y. ATCI/1TD

1€P\L JETINPy

Summing over m > 0, we obtain

Y UTER DY < cllglll Y (DT = ellglL, > D AT

IeP\L JeT? JeK JeP:J'cl
o0
< cligli Y Y p™ < cliglii#K < enligl,
J'eK m=0
where we used (2.2). The above estimates and (A.8) imply (4.2). |
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