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Abstract We present a construction of anisotropic multiresolution and anisotropic
wavelet frames based on multilevel ellipsoid covers (dilations) of R”. The wavelets
we construct are C* functions, can have any prescribed number of vanishing mo-
ments and fast decay with respect to the anisotropic quasi-distance induced by the
cover. The dual wavelets are also C*°, with the same number of vanishing moments,
but with only mild decay with respect to the quasi-distance. An alternative construc-
tion yields a meshless frame whose elements do not have vanishing moments, but do
have fast anisotropic decay.
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1 Introduction

Anisotropic phenomena appear in various contexts in mathematical analysis and its
applications. The formation of shocks results in jump discontinuities of solutions of
hyperbolic conservation laws across lower dimensional manifolds and sharp edges
often separate areas of little detail in digital images, to name just two examples. The
central objective of this paper is to describe a sufficiently flexible framework for
adaptive representations that can efficiently capture anisotropic features of functions
e.g. singularities along curves and lower dimensional smooth manifolds.

Anisotropic function spaces on R" were extensively studied, beginning with the
Russian school in the 1960s (see [27, Chap. 5] for a survey and references therein,
specifically Bownik [2] and Bownik and Ho [3]). In Sect. 2 we review a more gen-
eral anisotropic framework on R” using the multi-level ellipsoid covers introduced
in [14]. Whereas in previous work the anisotropy is fixed and global over R", in our
settings only mild conditions are imposed on dilation matrices which are local and
allow them to rapidly change from point to point and in depth, from level to level.
The ellipsoid covers induce anisotropic quasi-distances on R” and together with the
usual Lebesgue measure, form spaces of homogeneous type [12, 23].

Once the geometry of an anisotropic space is established, we proceed with the con-
struction of wavelets. The highly anisotropic locally and scale-wise varying structure
of the dilations considered here prevents us from using Fourier analysis techniques.
Also, the ellipsoid cover which serves as the basis for the construction is of ‘mesh-
less’ type, i.e. it does not satisfy the exact inclusion property of Euclidian dyadic
cubes, where a cube on a higher level is contain in exactly one parent cube in the
lower level. However, we can still apply a classical two-step approach to wavelet
construction (e.g. [15, 17, 24]) where the first step is to construct a multiresolution
analysis and the second step is to create difference operators between each adjacent
levels in the multiresolution.

In Sect. 3, we define a notion of anisotropic multiresolution analysis. We con-
struct operators S,, that are approximation operators associated with a level-of-
detail m € Z, which reproduce polynomials up to a specified degree and have ar-
bitrarily high anisotropic regularity, i.e. smoothness and decay with respect to the
quasi-distance induced by the cover. In Sect. 4, with the wavelet operators D,, :=
Sm+1 — Sm as starting point, we leverage on the work of Han and Sawyer [20] and
the Calder6n reproducing formula for spaces of homogeneous type, to construct dual
wavelet operators. With these dual operators at hand we show two constructions of
anisotropic discrete frames. Let us recall the following definition (see [7] for the gen-
eral theory).

Definition 1.1 A family of elements { f;};c; contained in an Hilbert space H is a
frame if there exist constants 0 < A < B < oo such that such that for any f € H

Allf I3 < Y I fidml> < BIF 113, (1.1)

iel

While it is possible to construct an anisotropic orthonormal basis of L, (R") over
an anisotropic triangulation mesh (see [21]), it is still unknown if it is possible to
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construct a ‘meshless’ orthonormal basis. Therefore, we focus our attention on frame
constructions, in view of the fact that frames can be thought of as some kind of a
‘generalized bases’, as is evident from (1.1).

First, we apply the tools of [19] and sample from the wavelet kernels D, discrete
wavelet frames that are also smooth and well-localized. The novelty in our setup is
that in R” there are the notions of approximation order of the operators S, and the
number of vanishing moments of the wavelets. However, we can only prove ‘mini-
mal’ decay for the dual frame. A second approach we take is to represent the kernels
of Dy, using ‘two level split’ elements. We can combine the stability of these ele-
ments on each level m with a Littlewood-Paley result for the operators D,, and prove
that the ‘two level splits’, which have fast decay with respect to the anisotropic quasi-
distance, are in fact a frame for the entire L, (R") space.

We note that the geometric setting for our constructions is much more flexible than
the setting for the so-called ‘irregular frames’ (e.g. [1, 8, 9]). Our constructions differ
from the Curvelet frame [4, 5] in that we describe an adaptive framework while the
Curvelet system is ‘non-adaptive’. Also, the Curvelet frame contains at each scale
and location directional elements at all possible orientations (the number of orien-
tation increases with the scale), while our construction adaptively chooses a ‘small’
bounded number of elements with a single orientation.

2 Anisotropic Ellipsoid Covers of R”

We recall the definitions of [14]. The image of the Euclidian unit ball B* in R" via
an affine transform will be called an ellipsoid. For a given ellipsoid 6 we let Ay be an
affine transform such that & = Ay (B*). Denoting by vg := Ay (0) the center of 6 we
have

Ag(x) = Mpx + vy,

where Mp is a nonsingular n X n matrix.

Definition 2.1 We call

@:U@m,

mez

a discrete multilevel ellipsoid cover of R" if the following conditions are obeyed,
where p(®) :={ay, ..., ag} are positive constants:

(a) Every level ®,,, m € Z, consists of ellipsoids 6 such that
a2 <10l <a2™", (2.1)

and ®,, is a cover of R", i.e. R" = Uee@m 6.
(b) For each 6 € ® let Ag be an affine transform associated with 6, of the form

Ap(x) = Mpx +vg, My eR"™",
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such that & = Ay (B*) and vg = A(0) is the center of 6. We postulate that for any
0 €Oy and b € O, y,, v>0, withd NO # @, we have

a2 < 1/IMy, Molli,—1, < |1My " Mo/ ll1—1, < as27%".  (2.2)

(c) Each 6 € ®,, can intersect with at most Ny ellipsoids from ®,,.

(d) Forany x € R” and m € Z there exists 6 € ©,, such that x € 6, where 6 is the
dilated version of 6 by a factor of a7 < 1,1i.e. 8¢ = Ag(B(0, a7)).

(e) foNn#£Pwithd € ®,, and n € ©,, UO,, 41, then 6% Nn° #£ @, where 6, n°
are the dilated versions of 6, n by a factor a7 as above.

Remarks As in [14] we can replace condition (2.1) by
a27" <10] < 27",

for some ap > 0. This provides more flexibly in the construction of covers in appli-
cations. However, in this work, so as not to burden the reader with more notation, we
assume that ag = 1.

Definition 2.2 We say that

o:=]Je

teR

is a continuous multilevel ellipsoid cover of R" if it satisfies the following conditions,
where p(®) :={ay, ..., ag} are positive constants:

(a) For every v € R" and r € R there exists an ellipsoid 8 (v, t) € ®; and an affine
transform A, ;(x) = M, (x + v such that 0 (v, t) = A, ,(B*) and

a2 <10, )| <ax2”".
(b) Forany v,y e R",r €Rands > 0,if0(v, ) NO(y,t +s5) # @, then
az2™ " < LJ|My ) Myl < IMy | My pig]| < as27%.
The discrete and continuous ellipsoid covers induce quasi-distances on R”.

A quasi-distance on a set X is a mapping p : X x X — [0, 0o) that satisfies the
following conditions:

@ px,y)=0cx=y,
() plx,y)=p(y,x),
(c) Forsome x > 1and all x, y,z € R”
p(x,y) k(p(x,z) + p(z, ). (2.3)
Let ® be a cover. We define p : R” x R" — [0, c0) by
p(x,y)= inf{|0]:x,y €06} 2.4)
6e®

The following results are proved in [14].
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Proposition 2.1 The function p in (2.4), induced by a discrete or a continuous ellip-
soid cover, is a quasi-distance on R".

Proposition 2.2 Any continuous cover can be sampled to a discrete cover, inducing
an equivalent quasi-distance.

Let ® be an ellipsoid cover inducing a quasi-distance p. We denote B(x,r) :=
U{y e R": p(x, y) <r}. Evidently,

Bex.,r)=|J0:101<r. x€0).
He®

Proposition 2.3 Let ® be an ellipsoid cover. For each ball B(x,r), there exist ellip-
soids 0',0" € ®, such that 8’ C B(x,r) C 0" and |0'| ~ |B(x,r)| ~ |0”| ~ r, where
the constants depend on p(©).

Spaces of homogeneous type were first introduced in [11] (see also [23]) as a
means to extend the Calderon-Zygmund theory of singular integral operators to more
general settings. Let X be a topological space endowed with a Borel measure © and
a quasi-distance p. Assume that the balls B(x,r) :={ye X : p(x,y) <r}, x € X,
r > 0, form a basis for the topology in X. The space (X, p, u) is said to be of ho-
mogenous type if there exists a constant A such that for all x € X and r > 0,

n(B(x,2r)) < Ap(B(x,r)). 2.5

If (2.5) holds then w is said to be a doubling measure [26, Chap. 1, 1.1]. A space
of homogeneous type is said to be normal, if the equivalence w(B(x,r)) ~ r holds.
Proposition 2.3 gives inequality (2.5) and implies that an ellipsoid cover induces a
normal space of homogenous type (R", p, dx), where p is the quasi-distance (2.4)
and dx is the Lebesgue measure.

Let us describe a useful form of covers of R?. We select all ellipses on levels < 0 to
be Euclidian balls. For levels > 0 we allow the ellipses to change from Euclidian balls
to ellipses with the ‘parabolic scaling’ parameters (ag, as) = (1/3, 2/3). This choice
of parameters relates to polygonal approximation of a planar curve, with segments
of length / and approximation error of O (h?). Roughly speaking, with this choice
we can simulate the performance of polygonal approximation by constructing at the
level m > 0 roughly O(2"/3) ‘thin’ ellipses of length ~ 27"/3 and width ~ 272"/3,
such that they (are aligned with and) cover the function’s curve singularities with a
‘strip width” of ~ 272/3_The actual number of ellipses that are needed depends on
the total length of the curve singularities as well as their ‘curve smoothness’. Away
from the curve singularities, the ellipses can be selected to be Euclidian balls (see
also the constructions in [14, Sect. 7.1]).

We conclude this section by relating the quasi-distances induced by ellipsoid cov-
ers with the Euclidian distance. To this end we first require the following definition.
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Definition 2.3 Let p be a quasi-distance on R” and let © = (uo, 11), 0 < po <
p1 <1.Forany x,y € R"” and d > 0 we define

ro p(x,y) <d, - {m p(x,y) <d,
) sd = N ,d = 2.6
wx,y.d) {m pryzd,  HEYD=0 o6y =a. B0

For t € R we define

n1 =<0,

u() = {Mo 1>0.

~ . Jmo =0,
M(f)-—{u1 (>0 2.7)

Theorem 2.1 Let © be a discrete ellipsoid cover and p the quasi-distance (2.4).
Denote by 1 := (uo, 1) = (ae, as) where 0 < ag < as < 1 are the parameters from
Definition 2.1. Then for each fixed y € R" there exist constants 0 < ¢ < ¢y < 00 that
depend on y and p(®) such that

c1p(e, N < x =yl < cap(x, VD, Ve eRY, 2.8)
where |x — y| is the usual Euclidian distance between x and y.

Proof Select an ellipsoid 6y € ®¢ such that y € 6y € ®¢. For any x e R", let 6 € ©®,,
such that p(x, y) = 6. From condition (2.2) (see also [14, Lemma 2.2]) we obtain

lx — y| < diam(9) < ¢ diam(fp)2 "™

< c diam(Gp)a; ™01 < cap(x, y)PEI D

We now prove the right hand side of (2.8). By the minimality of 6 € ®,,, there
exists 01 € ©,,4; such that y € 910 (the dilated version of 6; by a factor a7) and
x ¢ 01, where J > 0 depends only on p(®). Denote by omin(01) the minimal semi-
axis of f1. From (2.2) we get that opmin(01) > comin(0)2~ A+ M+ Thys,

Ix — y| > (1 — a7)omin(0)) > 2~ Am+Dm+)

> cp(x, D = ¢ p(x, y)PED. m

Remarks

(1) Observe that in the case where all ellipsoids in ® are equivalent in shape (for
example, to the Euclidian ball), we get that the constants cy, ¢; in (2.8) depend
only on p(®) and not the points y.

(2) In the special case where the ellipsoid cover is composed of Euclidian balls,
we have that the parameters in (2.2) satisfy agy = ag = 1/n and (2.8) is easily
verified by

1/n 1/n

x—=yl~Hz:lz=xI =y —x[}"" ~ p(x, y)
~ oG, YD = (e, )P,
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3 Anisotropic Multiresolution Analysis

We begin with the following generalization to higher orders of the definitions given
in [20]. Let K (x, y) be a smooth kernel. For x, y € R", we have the Taylor represen-
tation of the kernel about the point x, with y fixed as

K(z,y) =Tr—1x(K(, ¥))(@) + Ry x (K(-, ¥))(2), (3.1

where 7,_ is the Taylor polynomial of degree r — 1 (order r) and R, , is the Taylor
remainder of order r.

Definition 3.1 Let (R", p, dx) be a normal space of homogeneous type. A sequence
of kernel operators {S,,}, formally defined by S, (f)(x) := fR" Sm(x,y)f(y)dy,isa
multiresolution of order (i, 8,1), t = (o, 1), 0 <o <1 <1, >0, r € N, with
respect to p, if for some constant ¢ > 0 the following conditions are satisfied:

. —mé
@ [Sm(x, Y| < Cm, Vx,yeR".

(ii) Forl <k <randallx,y,zeR",
2—m8
27+ p(x, y) IR

|Rk,x (Sm(, y))(z)| < C,O(x, Z)'u(x’z’zm)k<

—mé
HRCRTET z))‘*“"(’“z’z_m)k)’
2—m6

. n(y,z,27"k
|Rk,y(Sm (.X, ))(Z)| = Cp(ys Z) <(2_m + p(x7 y))1+5+u(},,z’27m)k

2—m8
+ (Q-m +p(x’z))1+6+u(y,z,2m)k>'

(iii) For 1 <k <randall x,x’, y,y ¢ R"

|Rie,y (Ric,x (S (5 NN G 1Rk (Rie y (S (5 D () ()]

< cp(x, XY 2Tk (g (Y 2Tk

2—m5
x <(2—m ¥ p(x, y)) RO 2Ry 2
2—m8

+ (2—m + ,o(x, y/))1+8+/4(x,x/,2*m)k+u(y,y/,2*’")k

27m8

x 27 4 p(x’, y)) 1S+ 27k (y, Y, 27"k

2—m6
+ @2-m +,0(x’, y/))l+5+p,(x,x’,2’”)k+u(y,y’,2m)k)'
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[To clarify our notation, denote g, (x, x, y) := Rg x(Si (-, y))(x”), then for fixed
x, X" €R", Ri,y (R x (Sm (-, N (XN = Ry (gm (x, X7, )]
(iv) P(x) = [gu Sm(x,y)P(y)dy and P(y) = [gu Sm(x,y) P (x)dx, for every poly-
nomial P € I1,_1, where I1,_; are the polynomials of total degree r — 1.
Remarks
(1) We shall use the fact that condition (ii) implies
2—m6
i @7+ plx, y) FHFE
ifp(-x9 Z) S ﬂ(zim + ,o(x, y))v

IRx (S (-, Y (2)] < cp(x, z)H0K

—m3 (3.2)
. ok
|Rr,y(Sm(x’ ))(i)' S CP()H Z) (2_m + ,O(X, y))1+8+l'L0k ’
if p(y,2) < 2—(2*”’ +p(x, ),
K
and condition (iii) implies
IR,y (Ric,x (S (-, NN O
2—m8
<cp(x, x )"k p(y, yyrok 3.3)

@7+ px, ) F 2wk

if p(r,x') < 227"+ p(x,y)) and p(,Y') < 527" + p(x, ), where k is
given in (2.3).

(2) The definition given in [20] corresponds to the case 0 < § < r = 1. There, (3.2)
and (3.3) are used in place of conditions (ii) and (iii) here.

(3) See [16, Lemma 2.2] or [20] for Coifman’s construction of a multiresolution
analysis of order r = 1 for arbitrary spaces of homogeneous type.

Let ® be a discrete ellipsoid cover (see Definition 2.1). Our goal is to construct a
multiresolution {S;, },,c7 that satisfies the above properties for arbitrary r > 1, where
the quasi-distance p is induced by the cover. We shall first construct for each level
m € Z a stable basis @, whose elements are C* ‘bumps’ that reproduce polynomials
and are supported on the ellipsoids of ®,, (the construction is a modification of the
one given in [13, 14]). To this end, we split ®,, into no more than N; disjoint sets
{©,, }i\'; | (N1 appears in condition (¢) in Definition 2.1), so that neither two ellipsoids
0’,0" € ©,, with 8’ N 0" = @ are of the same color.

Remark 3.1 In Sect. 4.4, where we require the stability of the ‘two-level splits’
of [14], we shall need a stronger coloring scheme, where two intersecting ellipsoids
from adjacent levels also have different colors.

The method we employ here to ensure stability of ®,, is to construct the ‘core’

part of each basis function supported on an ellipsoid as a rational function, whose
nominator is a polynomial of a certain degree which is different from the degrees
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of the nominators of its neighbors, i.e. the basis functions supported on neighbor
ellipsoids. This construction will give local linear independence of neighbor basis
function and eventually lead to the global stability of &,,. To this end we first recall
the well known up-function defined by

1—1/2,1/2) 1[—1/22,1/22] 1[—1/23,1/23]
up = 20 * 21 ES 22 Koo

It is easy to see that for any univariate polynomial P and segment [a, b], the function
P % 1(4,p) 1s also a polynomial and deg(P * 1, 5)) = deg P. Hence, P *up is also a
polynomial and deg(P * up) = deg P.

Choose [ > 1 so that 2~/ < (1 — a7)/4, where a; < 1 is from condition (d) in
Definition 2.1. From the Fourier representation of (3.4) it readily follows that

(34)

u (21) _ 1[_1/21+1’1/21+1] " 1[_1/2l+2’1/2l+2] 1[_1/21+3’1/21+3]
ple) = Sl IH1 2l+2

Denote

hy(t) == ((1—271)? - )Y, teR 1<v<Ny,

and consider the function H, :=h,, % up(21~). Clearly, H, € C*°, supp H, =[—1, 1],
H, is even and the restriction of H, on [—1 + 27!+ 1 — 2717 is a polynomial of
degree precisely 2vr. We define

¢v(x) ;= H,(]x]), xeR" (3.5)

From above it follows that ¢, € C*®(R"), ¢, > 0, supp ¢, = B* with B* being the

Euclidean unit ball in R” and the restriction of ¢, is a polynomial of degree 2vr on
B(0, (a7 + 1)/2). In addition,

OvlBO,a) =1 >0, cp=c1(Ny,r). (3.6)

For any ellipsoid 6 let Ag be the affine transform satisfying Ay (B™) = 6 and let
Py := ¢y 0 A;], if 6 € ©,,. It is standard to form a partition of unity {¢s}oco, by
setting

~ o
== 3.7
o oo, 90 (3.7

Observe that property (d) of ellipsoid covers (see Definition 2.1) together with (3.6)
ensure that 0 < ¢’ <), o, $o(xX) < ¢”, for all x € R" and hence ¢y is well defined

and ) 4o B0 =1.

Fix 1 <v < N;. Suppose {Pg: B eN",|B|=p1 + -+ B, <r — 1} is an ortho-
normal basis for I, _; in the weighted norm || f{|L,(B*,¢,) := | f@vllL,(B*)- Then for
any 0 € ©, and B € N, || < r, we define

Pop:=101""2Ps0A;", (3.8)
and set

0.5 = Py pdo. (3.9)
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To simplify our notation, we denote
Api={r:=(0,B):0 €Op,|pl <r}, (3.10)

and if A = (6, B) we shall denote by 6, and B, the components of A.
Notice that from our construction ||¢; > = 1 and in general [|g; ||, ~ 6,]'/P~1/2,
0 < p < oo. In going further we define the mth level basis ®,, by

®,, :={pr:2€A,} andset S’

m

.= span(®y,). @3.11)

It is easy to see that I1,_; C S}, since for any polynomial P € I1,_; and 6 € ©,,
there exist a representation P =3}, pl<r €0, Po,p and therefore

P = Z Py = Z co.p Po.po = Z Co.590.8 = Z @ (3.12)
€0, €O, |l <r €O, |l <r rehnm

As we already discussed, the stability of &, is critical for our further development.

Proposition 3.1 If f €S, NL,,0< p <oo,and f =3, Cr¢x, then

1/p

1/p I
||f||p~<2 ||cm||z) ~2"0 ﬂ(Z ICAIP> SRR

AEA, reAp,

with the obvious modification when p = oo and where the constant of equivalency
depend only on p(®), n, r, p and our choice of ‘bumps’ {¢,}v=1,... N, -

Proof The proof of the proposition is simply a repetition of the proof of Theorem 3.2
in [14]. It relies on the fact that as in [14], each ¢y is a polynomial on the dilated
version of 6 by a factor of (a7 + 1)/2. We omit the proof. g

To construct well localized kernels S,,(x, y) which reproduce polynomials we
need to construct an appropriate dual basis to ®,,. Let G, be the Gram matrix given
by

G =[Ax vl venr, Ay = (oo ::/R Oap. -

By Proposition 3.1, for any sequence o = (@) )ea,, in [2(A,;,) we have

Z (278 DN

reA,

cillally, £ {Gpna,a) = < callellzy,

2

where the constants cj,c2 > 0 do not depend on o or m. Thus the operator
Gy, b — I with matrix G, is symmetric, positive and ¢1I < G, < c21. Therefore,
G,;l exists and C2_11 <G, < cl_ll. Denote by G,;l = [B) x 11, vea,,the matrix of
the operator G,

We now introduce a graph-distance d, (-, -) on A,,. To this end we first define the

graph-distance d,,, (0, 0) between any 0,0’ € ®,, as the length of the shortest chain
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connecting 6 and 6. A chain is a list of ellipsoids in ®,, where each consecutive
ellipsoids have a non-empty intersection and its length is the number of elements — 1.
Evidently, d,, is a distance on ®,,. Let us order in a sequence, indexed by 0, 1, ...,
the multi-indices 8 € N” in such a way that if N(8) denotes the index of 8 then
N(B) < N(p) for |B| < |B'|. Denote also Nmax := max|gj< N(B) + 1. After this

preparation, we define the graph distance d,, (A, ) between any A, A’ € A,, by
dn (0, ') 7= Nimaxd (01, 61) + [N (Br) = N (B

It is readily seen that ﬁ,,,(~, -) is a true distance on A,,, which is dominated by the
graph distance between the ellipsoids. Applying a generalization, given in [22], of
a well-known result of Demko on the inverses of band matrices, we arrive at the
following lemma (see also [21, Lemma 3.6].

Theorem 3.1 There exist constants 0 < g < 1 and ¢ > 0 depending only on p(©), r
and our choice of {¢,}v=1,...,n,, Such that the following estimates hold for the entries
of G,;l, meZ

|BA,A’| < qujm()\,)\’) < qum(9A>9A’)’ X, A e Ap. (3.14)

In going further, we need an estimate of the entries B, ;s using the quasi-distance.
First we need the following result given in [14, Lemma 2.8].

Lemma 3.1 There is an integer J > 0 depending only on p(®) such that for any
two ellipsoids 0 € ®,, and 0’ € Oy, 1, v > 0, such that 0 N 0" # ), there exists an
ellipsoid n € ©®,,_y such that 6,6’ C 1.

Lemma 3.2 There exist constants 0 < g4, y < 1 and ¢ > 0 depending only on p(©)
and r such that for any entry B;_;/, A, A € A,y and points x € 0y, y € Oy

By | < cq> P (3.15)

Proof Let A, € A,,. There exists a connected chain of ellipsoids in ®,, of length
dp (65, 65) that starts at 6, and ends in 6,/. By Lemma 3.1, we can find a connected
chain of ellipsoids in ®,,_; of length [d,,(6,, 6,/)/2] whose first element contains
0, and the last 6,/. After at most L := 21og,(d,, (65, 65/)) such iterations, we obtain
an ellipsoid 1 € ®,,_r s such that 6, , 6,, C n and therefore

p(x,y) < Inl < ap2” " ~H) = 27208 OO — )27, 63, 6,1)> .
(3.16)
—1/27
Denoting g, :=¢q“  where ¢q is defined in (3.14) and y := 1/2J, we conclude that
(3.15) holds by combining (3.14) and (3.16)

—lym )12 m )
By | < cqm@ti) < oq(@ 2oy (2P 0
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Definition 3.2 We define the dual basis Ci>m = {@xr}ren,, by

o= ) Buwgw. h€Am. (3.17)
NeA,

For A € A, let xo be any point in 6, . Combining (3.15) and (3.17) we see that

@ (1) <272 3 By | < a2 (3.18)

XEQ)L/

Therefore, each ¢, has fast decay with respect to the quasi-distance induced by ®
and so by (2.8) it also has fast decay with respect to the Euclidian distance (in fact it
is in the Schwartz class §, we omit the proof). Also,

(@ @)=Y Buorlon.oa) = (G, G = 8-
M'eA,

‘We use the bases ®,, and &Jm to define the multiresolution kernel operators {S,, },ucz
by

Sn(x, )=y ¢ (). (3.19)

reAy,

Our next step is to show that {S,, },,cz form a high order multiresolution analysis (see
Definition 3.1). As we shall see the parameter i depends on the parameters of the
cover. We begin with the following result (see [21, Lemma 4.2] for the case r = 2
and triangulation meshes).

Lemma 3.3 Let © be an ellipsoid cover of R", denote n := (ag, as) (see Defini-
tion 2.1) and let k € N. For any . € A, and x,z € R"

|Rk.x (01, 2)] < €2™/2(2M p(x, 7))y x22 "k (3.20)

where Ry x(f,z) is the Taylor remainder of order k about the point x and at the
point 7. The constant depends on the parameters of the cover, k, r, n and the choice

Of{¢v}u=1,...,N1 .

Proof Assume first that 6 := 0, € ©¢ and that 6 = B*, where B* is the Euclidian
unit ball in R”.

Denote |f|w,§>° = Z|y|=k 1Y flloo- Evidently, in this special case, |(PA|W,§° <c*
with ¢* depending on the aforementioned parameters. By definition there exists an
ellipsoid 6 € © j» for some j € Z, such that p(x, z) = |0]. Since we may assume that
either x or z are in 6 (otherwise Ry x(¢;,z) =0 and (3.20) is obvious) we get that
6 N6 # (). We may consider two cases:

Case I: j > 0. Since 6 N B* # (J then by condition (2.2) (see [14, Lemma 2.2])
we have |x — z| < diam(f) < ¢27%J . Also, since 6 € ©;, we have by (2.1) that 6] >
a12~/. Combining these last two estimates yields

k —agjk 5\agk k
|Rkx (B8, )| < clope plwpelx —z|" < c279/% < c]0]|" < cp(x, 2)*".
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Case 2: j < 0. Since 6 N B* # ) then by condition (2.2) we have |x —z| <
diam(#) < C27%/. Similarly as above one arrives at

IRk x (955, 2)| < cp(x, 7).

These last two estimates prove (3.20) for the case 6, € ®¢ and 6, = B*. We now
consider the case where both the ellipsoid and the cover are arbitrary. We first observe
that for any f € W,fo and affine transform A, one has for x, z € R"

Ti1x(foA,2)=Ti_1,ax(f, A(z)) and
Rix(foA,z) = Riaw(f, A®R)).
As in Definition 2.1, let Ay be an affine transform such that 8 = Ay (B*). Ev-

idently, ®* := {A_l(r/)}nE@ is an ellipsoid cover of R"” with the same parameters
as ©. Denote by p*(-, -) the quasi-distance induced by ®*. It is easy to see that

(3.21)

Pp* (AT ), A @) =101 p(x, 2). (3.22)

Denote @p+ g := dp+ Pg and notice that ¢ g = |9|_1/2g03*,,3 ) Ae_l. Observing that

(3.20) holds for the special case of A~1(0) = B* € ©*, we use (3.22) and (3.21) to
obtain

|Rix(o.p. )1 = 16172 IR yo1) (0805, Ag ' ()]
<o p* (4, (x), A, (2 04511
=clo7 201 pla, 22,
The proof of Lemma 3.3 is complete. g

Theorem 3.2 Suppose © is a discrete ellipsoid cover of R", denote 1 := (ag, as)
and let S,,, m € Z, be defined as in (3.19). Then there exist 0 < g4,y <1 and ¢ >0
such that for any x, x',y, y',z e R"

1S (x, )| < €27 g P (3.23)
[ Rk, x (Sm (-, ¥), 2

< czm(zmp(x’Z))u(x,z,zf'”)k(qi2'"p(x,y))y +q>‘(<2’"p(y,z))3’)’ (3.24)
| R,y (Sim(x, ), 2)|

< 2" Q2" p(y, O EE I (GE POy IR (3.25)

|Rk,yRk,x(Sm('a ), 2)|
= |Rk,ka,y(Sm(’v '), Z)|
< 22" p(x, xR p(y, R 2T
om , 14 om , ANY2 om /’ y om /, Y
« (qi p(x,y)) +6]>£ p(x,y") +6]i px',y)) +6]>£ p(x',y") ) (3.26)
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Proof By (3.17) and (3.19) the kernel S, (x, y) has a representation

Smx, )= > Biyer(@)en (). (327)
MAEN,

Applying (3.15) we obtain (3.23)

2" p(x,y))Y
Su@NI< D0 IBullen®llgn ()] < c2"q "

xeek,yeek/

For the proof of (3.24), we apply (3.27), (3.20) and (3.15)

| Riex (S (-, ¥)) ()]
< YD BwlRe(n Dllew )

xeb; orzeb;, yeby
—m
<c2"(2"p(x, )" >’<( D Bl + Y |BW|)
X€O),y€Eb;/ z€05,y€0;,

—m m V4 m ) Y
§c2m(2mp(x,z))“(xszvz )k(qf p(x,y)) +qi2 p(¥,2)) )

The proof of (3.25) is similar. Finally, we prove (3.26) using the same technique

| Riey (Ricx (S (-, D) () ()]
< > > Bl Rk (91 X)) | Rey (920, )]

x€0), orx’ €6y yeb, s ory’ €6,/

< sz(zmp(x’ x/))u(x,x’,Z””)k(2mp(y7 y/)),u(y,y’,Z”")k

x( Z |By.o| + Z [ By vl

X€0,,y€Ely x€by,y' €0,/

+ Y B+ Y |Bw|)

x'€6;.,y€b;/ x'€6y,y' €0,/

< 2" (2" p(x, X NHETR@M p(y, O TOR

n y m VY m NN Y2 m AN
4({2 p(x,y)) ,,EZ p(x,¥") f p(x", ) +61>;(<2 p(x".y)) ) 0

x (g +q +q

We can now prove that our construction is indeed a high order multiresolution.

Corollary 3.1 For a discrete ellipsoid cover ©, the kernels (3.19) are a multiresolu-
tion with respect to the quasi-distance (2.4) induced by the cover. The vector . can
be taken as u = (ag, a4), the parameter § can be any positive and the parameter r is
the total order of the polynomials (3.8) used in the construction of the local ellipsoid
‘bumps’.
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Proof The corollary is immediate from the previous theorem using standard tech-
niques, but we give the proof for the sake of completeness. For any § > 0 denote

q:= qi/g, where g, is given by (3.15). Evidently, for any 0 < g, y < 1 there exists a
constant c¢{(¢g, ¥) > 0 such that c}’y <ci(1+ )71, V¢ > 0. Therefore, for all m € 7Z,
x,y € R" we have

@) _ A2 p(ey)7E _ 8 1 ’ 27
2P _ @) 5c1< _ ) —c . (3.28)
1+2"p(x,y) Q"+ p(x,y))°

Thus, for any § > 0, setting §=1+51in (3.28), we get from (3.23)

2™ p(x,y))Y
S (x, y)| < 2 P

2—m(1+9)

<c2"

T @M px, yntHe
27m5

=cC s
Q27"+ p(x, y)1+?

which is property (i) in Definition 3.1. Property (ii) is proved similarly, by apply-
ing (3.24) or (3.25) for | <k <r and setting 6 =1+ + 1k, i.e.

|Rk,X(Sm('v y)’ Z)l
< 2™ p(x, Z))#(x,z,Z"")k(qLZ"'P(x,Y))V + in"’p(}’»Z))y)

< 272" p(x, T

9—m 1+84+u(x,z,27™)k y—m 1+8+u(x,z,27™k
X —_———— + | —F
((2"”+p(x,y)) (2"”+p(y,z)> )

= cp(x, HHe2 Tk

2—m5 2—m8
X <(2—m +,O(x, y))l+8+u(x,z,2*m)k + 2-m +p(y’z))l+6+u(x,z,2’")k)'

Property (iii) is proved similarly. Finally, we prove the polynomial reproduction prop-
erty (iv). By (3.12) for any P € Il,_, there exist coefficients {c;}xea,, such that
P =) ;cn, cr¢:. Forfixed y € R", we have

/R Sp(x,y)P(x)dx = f ( > BA,N%@)%/()’))( > prw(x))dx

MAEA, N'eAn,

= > C,\"B,\,A’%’()’)A @1 (X) @y (X)dx

AN A €A
= E CA”‘PA’()’)E By 50 Ay,
NN €A AEAm

BIRKHAUSER



J Fourier Anal Appl (2009) 15: 634-662 649

= Y crpr(Msua

M €A

= Z C)J/QDM(}’) = P(y)

AMehy,

The proof that P(x) = fRn Sn(x, y)P(y)dy is similar. This concludes the proof of
the corollary. 0

4 Construction of Anisotropic Wavelet Frames
4.1 Wavelet Operators

Let {S;,}mez be a multiresolution analysis of order (u, 8, r). Then it is clear that
the kernels of the wavelet operators Dy, == S;+1 — Sm, satisfy properties (i)—(iii) of
Definition 3.1, while the polynomial reproduction property (iv) is replaced with the
zero moments property

f Dy (x, y)P(y)dy =0, / Dy, (x, y) P(x)dx =0, 4.1
Rﬂ Rll

for every polynomial P € I,_.
We now show that two wavelet operators (kernels) from different scales are ‘al-
most orthogonal’.

Lemma 4.1 Assume that two kernels operators {D,L} and {D,%l}, m € Z, satisfy (4.1)
for r > 1 and conditions (1)-(i1) of a multiresolution with order (ju,8 + uir,r) for
some § > ir. Then

2= min(k,l)d

D! D?(x, < 2~ k=tlor - ,
1Dy Dy (x, y)l = Q-min&D 4 5(x, y)) I+

k,leZ. 4.2)

Proof For simplicity of notation, assume that {D,,} = {D,ln} = {D,%l}. The proof of
the general case is similar. The kernel of the operator Dy D is

Dle(x,y)=/Rle(x,z)D1(z,y)dz.

Assume that / < k. The proof for the case k <[ is similar. We apply the zero-moment
property (4.1) to obtain

| Dy Dy(x, )l

/ De(x, 2)Dy(z, y)dz
Rn
< /R D6 D11 Rroa (D1, )(2)]dz
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< / | Dic(x, 2| Rrx (D1 (-, ¥))(2)|dz
P(x.2) <5 27 4p(x,y))

+ / Dy DI R (D ) () d2
px,y)<p(y.2)

+ [ Dy (x, )| Ry x (D1 (-, y)(2)ldz

/p<x,y>>p<y,z),p(x,z>>i(zl+p<x,y>)
=: [+ 11+

We estimate each of the three integrals separately. Applying the properties of the
kernels and (3.2) we derive

I = / | Di(x, 2| Ry x (D1 (-, y))(2)|dz
P(x,2) <5k 27 +p(x,y))

—ké —18

T Dot @tipeyy CTF 4o, ) 271+ p(x, y))l+otnror
< 0K 27" p(x, )M dz
- Q7+ px, yIHtror Jpn 275 4 p(x, 2)) 19

s
< ks 2 k(8—por)
- Q7L+ p(x, y))I+otnor

2718

< Cz(l*k)ll«or

Q7+ px, y)I+e

The estimate of the second integral is similar to first, only here we use property (ii)
in Definition 3.1 the fact that p(x, y) < p(y, z)

= / | Dy (x, )| Rrx (Dy (-, ) (2)1dz
P, Y)<p(¥,2)

2—k6 ( 2_[)
<c (. 0270
/p(x,y)Sp(y,z) Qk+p(x,2)H? P
2—18
@t e, e
< 2—"5< 27" / pla.
- Q7 4 p (e, y)IFFHOr o <ot Q7K 4 p(x, 2)1F°

27 p(x, 2)""
T [Em “x 5592
Q"+ p(x,¥) m p(x,z)>2"1 Q27+ p(x,2))
—18 —15
< 2—]{8 2 2]((5—#0[‘) + 2 2k(8—p.]r)
@+ ple, ot @7+ ple ) o
2—15
Q7+ p(x, y)I+e”

< Cz(l_k)ﬂﬂr
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We proceed with the estimate of /7. Observe that the integration domain in this term
satisfies p (x, z) > 27! /2« which implies that we can assume u(x, z,27)) = uy

= / | Dy (x, )| Ry x (D1 (-, y))(2)|dz
P(x.Y)>p(3.2).p(x.2)> 2 (27 +p(x.y))

2715
S C dZ
//;(x,z)>%(21+p(x,y)) (2—[ + /O(Z, )’))1+3+“]r

<c27h <[ - Pl W z
- (.= k@4 peryy Q7K+ p(x, )8 (27 4 p(z, y)IHotmr

+/ 2—k(@+puir) p(x, y)Hr dz)
p(x,z)>%(2*l+p(x,y)) (2_k + p(x, Z))H—S—HHV (2_1 + p(z, y))1+8+u|r

y—kb 210 / p(z, y)Hr .
- Q7+ px, yNIH8 Jgn 271+ p(z, y))1Ho+Hmr

L p—k(6+uir) 27" / plx, y)H” .
Q7+ p(x, Y)IFFRT Jru 27T p(z, y)) I H0+mr
2718

27k8 18

= 2T eyt

2—15
Q!+ p(x, yy)tHotur
2—]5
QT+ p(x, y)its’ 0

| Dy (x, 2)|p(x, 2)H1"

+62—k(5+ulr) p(x’y)ulrzl(t?ﬂtlr)

< cz(lfk)uor

4.2 Dual Wavelet Operators

In the previous section we defined the wavelet (difference) operators and reviewed
some of their properties. In this section we leverage significantly on the results of
Han and Sawyer [20] concerning the Calderdn reproducing formula in spaces of ho-
mogeneous type and adapt them to our special setting. We begin with the definitions
for anisotropic test functions and molecules.

Definition 4.1 Fix a quasi-distance p on R". A function f € C(R") belongs to the
anisotropic test function space M (e, 8, xo,1), 0 <¢e,8 <1, xg € R?, t € R if there
exists a constant C such that

—t8

O 1 OI<Com e Ve ek

i 1fx) = fMI=Cplx,y)*

2—[8

(27" + p(x, x0)) 1 +ote’

for all x, y € R"

where p(x,y) < %(Z_t + p(x, xg)), with « defined in (2.3).
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We can check that M(g, §, xq, t) is a Banach space with || f| o defined by the
infimum over all constants C satisfying (i) and (ii). We also denote M(e, §) :=
M(e, 8,0,0).

Definition 4.2 An anisotropic test function f € M(e, §, xg, t) is said to be a mole-
cule in My(e, 8, r, xq, t) if

/,f@My=0
]Rn

As Y. Meyer pointed out the Banach space C*¢(R) of Holder functions with expo-
nent B has the following properties:

(1) If0 < ¢ < 1, C*(R) is isomorphic to [*°(Z),
(2) If e =1, the Zygmond class is isomorphic to Lo (R).

It implies that the dual space of C*(R) is not a functional space. Indeed, the dual
space of [°°(Z) is not a sequence space. This remark also applies to M(e, §) and
its dual space of anisotropic distributions M’ (g, §). Of course, this can be solved.
It suffices to replace C?¢ by the closure in the C® norm of C? for some y > ¢. This

closure does not depend on y. For this purpose, we denote by /\O/l(s, 8) the closure
of M(y, 8) in the norm of M(g, §). Then, we define the M’(e, §) as the dual of
M(e, ).

We are now ready to state the Calderén reproducing formula which implies the
existence of wavelet dual operators.

Theorem 4.1 (Continuous Calderén reproducing formula) Let (R”, p, dx) be a nor-
mal space of homogeneous type and let {S,,} be an anisotropic multiresolution of
order (., 8, r) with respect to p. For Dy, == S;41 — S there exist linear operators
{Dm}mEZ and {Dm}mEZ such that for all f € Mo(e,y),0<e¢,y <o

)= DuDp(f)x) =Y DDy ()0, (4.3)

mez mez

where the series converges in the norm M(¢',y'), ¢’ <&, y' <y, and in the space
L,(R"), 1 < p < co. Furthermore, for any & < g, the kernels of {ﬁm tmez and
{ﬁm}meZ satisfy the conditions (1)—-(iii) of multiresolution of order (u, ¢, 1) (with
constants that depend on ¢€) and the rth zero moments conditions (4.1) for r.

By the duality argument we obtain

Corollary 4.1 Under the conditions of Theorem 4.1, the series in (4.3) converges in

M (84, 85) With € < &4 < W0, ¥ < Vs < L0, whenever M(g,y).
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Proof of Theorem 4.1 The method of proof is essentially similar to the method of
[20]. We use Coifman’s idea and write the identity operator I by

1=ZDk=ZDkZD,=ZDkD,.
k k 1 k,l

We define for some integer N > 0, the operator DY := ZI jl<n Dm+j and the opera-
tors Ty and Ry by

I—ZDsz Y DUDi+ D D DisjDi=:Tn+Ry.

keZ |j1>N keZ

Let 0 < &,y < po. We claim that Ry is bounded on My(e, y, xg,t) for any
xo € R"?, t € R. Moreover, there exist constants 7 > 0 and C > 0 such that for

feMo(e, y,xo,t)
IRN £l Mooy xo.00 < C27 VTN FllMoeryxo.n) - 4.4)

Assume the claim for a moment. Choosing a large N such that C2~V7 < 1, then
(4.4) implies that the operator T I exists and is bounded on Mo(e, y, xo,t). Thus,
we obtain

I=Ty'Ty =Y (Ty'D))Dn=>_DpuDy, where Dy, :=Ty' D).
m m

The regularity conditions of the kernels {D,,} and (4.1) imply that for any fixed
N and y € R" the function DN( y) is in Mo(uo, 8). This gives that D (-, y) =
T_ID (. y)isin My(e, y) forany O < ¢, y < po. Similarly, we may write

I=TyTy' = <Z DD )TAjl =Y DuDNTy' =" DyDy.
m m
where D,, := DY TAjl.

By the same reasons, for any fixed N and x € R”, the function ﬁm (x,) is in
My(e, y) forany 0 <&,y < . O

Discussion In Theorem 4.1 we apply tools from the general theory of spaces of ho-
mogeneous type to construct dual wavelet operators. Although the kernels of the dual
operators {D,,} and {D } have the same number of r vanishing moments as {D,,},

we only claim very ‘modest’ regularity and size conditions for them. For example, in
Theorem 4.1 we claim that for any 0 < y < g, there exists a constant C > 0 (that
also depends on y) such that

2—my
QM+ px, y)Hr’

| D (x, V)|, | D (x, y)| < C
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while in contrast, the construction of the anisotropic multiresolution over the ellipsoid
cover in Sect. 3 gives wavelet kernels {D,,} that satisfy for any positive § > 0 (see
Corollary 3.1)

2—m5
Q7" 4 p(x, y)i+e

It is still unknown to us how to correctly define higher order anisotropic test func-
tion spaces and prove that the operator Ry := ZI jI=N > kez Dic+j Dk is a bounded
operator on these higher order spaces as in (4.4).

As in [18], we may apply the Calderén reproducing formula to obtain the follow-
ing Littlewood-Paley result

[Dm(x, y)| = C

Proposition 4.1 Let {S),},ucz be any anisotropic multiresolution and let D,, =
Sm+1 — Sm. Then forall f € L,(R"), 1 < p <00, we have

1/2
Lf1lp ~ H (Z |Dm(f><~>|2)

4.3 Discrete Wavelet Frames

p

We construct wavelet frames using the discrete Calderén reproducing formula, which
in turn is obtained by ‘sampling’ the continuous Calderdn reproducing formula. First
we introduce the following sampling process.

Definition 4.3 Let p be a quasi-distance on R”. We call a set of closed domains
{Qun i}, meZ, k el,, and points y, x € Qum k., a sampling set if it satisfies the
following properties:

(a) For each m € Z, the sets @, k, k € I,,, are pairwise interior disjoint.

(b) Forallm e Z, R" = Ukelm Qm k.-

(c) Each set 2, satisfies 2, x C B(xy.x, c27™) for some point x,, x € R" and
fixed ¢ > 0 (here the ball corresponds to p).

(d) There exists a constant ¢’ > 0 such that for any m € Z and k € I,,,, we have that
P Omdes Ymi) > 27" forall k' € I,,, k' # k, except perhaps for a bounded set.

Examples

(1) One can construct a sampling set from an ellipsoid cover. We begin by pick-
ing a maximal set of disjoint ellipsoids as follows: For each level ®,, we enu-

merate the ellipsoids as 6, ;, j > 1. We define Gr/n | :=6m,1 and then induc-
tively for k, j > 1, 6, , 1= Op,; if int((Uf 1]% ) N6y, j) =0. We also select

Ym.k as the center of 9’ . After this step, the domains {0/ ,} and sampling
points {yn, x} satisfy propertles (a), (c) and (d), but not (b). To see that prop-
erty (d) is indeed satisfied, denote by opmax (6) the length of the maximal semi-axis
of any ellipsoid 6. If two ellipsoids 6,/”‘ « and 9’/’1 ” do not intersect then evidently

|¥m.k — Ym.k'| > Omax(Om k). Let n be any ellipsoid at the level m’ > m such that
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Ym.k € 1. By [14, Lemma 2.2] we have that opax (17) < as2~ " =M% (6 ).
Therefore, if m" > m +v, v = |'ag1 log, as], then y,, x ¢ n. We conclude that
POmi> Ym k') > a2~ mtv) = ¢/2=m  QObserve that each O, that was not se-
lected at the previous step, must intersect one of the ellipsoids 9;,“ ¢ We now
denote 2, x := G;m « and iterate on the ellipsoids that were not selected. For each
such ellipsoid 6, ; we add the domain 6, ; (Uf’o1 Qi) (if not empty at this
stage) to one of the domains 2, x only if 6, ; intersects 9 ¢ Observe that the
domains €2, x are possibly enlarged during this process, but thls is controlled by
the fact that each ellipsoid 6, , has no more than N neighbors. Evidently, we
attain domains {€2,, x} that sat1sfy all of the conditions.

(2) Christ’s ‘dyadic cube’ construction for spaces of homogeneous type [6] also sat-
isfies the above conditions. As the name suggests, it has similar properties to the
regular, isotropic dyadic cube cover of R”. For example, each sampling ‘cube’
Q41 is contained in one and only one sampling ‘cube’ 2,  for some k' € I,,,.
Also, each sampling domain at the level m is ‘substantial’ in the sense that it con-
tains a ball of radius > ¢/27"™. Therefore property (d) is satisfied, provided the
sampling points y,, x € ,, x are picked from these inner balls.

Theorem 4.2 Let {S,;}mez be an anisotropic multiresolution of order (w,§,r),
with respect to the quasi-distance induced by an ellipsoid cover ®. Denote Dy, :=
Sm+1 — Sm and let {Q i} and {ym i}, Ym.k € 2m k be a sampling set for ©. Then
there exists N > 0 and linear operators {Em} such that for all f € Mo(e,y),
0<e,y <o,

FOO=Y" > 1Nk En (D) GmiN O D (X, ymin ), (45)

meZkely+n

where the convergence is in M(¢',y'), ¢ <e¢, ¥y’ <y, and in the space L,(R"),

1 < p < oo. Furthermore, the kernels of {Em} satisfy conditions (1)-(iii) of
anisotropic multiresolution with (i, €, 1) for all ¢ < uo (with constants that depend
on &) and the zero moments conditions (4.1) for r.

Sketch of proof The proof is similar to the proof in [19]. The discrete formula (4.5) is
obtained from the continuous formula (4.3) as follows. We fix some N > 0 and apply
(4.3) to obtain for f € My(e, y)

fx) = Z Dy Dy (f)(x)

=X ¥ [ DutrnbutHey

m kelyin m+N,k

= Z Z |Qm+N,k|Dm(-xa ym+N,k)ﬁm(f)(ym+N,k)

m kEIm+N

{Z > / [Din (X, ¥) = Dy (X, YN 1D () (1)

m kelyyn m+Nk
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+3 % Din (5, Y8 D () () — f)m<f><ym+N,k>]dy}

m k61m+N Qm+N,k
=: Ty (x) + Ry (x).

It is shown in [19] that for sufficiently large N > 0, the operator Ry is bounded on
Mo(e, 7/) and its norm is strictly smaller than 1. Therefore there ex1sts the inverse
operator T !"and it is bounded on My(e, y). Thus, with E m = D T ' we get

f) =TTy ()
=Y Y Qs Nk D (s Yy N Do (T () Gy v i)

m k€lyin

=Y > 1Nk DX YN 1) Bt () G 0)-

M kelyy [

Denoting the index set K, := Ipin, the functions {¥ i} by Ymi(x) 1=
IEZ N &IY? Dy (x, ymyn k) and the functionals {1//,,,,;(} by 1//,n,k(x) = Q4N il
Ew(Ym+N.k,X), m € Z, k € K,,, we obtain the following representation

1/2

FOY=Y" " Umi) ¥ i (). (4.6)

m kek,,

Observe that the anisotropic wavelet representation (4.6) resembles a classical
isotropic wavelet representation (see [10, 15, 17]). However, here the wavelets are
specifically ‘tuned’ to the geometry of the given ellipsoid cover and the induced
quasi-distance. Lastly, we show that the anisotropic wavelets constitute a frame (see
Definition 1.1)

Theorem 4.3 Let {S),}mez be an anisotropic multiresolution of order (i, 8,1). De-
note Dy, := Sp1 — S and let {Q, 1} and {ym k}, Ym .k € Qm k be a sampling set
for ®. Then there exists constants 0 < A < B < 0o such that such that for any
f € Ly(RY)

AFIZED Y KA ma P < BIFI. (4.7)

m kekKy,

Proof The proof is similar to the proof of [19, Theorem 3.35]. We begin with a
proof of the left hand side of (4.7). An identical argument to the one used to prove
Lemma 4.1 yields

|<I/fm,k: 1pm’,k’) |
= |s2m+N,k|‘/2|szm/+N,k/|”2‘ / Do (X, YN ) Dyt (X, Y3 1) X
Rn
|1/2

1/2
< c|Quman kN ke
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, 92— min(m,m’)8
N

(2— min(m,m ))1+5

D+ Om+N k> Ym'+N K
- min(m,m’) 148
)

27 MmN o (YN ks Y/ +N K

- cz—m—m’l(uor-i-l/?)(

We denote w(m, k) :=27"/% and apply this last estimate and condition (d) of Defin-
ition 4.3 to compute for fixed m € Z, k € K,

D 1 Wmk Y i) (' )

m' k'

<) 2—m’/22—|m—fn/|wor+1/2)(

m' k'

2—min(m,m

- min(m,m’) 148
D+ pYmtN ks ym’+N,k’)>

- min(m,m’) 146
)

27N b (YN ks Y/ 4N K

=c Z g—m'[2p—=|m—m'|(nor+1/2) pm’ Z -’ (

m k/
<c Z27m’/2/2*|m7m’\(uor+1/2)2141’2* min(m,m’)
m/

< C( Z 2*”1’/22*(m7m/)(ll()r+1/2) + Z 2m//22(m’m)(u0r+l/2)2m/2m>

m'<m m'>m

§C<2_m/2 Z 2—(m—m’)ll()r +2—m/2 Z 2_(n1,—m);10r)

m'<m m'>m

m/2

<c2” =cw(m,k).

The above estimate is exactly the condition of Schur’s Lemma (see [25, Sect. 8.4] for
the case of isotropic dyadic cubes and wavelets) which we use here to show that the
infinite matrix A := {{{¥, k, Y )} is bounded on [, sequences over the ‘sampling’
index space. In particular, for the sequence o := {( f, @m k) }mez.kek,, W obtain

1£113 = (Aa, @) < [Alllle* < e > 1f dmi) .

m,k

Next we prove the right hand side inequality of (4.7). By definition we have

SN AP =Y D 1Nkl En () Gmpn i)

m kek,, m kek,,

=> 2 /Q | (F) G i) 2.

m kEKm m-+N,k

Theorem 4.1 shows that there exist operators { D,, },ue7 that satisfy the regularity con-
ditions (i)—(iii) of multiresolution of order (u, €, 1), & < o, have r zero moments and
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for which f =", Dy Dy ( f). One can show (using a similar, but simpler, approach
to the proof of (4.2)) that form, j € Z

27min(m,j)s

(2—min(n.j) 4 p(x, y))l+e

|EnDj(x,y)| < c27Im=le (4.8)

It is well known (see e.g. [26]) that in the setting of spaces of homogeneous type the
Maximal function

1
Mf(x):=sup ﬁ / |f(»)|dy, B are anisotropic balls,
B

xeB

isboundedin L,, 1 < p <00

IMfllp<clflp- (4.9)

We use the Continuous Calderén formula and (4.8) to estimate each coefficient
[(fs Yma)
= f |En () Omsn.0Pdy
Qm+N,/<
Z/ ZEijDj(f)(an+N,k)
Q4N k ]

/‘ ( f m—jle 2- min(m, j)e 2
<c 27 —— D -(f)(z)IdZ) dy
Q4N k 2]: n 2~ min(m, j) 4 p()’m—i-N,ka Z))H_‘S !

2
¢ /Q (Zz—m—f'SMD,-(fxy)) dy.
m—+N .,k i

J

2
dy

IA

Applying the discrete Holder inequality and the Maximal inequality (4.9) give

DD BRIk

m kekKp

2
<cy / ) (Zz—""—f'EMD,(f)(y)) dy
m j
<cy / (Zz—""—f”) (Zz—’”—f's(MD,«f)(y))z)dy
m TR j

<c) IMD;(li3
J

<) DN el fI5
J
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4.4 Two Level Split Frames

Following [14] we introduce a useful representation for the wavelet kernels D,, (x, y)
using the ‘two level split’ construction. Denote

M, ={v=0,0,B8)n€By+1,0 €Oy, nNO#£0, |8l <r}, meZ,
and define using (3.7) and (3.9)
Fy:= Py pdydo =pppdo, vEMpy, (4.10)
We also denote F;,, := {F, : v € M,,} and set W,,, := span(F,).
Note that F,, € C*, supp(F,) =0 N n if v = (1,0, B), and by property (e) in

Definition 2.1 we have that || F, |, ~ In|/P=12,0 < p < 0. It is important that
under certain conditions (see Remark 3.1) F,, is a stable basis:

Proposition 4.2 [14]If f e W,, NL,(R"),0< p<ooand f = ZveMm a, F,, then

1/p mi_1) 1/p
||f||p~<2 ||avFv||§) ~ 2" p(ZW’) : (4.11)

vEMm AEA Y
with the obvious modification when p = 0o.
Let the coefficients { Azig} be determined from
0,
Phog= ) AggPrp, 0 €O, NEOu. (4.12)

|Bl<r
Let A € A;, and A = (6, ). Then using (4.12) and (4.10) we obtain the following

meshless two-scale relationship

9. = Po.ady = Z Py o (x) oy = Z Azlzpn,ﬂqsqun

N€O 1, NNOAD N€EOm11, NNOAYD, |Bl<r

_ 0.0
= ) Agpnop.
NEB 11, NNOFAD, |Bl<r

and hence ¢ € W,,. Also, if A € A4+1 and A = (5, B), then

01 = Pypdy = Z Py pndo = Z F.6.-

0€0,,:0Nn#£N 0€0,,:0Nn#£N

Combining the last two results we get that ®,, U ®,, 1 C W,,. Recall that S, (x, y) =

2 sen,, Pr(W@i(x) and that Dy, (x, y) = Smt1(x, y) — Su(x,y). We use (3.9) and
(4.12) to obtain

Du(x,y) = Y D Gnp)Pypx)dy(x)

N€Om 41 |Bl<r
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— Y Y G ) Poa s ()

0e®,, |a|<r

Y3 > Grp 0Py Pe )y ()

0€0,, N€O, 11 |Bl<r

=3 S G Y D AL Py (06 () (x)

0e®y, la|<r NEO, 1 |Bl<r
~ 0. ~
= > > > {wn,ﬁ(y) -3 Aa,zgoe,a(y)}
NEB®,,+1 0€®,,:0Nn#£D |Bl<r la|<r

x Py g (x)p () (x)
= Y G F, (),

veM,,

where {F),} are given by (4.10) and

Gy :=Gy0.8 :=Pnp — Z Ag:g(ﬁg,a. (4.13)

|| <r

Observe that for each v = (1, 0, B) € M,,, since 8 N n # @, then (3.18) implies that
the dual G, has fast decay with respect to the quasi-distance induced by the cover.
Thus we obtain the two level split representation for the wavelet operators

Du(f)= Y (f£.G)F, mEeL (4.14)

veM,,

This also yields a representation for the elements of our discrete wavelet frame (4.5)

D, ymin )= Y GuOmin o) Fo(x),

VEM, 41

and thus implies that
span{D, (x, Ym-i-N,k) kelyyin} S Wi
‘We conclude with the main result of this subsection.

Corollary 4.2 The two level splits {G,} defined in (4.13) are a frame (see Defini-
tion 1.1).

Proof Let f € Ly(R"). Since I =) _,, Dy, we have by (4.14)

f=Y Du()=)_ > (f.G)F.

m veM,,
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We combine Proposition 4.1 with Proposition 4.2

IF13 ~ Z/Rn | D (f) (@) 2dx

~> 3 A GRS

m veM,,

~Y Y UAGHP

m veM,, O
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