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Abstract Nonlinear approximation from regular piecewise polynomials (splines)
supported on rings in R? is studied. By definition, a ring is a set in R? obtained
by subtracting a compact convex set with polygonal boundary from another such a
set, but without creating uncontrollably narrow elongated subregions. Nested structure
of the rings is not assumed; however, uniform boundedness of the eccentricities of the
underlying convex sets is required. It is also assumed that the splines have maximum
smoothness. Bernstein type inequalities for this sort of splines are proved that allow
us to establish sharp inverse estimates in terms of Besov spaces.
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1 Introduction

Nonlinear approximation from piecewise polynomials (splines) in dimensions d > 1
is important from theoretical and practical points of view. We are interested in charac-
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terizing the rates of nonlinear spline approximation in L”. While this theory is simple
and well understood in the univariate case, it is underdeveloped and challenging in
dimensions d > 1.

In this article, we focus on nonlinear approximation in L”, 0 < p < oo, from
regular piecewise polynomials in R? or on compact subsets of R? with polygonal
boundaries. Our goal is to obtain complete characterization of the rates of approxi-
mation (the associated approximation spaces). To describe our results, we begin by
introducing in more detail our

Setting and approximation tool. We are interested in approximation in the space L”,
0 < p < oo, from the class of regular piecewise polynomials S(n, k) of degree k — 1
with £ > 1 of maximum smoothness over n rings. More specifically, with © being
a compact polygonal domain in R? or & = R?, we denote by S(n, k) the set of all
piecewise polynomials S of the form

n
S=Y Pj-lg., SeC Q). Pjel, (1.1)
j=1
where Ry, ..., R, are rings with disjoint interiors. Here I1;_; denotes the set of

all algebraic polynomials of (total) degree < k — 1 in two variables, and as usual
S € C*2(Q) means that all partial derivatives 9*S € C(R2), |o| < k — 2. The
elements of S(n, 1) are simply piecewise constants.

Aset R C R?is called aring if R is a compact convex set with polygonal boundary
or the difference of two such sets. All convex sets we consider are with uniformly
bounded eccentricity, and we do not allow uncontrollably narrow elongated subre-
gions. For the precise definitions, see Sects. 3.1 and 4.1.

It is important to point out that although regular, our tool for approximation is highly
nonlinear. In particular, the rings in (1.1) may vary with S, and we do not assume any
nested structure of the rings involved in the definition of different splines S in (1.1).
Consequently, if S;, S» € S(n, k), then in general S| + S ¢ S(N, k) for any N.
The case of approximation from splines over nested (anisotropic) rings induced by
hierarchical nested triangulations is developed in [3,6].

Given a function f € L?(S2), we denote by S',f( f)p the best LP-approximation of
f from S(n, k). Our goal is to completely characterize the approximation spaces A%,
o > 0,0 < g < o0, defined by the (quasi)norm

]

1/q
||f||Ag = ”f”Lf’ + (Z (naSL((.f)p)q %) s

n=1

with the £9-norm replaced by the sup-norm if ¢ = oo. To this end, we utilize the
standard machinery of Jackson and Bernstein estimates. The Besov spaces BS**:=B3:¥
with 1/t = s/2 4+ 1/p naturally appear in our regular setting, see (2.1). The Jackson
estimate takes the form: For any f € Bi*k s

SK(f)p < en 2| f g (1.2)
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For k = 1, 2, this estimate follows readily from the results in [6]. It is an open problem
to establish it for £ > 2. Estimate (1.2) implies the direct estimate

S(f)p < K (f, n_s/2> : (1.3)

where K (f,t) = K(f,t; L?, Bﬁ'k) is the K-functional induced by L? and Bi*k, see
(3.6). Note that estimate (1.2), for any £ > 2, is well known and easy to prove when
approximating from discontinuous piecewise polynomials over rings. For example, it
follows from Theorems 2.25 and 3.10 in [6]. For smoother splines (but not splines of
maximal smoothness), (1.2) follows by Theorems 2.15 and 3.1 in [3].

It is a major problem to establish a companion matching inverse estimate. The
following Bernstein estimate would imply such an estimate:

IS1 = Sal o < en®2|[S1 = SallLe. 81,52 € S(n. k). (1.4)

However, as is easy to show, this estimate is not valid. The problem is that S| — S»
may have one or more uncontrollably elongated parts such as 1o ¢]x[0,1] With small
&, which create problems for the Besov norm, see Example 3.3 below.

The main idea of this article is to replace (1.4) by the Bernstein type estimate

IS1ls0x < 1S2lex +en™21S1 = Sall7p, A= min{z, 1), (1.5)

where 0 < s/2 < k — 1 + 1/p. This estimate leads to the needed inverse estimate

n

1/2
1 A
K(fin—5/?) < en—>1? (Z - [vs/25v(f)p] + ||f||¢,) . (1.6)

v=1

In turn, this estimate and (1.3) yield a characterization of the associated approximation
spaces Ag‘ in terms of real interpolation spaces

AZ:(LP,B?]‘)Q , O<a<s, 0<g <oo. (1.7)
54

See, e.g., [4,8].

A natural restriction on the Bernstein estimate (1.5) is the requirement that the
splines S1, S € S(n, k) have maximum smoothness. For instance, if we consider
approximation from piecewise linear functions S (k = 2), it is assumed that S is
continuous. As will be shown in Example 4.4, estimate (1.5) is no longer valid for
discontinuous piecewise linear functions.

Motivation. Our setting would simplify considerably if the rings R; in (1.1) are
replaced by regular convex sets with polygonal boundaries or simply triangles. For
example, in many cases, people do adaptive approximation from piecewise linear
functions by local refinements resulting in nested triangulations. However, this would
restrict the approximation power of our approximation tool. The isotropic refinement
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schemes can give rate O (n—*/?) of L?-approximation for functions in the Besov space
Bi*k with 1 /7 < s/241/p, which is off the Sobolev embedding line. For more details,
see [1] ([5]is alsorelevant). In contrast, the piecewise polynomials over rings as defined
above allow one to obtain the Jackson estimate (1.2), where 1/t = s/2+1/p;i.e., in
this case the Besov space Bi’k is just on the Sobolev embedding line. This leads to a
complete characterization of the associated approximation spaces. The idea of using
rings has already been utilized in [2]. In concluding, there are two main points that we
would like to make:

(1) In order to achieve the full strength of nonlinear spline approximation in dimen-
sion d = 2, the underlying partition should be in rings or a partition compatible with
rings.

(ii) In nonlinear approximation from regular splines in L”, p < oo, in dimen-
sion d = 2 the rates of approximation are not sensitive to the particular underlying
partitions as long as these are in rings. For example, in regular piecewise linear approx-
imation asymptotically one cannot do better than if approximating by using a particular
hierarchy of Courant hat functions over regular nested triangulations.

The proof of the Bernstein estimate (1.5) is quite involved. To make it more under-
standable, we first prove it in Sect. 3 in the easier case of piecewise constants and
then in Sect. 4 for smoother splines. Our method is not limited to splines in dimension
d = 2. However, there is a great deal of geometric arguments involved in these proofs,
and to avoid more complicated considerations, we focus only on spline approximation
in dimension d = 2 here.

Useful notation. Throughout this article, we shall use |G| to denote the Lebesgue
measure of a set G C R2, G°, G, and dG will denote the interior, closure, and
boundary of G, d(G) := sup, g |x — y| will stand for the diameter of G, and 1¢
will denote the characteristic function of G; as usual, |x| will stand for the Euclidean
norm of x € R2. If G is finite, then #G will stand for the number of elements of G. If
y is a polygonal curve in R?, then £(y) will denote its length. Positive constants will
be denoted by ¢1, ¢, ¢/, ..., and they may vary at every occurrence. Some important
constants will be denoted by cg, Ny, B, ..., and will remain unchanged throughout.
The notation a ~ b will stand for c; < a/b < c;.

2 Background
2.1 Besov Spaces

Besov spaces appear naturally in nonlinear spline approximation. For spline approxi-
mation in L?(2), 0 < p < oo, we will utilize the Besov spaces Bi’k = Bi’rk, where

s>0,k>1,1/t:=5/2+ 1/p. The space Bi’k is defined as the set of all functions
f € LT(R2) such that

o0 ) . d[ l/T
| £l gsk = </O [t (f. D] —) < 0. 2.1

t

Here wy (f, 1)r := supy, <, A} £ ()17 (e, with
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k
k
Aff(x) =) (=D (V)f(x + vh)
v=0

if the segment [x, x 4+ kh] C 2 and A];lf(x) := 0 otherwise.

Observe that for the standard Besov spaces Bf,q withs > 0and 1 < p,q < oo,
the norm is independent of the index k > s. However, for the above Besov spaces in
general T < 1, which changes the nature of the Besov space and k should no longer
be directly connected to s. For more details, see the discussion in [6, pp. 202-203].

2.2 Nonlinear Spline Approximation in Dimensiond = 1

For comparison, here we provide a brief account of nonlinear spline approximation in
the univariate case. Denote by S‘Zj (f) p the best L”-approximation of f € L”(R) from
the set S(n, k) of all piecewise polynomials S of degree < k — 1 with n + 1 free knots.
Thus, S € S(n, k) if $ = Y}_, Pjl;;, where P; € Tx_yand I}, j = 1,...,n,
are arbitrary compact intervals with disjoint interiors and U;/; is an interval. No
smoothness of § is required.

Lets > 0,0 < p < o00,and 1/t = s + 1/p. The following Jackson and Bernstein
estimates hold (see [7]): If f € L?(R) and n > 1, then

Si(F)p < en”|flgs 22)

and y
|S] sk = cn®||Slier, S € S, k), (2.3)

where ¢ > 0 is a constant depending only on s and p. These estimates imply direct and
inverse estimates that allow the complete characterization of the respective approxi-
mation spaces. For more details, see [7] or [4,8].

Several remarks are in order. (1) Above no smoothness is imposed on the piecewise
polynomials from S(n, k). The point is that the rates of approximation from smooth
splines are the same as for nonsmooth splines. A key observation is that in dimension
d = 1, the discontinuous piecewise polynomials are infinitely smooth with respect to
the Besov spaces Bi'k. This is not the case in dimensions d > 1, where smoothness
matters. (2) Unlike in the multivariate case, estimates (2.2-2.3) hold for every s > 0.
(3)If S1, 8 € S(n, k), then S; — S» € S(2n, k), and hence (2.3) is sufficient for
establishing the respective inverse estimate. This is not true in the multivariate case,
and one needs estimates like (1.4) (if valid) or (1.5) (in our case). (4) There is a great
deal of geometry involved in multivariate spline approximation, while in dimension
d =1 there is none.

2.3 Nonlinear Nested Spline Approximation in Dimension d = 2
The rates of approximation in L”, 0 < p < oo, from splines generated by multilevel

anisotropic nested triangulations in R? are studied in [3,6]. The respective approxi-
mation spaces are completely characterized in terms of Besov type spaces (B-spaces)
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defined via local piecewise polynomial approximation. The setting in [3,6] allows one
to deal with piecewise polynomials over triangulations with arbitrarily sharp angles.
However, the nested structure of the underlying triangulations is quite restrictive. In
this article, we consider nonlinear approximation from nonnested splines, but in a
regular setting. This is a setting that frequently appears in applications.

3 Nonlinear Approximation from Piecewise Constants
3.1 Setting

Here we describe all components of our setting, including the region 2 where the
approximation will take place and the tool for approximation we consider.

The region . We shall consider two scenarios for 2: (a) 2 is a compact polygonal
domain in R?, or (b) Q = R2. More explicitly, in the first case, we assume that
can be represented as the union of finitely many rings in the sense of Definition 3.1
with disjoint interiors. Therefore, the boundary 9€2 of €2 is the union of finitely many
polygonal curves consisting of finitely many segments (edges).

The approximation tool. To describe our tool for approximation, we first introduce
rings in R

Definition 3.1 We say that R C R? is a ring if R can be represented in the form
R = Q1 \ Q», where Q1, Q> satisfy the following conditions:

(@ Q@2 C QrorQr =10

(b) Each of Q; and Q3 is a compact regular convex set in R? whose boundary
is a polygonal curve consisting of no more than Ny (Ng > 3 is fixed) line
segments. Here a compact convex set Q C R? is deemed regular if Q has a
bounded eccentricity; that is, there exist balls By, B2, Bj = B(xj, rj), such that
By, C O C By and r; < cgro, where ¢y > 0 is a universal constant.

(c) R contains nouncontrollably narrow and elongated subregions, which is specified
as follows: Each edge (segment) E of the boundary of R can be subdivided into
the union of at most two segments E, E» (E = E; U E3) with disjoint (one
dimensional) interiors such that there exist triangles A with a side E1 and
adjacent to E angles of magnitude 8, and A; with a side E; and adjacent to E»
angles of magnitude g such that A; C R, j = 1,2, where 0 < < w/3isa
fixed constant.

Figure 1 illustrates the above definition of rings.
Remark Observe that from the above definition, it readily follows that for any ring R
in R?,
RI ~ d(R)?, G.1)
with constants of equivalence depending only on the parameters Ny, cg, and S.

Condition 3.2 In the case, when 2 is a compact polygonal domain in R?, we assume
that there exists a constant ny > 1 such that Q can be represented as the union of ng
rings R; with disjoint interiors: Q2 = U';Ozl R;. IfQ= R2, then we set ng := 1.
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Fig.1 Leftaring R = Q1 \ Q3. Right R with the triangles associated to the segments of d R

We now can introduce the class of regular piecewise constants.
Case 1: Q is a compact polygonal domain in R?. We denote by S(n, 1) (n > ng)
the set of all piecewise constants S of the form

n
S=Y cjlg;. cjeR, (3.2)
j=1

where Ry, ..., R, are rings with disjoint interiors such that Q = U’}=1R Iz

Case 2: Q@ = R2. In this case, we denote by S(n, 1) the set of all piecewise constant
functions § of the form (3.2), where R, ..., R, are rings with disjoint interiors such
that the support R := U’}zl R; of § is aring in the sense of Definition 3.1.

A simple case of the above setting is when Q = [0, 1]? and the rings R are of the
form R = Q1 \ Q», where Q1, Q> are dyadic squares in RZ. These kind of dyadic
rings have been used in [2].

A bit more general is the setting when € is a regular rectangle in R? with sides
parallel to the coordinate axes or 2 = R? and the rings R are of the form R = Q1 \ Q»,
where Q1, Q2 are regular rectangles with sides parallel to the coordinate axes, and no
narrow and elongated subregions are allowed in the sense of Definition 3.1 (c).

Clearly, the set S(n, 1) is nonlinear since the rings {R;} and the constants {c;} in
(3.2) may vary with S.

We denote by S,ll (f) p the best approximationof f € L”(2) from S(n, 1)in LP (L),
0<p<oosie.,

Sa(f)p = g0l I = Slle. (33)

Besov spaces. When approximating in L”,0 < p < oo, from piecewise constants the

Besov spaces Bi*l with 1/t = s/2 4 1/p naturally appear. In this section, we shall
use the abbreviated notation BS := BS'!.

3.2 Direct and Inverse Estimates

The following Jackson estimate is quite easy to establish (see [6]): If f € B}, s > 0,
1/t:=5/2+1/p,0 < p < oo, then f € L”(2) and
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Sp(f)p < cen™/2|flps for n = no, (3.4)

where ¢ > 0 is a constant depending only on s, p and the structural constants N, cg,
and g of the setting.
This estimate leads immediately to the following direct estimate: If f € L? (),
then
Sa()p = cK(fin™"?), n = no, (3.5)

where K (f, t) is the K-functional induced by L? and B} ; namely,

K(f.t)=K(f.t; L?, By) := gigx{”f —&llp +1lglBs}, 1>0. (3.6)

The main problem here is to prove a matching inverse estimate. Observe that the
following Bernstein estimate holds: If S € S(n, 1), n > ng, and 0 < p < oo,
0<s<2/p, 1/t =5/241/p, then

1S5 < en*?|S||r, 3.7)

where the constant ¢ > 0 depends only on s, p, and the structural constants of the
setting (see the proof of Theorem 4.5). The point is that this estimate does not imply
a companion to (3.5) inverse estimate. The following estimate would imply such an
estimate:

ISt = Salps < en’?11S1 = Sallr, 1,52 € S(n, ). (3.8)

However, as the following example shows this estimate is in general not valid.

Example 3.3 Consider the function f := 1jo¢]x[0,1], Where ¢ > 0 is sufficiently
small. It is easy to see that

t if t<e,
‘““ﬁt)iw{g if 1>e
and hence for0 < s <2/pand 1/t =s/2+ 1/p, we have
| flps ~ /775 ~ gl /PTS2 w2 f Lo, implying |1y £ cll e,

since ¢ can be arbitrarily small. It is easy to see that one comes to the same conclusion
if f is the characteristic function of any convex elongated set in R?. The point is that if
S1, 8 € S(n, 1), then S| — S can be a constant multiple of the characteristic function
of one or more elongated convex sets in R2, and, therefore, estimate (3.8) is in general
not possible.

We overcome the problem with estimate (3.8) by establishing the following main
result:
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Theorem 3.4 Let 0 < p < 00,0 <5 <2/p,and 1/t = 5/2+ 1/p. Then for any
S1,8 € S(n, 1), n > ng, we have

Stlgs < 1S2lps +cn*2|1S1 = Sollpr if T>1, and (3.9)
IS115s < ISals +en™ 2181 = Sallp, if T <1, (3.10)

where the constant ¢ > 0 depends only on s, p, and the structural constants Ny, co,
and B; ng is from Condition 3.2.

In the limiting case, we have this result:

Theorem 3.5 If Sy, S € S(n, 1), n > ny, then
ISty < |S2l8y + cn'/?||S1 — S22, (3.11)

where the constant ¢ > 0 depends only on the structural constants Ny, co, and B.

The proof of this theorem is easier than the one of Theorem 3.4 and will be omitted.
We next show that estimates (3.9-3.10) and (3.11) imply the desired inverse esti-
mate.

Theorem 3.6 Let p, s, and © be as in Theorem 3.4, and set ). :== min{t, 1}. Then for
any f € LP(R2), we have

1/1
. /

K(f, n=% < en™? Z % I:ES/ZSl}(f)p]A + ||f||);, , n>ng. (3.12)

L=ng

Here K(f,t) = K(f.t; L?, B) is the K-functional defined in (3.6), and ¢ > 0 is a
constant depending only on s, p, and the structural constants of the setting.

Furthermore, in the case when p = 2 and s = 1, estimate (3.12) holds with B3
replaced by BV and ) = 1.

Proof Let T < 1 and f € LP(2). We may assume that for any n > ng, there
exists S, € S(n, 1) such that || f — S, = S,i (f)p- Clearly, for any m > mq with
mo := [log, no1, we have

K(f.27™2) < || f = Samllp + 2752 | Sym | s (3.13)

We now estimate |Som |, using iteratively estimate (3.10). For v > mg + 1, we get
T

12015 < 15011 + €278 — Syt ],
< ISpil + 22 (If = Su 15+ 1f = Sy )
< |52v—l |§3; + C/zrm/zszlu—l (f);
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From (3.7) we also have

1
|S2mo | By < cllSamollp < cllf = Samollp +cllfllp = cSomg (f)p +cll fllp-
Summing up these estimates, we arrive at

m—1

|Sanls < Y 2728 + el f 1

v=m

Clearly, this estimate and (3.13) imply (3.12). The proof in the cases A > 1 or p = 2,
s = 1, and B} replaced by BV is similar; we omit it. O

Observe that the direct and inverse estimates (3.5) and (3.9-3.11) imply immediately
a characterization of the approximation spaces A associated with piecewise constant
approximation from above just like in (1.7).

3.3 Proof of Theorem 3.4

We shall only consider the case when  C R? is a compact polygonal domain, obeying
Condition 3.2. The proof in the case = R? is similar.

Assume S1, 8> € S(n, 1), n > ng. Then Sy, Sy can be represented in the form
S; = ZRE’R,- cr1g, where R is a set of at most n rings in the sense of Definition 3.1
with disjoint interiors and such that Q = Ugcgr R, j = 1, 2.

We denote by U/ the set of all maximal compact connected subsets U of €2 obtained
by intersecting all rings from R | and R, with the property U° = U (the closure of the
interior of U is U). Here U being maximal means that it is not contained in another
such set.

Observe first that each U € U is obtained from the intersection of exactly two rings
R’ € Ry and R” € R;, and is a subset of Q2 with polygonal boundary dU consisting
of < 2Ny line segments (edges). Secondly, the sets in ¢/ have disjoint interiors and
Q=UyyU.

It is easy to see that there exists a constant ¢ > 0 such that

#U < cn. (3.14)

Indeed, each U € U is obtained by intersecting two rings, say, R’ € R and R” € R.
If |[R'| < |R”|, we associate R’ with U, if |[R’| > |R"”| we associate R” with U, and
if |[R’| = |R”|, we associate either R’ or R” with U. However, because of condition
(b) in Definition 3.1, every ring R from R or R, can be intersected by only finitely
many, say, N* rings from R or R, respectively, of area > |R|. Here N* depends
only on the structural constants Ny and cp. Also, the intersection of any two rings
may have only finitely many, say N**, connected components. Therefore, every ring
R € R UTR, can be associated with no more than N* N** sets U € U, which implies
(3.14) with ¢ = 2N*N**.
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Fig.2 The ring from Fig. 1 with
good triangles (angles = £/2)

Example 3.3 clearly indicates that our main problem will be in dealing with sets
U € U or parts of them with (diameter)? much larger than their area. To overcome
the problem with these sets, we shall subdivide each of them using the following

Construction of good triangles. According to Definition 3.1, each segment E from
the boundary of every ring R € R; can be subdivided into the union of at most two
segments E1, E> (E = E; U E;) with disjoint interiors such that there exist triangles
A1 with a side E; and adjacent to E; angles of size 8 > 0 and A, with a side E»
and adjacent to E» angles g such that A, C R, £ = 1, 2. We now associate with A
the triangle A1 C A with one side E; and adjacent to E1 angles of size 8/2; just in
the same way we construct the triangle Ay C A with a side Eo. We proceed in the
same way for each edge E from 0R, R € R, j = 1,2. We denote by T the set of
all triangles A], Az associated in the above manner with all edges E from dR. We
shall call the triangles from 7y the good triangles associated with R. Observe that due
to A1, Ay C R for the triangles from above it readily follows that the good triangles
associated with R (R € R;, j = 1, 2) have disjoint interiors; this was the purpose of
the above construction. To see this, one has simply to consider two arbitrary segments
on d R and the associated triangles.

From now on, for every segment £ from d R that has been subdivided into £ and
E, as above, we shall consider E and E; as segments from dR in place of E. We
denote by Eg the set of all (new) segments from dR. We now associate with each
E € &g the good triangle that has E as a side and denote it by Ag.

To summarize, we have subdivided the boundary 0 R of eachringR € R, j =1, 2,
into a set £x of segments with disjoint interiors ()R = Ugeg, E) and associated with
each E € £g a good triangle Ar C R such that E is a side of Ag and the triangles
{AE}Ece, have disjoint interiors. In addition, if E’ C E is a subsegment of E, then
we associate to E’ the triangle Ag: C Ag with one side E’ and the other two sides
parallel to the respective sides of Ag; hence Ags is similar to Ag. We shall call Ag
a good triangle as well. Fig. 2 illustrates the construction of good triangles (compare
with Fig. 1).

Subdivision of the sets from /. We next subdivide each set U € U by using the
good triangles constructed above. Suppose U € U is obtained from the intersection
of rings R € R and R” € R;. Then the boundary U of U consists of two sets of

@ Springer



154 Constr Approx (2017) 45:143-191

Fig. 3 A set U with its good
triangles. Note also the
trapezoids

segments &, and £, where each E € &} is a segment or subsegment of a segment

from £ and each E € &) is a segment or subsegment of a segment from g~ . Clearly,

U = Ugcgr uer E, and the segments from &, U £ have disjoint interiors. For each
U U

E € &, U&[;, we denote by Af the good triangle with a side E, defined above.

Definition of the set 7y of trapezoids associated with U € U{. We consider the
collection of all nonempty sets of the form Ag, N Ag, with the properties: (a) E; €
Eur, E» € Eyr, and (b) There exists an isosceles trapezoid or an isosceles triangle
T C Ag, N Ag, such that its two legs (of equal length) are contained in E; and E»,
respectively, and its height is not smaller than its larger base. We assume that 7" is a
maximal isosceles trapezoid (or triangle) with these properties. We denote by 7y, the
set of all trapezoids as above.

Definition of the collection Ay . We denote by Ay the set of all maximal compact
connected subsets A of U \ Uz, T°.

Clearly, U = Ure7; T Upc 4, A, and the sets in 7y U Ay have disjoint interiors.

Figs. 3 and 8 illustrate of the above construction.

In the next lemma, we prove the “obvious” fact that as a result of the above subdi-
vision of every set U C U uncontrollably narrow and elongated subregions of U can
only be realized as trapezoids from 7.

Lemma 3.7 There exist constants ¢* > 1 and * > 0 depending only on Ny, co, and
B, such that if A € Ay for some U € U, then d(A)> < c*|A|, and there exists a
triangle A C A whose minimum angle is > * such that |A| < c*|A|. Here d(A)
stands for the diameter of A.

Proof Let U € U. There are only two possibilities for U: either U is of the form
U =(02\02)\Qroroftheform¥U = (Q1NQ2)\(Q1UQ2), where Ry = 01\ Q1
and Ry = Q2 \ Q7 are two rings (see Definition 3.1), one of which belongs to R and
the other to R, see Fig. 4.

We shall only consider the case U = (Q2 \ Qz) \ Ql ; the other case is similar. Let
A € Ay (observe thatif 7y = @, then Ay = {U}and A = U). Define y, := dQ2NA,
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o) © Q2

or @

Fig. 4 Two possible configurations for U: U = (Q2 \ 02) \ Q1 (lefy or U = (Q1 N 02) \ (01 U 0»)
(right)

Fig. 5 One instance of A € Ay
(dark shade) and trapezoids
(light shade). Observe that in
this case, one of the trapezoids
arises from a segment of Qz

= 901 N A, and Vo = 90, N A. Clearly, 0 A consists of v, y1, y2 (if yo # @)
and at most two base segments of trapezoids from 7y, see Fig. 5. Observe that from
Definition 3.1, it follows that the number of edges of 0A is < 3Ny + 2.

Let E* be the longest edge (line segment) of d A. There are four possibilities for
E* that we consider separately below.

Case 1: E* is the base of a trapezoid in 7y. Then from the construction of the
trapezoids in 7y, it readily follows that there exists a triangle A C A with a side E*
and minimal angle > /2. Hence,

d(A)* < BNy + 2)%(E*)? < c(BNy +2)2|A| < C|A), (3.15)

and |A| < d(A)? < ¢|A| as claimed.

Case 2: E* is an edge (line segment) of y». Let Ag+» C R» be the good triangle with
a side E*. As such it follows that Ag« N Q; = (). Denote by u1, u», u3 the vertices
of Agx, where u1, u; are the end points of E*. Further, let u4 be the point on the side

[141, u3] of A« such that |uy — ua| = |u; — u3|/4. Similarly, let us be the point on
the side [u2, u3] such that |ur — us| = |uy — u3|/4. Also, denote by ug and u7 the
points on E* such that |u; — ug| = |u; — uz|/4 and |uy — u7| = |u; — uz|/4. Let
A :=[uy, uq, ug] be the triangle with vertices uy, uq, ug, and let A” := [uy, us, u7).
See Fig. 5.

If )y N A" = @, then A’ C A, and as in (3.15), we conclude that

d(A)* < 423Ny + 2% (LE*)/4)? < c|A] < c|Al

as claimed. The same argument applies whenever 7; N A" = .
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ur A Ug E* ur A Uo

us3

Fig. 6 Illustration of Case 2

Consider the case when p; N A" # ¢ and y; N A" # ¢, see Fig. 6. Define y; :=
71\ (A" UA"). Let E‘f be the set of all edges of y,°. Clearly, £(p,") > ¢(E*)/2 and
#f:'f < Np. Since each good triangle A C R; associated with an edge E € Sf
does not form a trapezoid in 7, there exists a constant B, depending only on S, such
that 0 < ,é < B/2 and the triangle Agp (Ap C Ag) with angles adjacent to E of
size /§ does not intersect E*. Also, from the fact that E is contained in the trapezoid
[ug, us, uy, ugl, it follows that A £ cannot intersect the other two sides of A g+. Hence,
A E C Agx. Using this, we obtain

2

d(A)* < (3No +2)7L(E*)* <4BNo +2%(7))> =4GBNo + 2 | D U(E)
Eeé?
<4BNo+2°No Y UE) <c Y |Ag| < c|Al, (3.16)
Eeé? Eeé?

where we used that the triangles A e, E € & f, are with disjoint interiors and A E C A.
Observe also that if A € {Ag : E € ff } is a triangle of largest area from this set of
triangles, then it follows from above that |A| < d (A)? < ¢|A|. This completes the
proof of the lemma in Case 2.

Case 3: E* is an edge of y,. In this case, the argument is just as the one in Case 2.
We omit the details.

Case 4: E* is an edge of y; (recall that E* is the longestedge of 0 A). Let Ap« C R
be the good triangle with a side E*. Two subcases present themselves here depending
on whether Ag« N Qg =@or Ag+N Qg # 0.

Case 4 (a): AgxN Q% = (. Letuy, un, uz be the vertices of Ag~, where uy, u, are
the end points of E*. We define the points u4, us, ug, u7 on the sides of Ag+ just as
in Case 2 above, see Fig. 7.

Assume y» N [ug, us, uz] # B, where [u4, us, u3] stands for the triangle with
vertices ug, us, u3. Pick a point u € y» N [uq, us, u3]. Because of the convexity of
0>, the triangle A := [uy, us, u] is contained in A, and hence
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us

E*

Fig. 7 Illustration of Case 4 (a)

d(A)? < BNy +2)%(E*)* < c(3Np +2)*|A| < A

as claimed.

Assume y2N[u4, us, uz] = @. Then y; intersects the segments [u4, ug] and [us, u7].
Set y2° = vy N [ue, u7, us, usl, where [ug, u7, us, us] is the trapezoid with vertices
ug, u7, us, ug. Let £ be the set of all edges of y;. Clearly, £(yy) > €£(E*)/2 and
#55> < Np. Just as in Case 2, we note that each good triangle Ar C R; associated
with an edge E € &5 does not form a trapezoid in 7y, and hence the triangle Ag
(&E C Ap) with angles adjacent to E of size ﬁ with 0 < ,3 < B/2 as in Case 2 is
contained in Q» N Agx. Therefore, as in (3.16),

d(A)* < BNo + 2°U(E*)* < 4(3No + 2% L(y5)> =4BNo+ 27 | D L(E)
Ee&y

<4BNo+2°No Y UE) <c Y |Ap| < clAl.
Ee&y Ee&y

Furthermore, if A € {Ag : E € &3} is a triangle of largest area from this set of
triangles, then |A| < d (A)2 < c|A|, which completes the proof in this subcase.
Case 4 (b): Agx N Q2 # (). Observe that AN Ag» = (02 \ Qz) N Ag«. Just as in
Case 4 (a), one shows that
L(E")? < ¢|Q2N Apel. (3.17)

We next prove that there exists a constant ¢’ > 0 such that
102N Ape] < 1(Q2N Ap) \ Q2 = ¢/|AN Ap-. (3.18)
Define Qg = Aps N Oa, 75 = 72 N Ags, and let 6:20 be the set of all edges of 75

Note that just as in Case 2 and Case 4 (a), each good triangle A C R; associated
with an edge E € &5 does not form with E* a trapezoid in 7y, and hence the triangle

Ap (Ap C Ag) with angles adjacent to E of size ,é with 0 < /§ < B/2 as in Case 2
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does not intersect E*. We claim that there exists a constant ¢” > 0 such that
102N Ap+| < ¢"(Upege Ap) N Aps]. (3.19)
2

As in Case 4 (a), let Agx =: [uy, uz, u3], where E* = [uy, uz]. Denote by n and
n, the unit vectors that are orthogonal to the sides [u1, u3] and [u2, u3], respectively,
and exterior to Ag+. Observe that since A g~ is a good triangle, the angle made by the
sides [u1, u3] and [u2, u3] is of size > @ — B > 2m /3. Further, denote by g‘zb the set
of all edges E € 520 whose exterior (to Q») normal vectors make angles > 7 /2 with
n1 and ny. Clearly, AE N ([uy, uz3] U luz, u3z]) =93, VE € 5;, and hence

Ap C (02N Ag)\ 02, VE€E. (3.20)

On the other hand, since the convex set Qz is with bounded eccentricity (Defini-
tion 3.1), it readily follows that there exist constants c1, ¢; > 0 such that

Y UE) =1 Yy UE) = c2d (02N Aps). 3.21)

E€E) Eeés

From (3.20-3.21) it follows that

2
102N Ap+| <d(Q2NAp)* <c| D UE)| <cNo Y UE)
Ee:‘:'zb Ee:‘:'zb
<cNo Y 1Apl < Y |ApnAp,

EeE, Ecés

which confirms (3.19). _
To prove (3.18), we consider two cases. If [Q> NAp+| < [Q2NAE+|/2, then (3.18)
follows trivially. Assume |Q> N Ag+| > |Q2 N Ag+|/2. Then using (3.19),

102N Ap] <2102 N Al < €l(UgegsAp) N AR < 1(Q2N Ap)\ O,

which completes the proof of (3.18).
Finally, (3.17) and (3.18) imply

d(A)? < BNy +2)%(E*)* < c|AN Ap+| < c]Al

Therefore, d(A)? < c|A| as claimed.

In the case when |Q2 N Agx| <102 N Ag+|/2, just as in Case 4 (a), the triangle
A€ {AE : E € &} of largest area has the property |A| < d(A)? < c¢|A|. In the other
case, the triangle A € {& E:E € 5; JAp C A g~} of largest area has this property.
The proof of Lemma 3.7 is complete. O
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In what follows, we shall need the following obvious property of the trapezoids
from 7.

Property 3.8 There exists a constant 0 < ¢ < 1 such that if L = [vy, v2] is one
of the legs of a trapezoid T € 7 and T C Apg, N Ag, (see the construction of
trapezoids), then for any x € L with |x —v;| > p, j = 1,2, for some p > 0 we
have B(x,¢p) C Ag, U Ag,. Moreover, if D = [v1, v2] is one of the bases of the
trapezoid T, then for any x € D with [x —v;| > p, j =1, 2, for some p > 0 we have
B(x,cp) C Ag, N AE,.

Let A := Uy Ay and 7 := Uy Ty. We have Q = UygegA Uper T, and,
clearly, the sets in .A U 7 have disjoint interiors. From these we obtain the following
representation of S1(x) — S2(x) for x € Q which is not on any of the edges:

S1(0) = $200) = Y cala@)+ Y erlr(v), (3.22)
AeA TeT

where c4 and c7 are constants.
For future reference, we note that

#A <cn and #7 < cn. (3.23)

These estimates follow readily by (3.14) and the fact that the number of edges of each
U elUis<2Ny.

Let0 < s/2 < 1/p,and assume 7 < 1. Fix¢t > 0, and let i € R? with norm
|h| < t. Write v := |h|~'h, and assume v =: (cos @, sinf), -7 < 6 < 7.

We shall frequently use the following obvious identities: If S is a constant on
a measurable set G C R? and H C G (H measurable), then

ISlzeGy = IGIV*"YPUIS|ILr Gy = IGI21ISILr(6) (3.24)

and
ISl = (HI/IGDY ISl 6)- (3.25)

We next estimate ||Ay.S; ||ZT(G) A SZ”ZT(G) for different subsets G of €.
Case 1
Let T € T be such that d(T) > 2t /¢ with ¢ the constant from Property 3.8. Define
Th ={xeQ:[x,x+h]CQ and [x,x +h]NT # @}.
We now estimate ”AhSlHZT(T,,) — ”AhSZHTLT(Th)'
We may assume that 7" is an isosceles trapezoid contained in Ag, N Ag,, where

Ag; (j = 1,2) is a good triangle for aring R; € R; and T is positioned so that its
vertices are the points
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Fig. 8 A trapezoid T

v = (=01/2,0), v2:=(81/2,0), v3:=(82/2, H), v4:=(—82/2, H),

where 0 < §, < 6§y and H > §;. Let L{ := [v1,v4] and Ly := [vp, v3] be the
two equal (long) legs of 7. We assume that L; C E1 and L, C E>. We denote by
Dy :=[vy, v2] and D, := [v3, v4] the two bases of T'. Set Vr := {vy, va, v3, v4}. See
Fig. 8.

Furthermore, let y < /2 be the angle between D; and L;, and assume that
v =: (cos @, sinf) with 6 € [y, w]. The case 8 € [—y, 0] is just the same. The case
when 0 € [0, y] U [—m, —y] is considered similarly.

Define B, := B(v, 2t/¢), v € Vr,

b ={AeA:d(A) >t and AN(T + B(0,1)) # 9},
b ={AeA:d(A) <t and AN(T + B(0,1)) # 0},

and

T} :={T' €T :d(T") >2t/¢ and T'N(T + B(0,1)) # 9},
bo={T"eT :d(T') <2t/¢ and T' N (T + B(0,1)) # B}

Case 1 (a). If [x,x + h] € A°1, then A, S1(x) = 0 because S is a constant on
AE, . Hence no estimate is needed.
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Case I (b). If [x, x + h] C Uy, By, we estimate |A;S7(x)| using the obvious
inequality

ARSI = [ARS2(0)| 4+ [S1(x) = 200 + [S1(x + 1) = Sax + )| (3.26)

Clearly, the contribution of this case to estimating || Ay S ||} - @)~ 1ALS2| zf(Th) is

=c Z Z I1S1 — SZ”Er(vaA) +c Z Z 151 — S2||zf(B,,ﬂT’)

veVr Ae Al veVr T'eT]
e D IS =Silirmnn+e Do D0 151 = S2lLe,ar)
veVr AeA veVr T'e%,
< Y A TS = Sallipay + Y et RTINS = Sall g
Ac AL T'eT]
+ Y cd(A)NS1 = Sallpay + Y cdTNVNS1 = Sl p -
Ael, T'e%,

Here we used these estimates, obtained using Lemma 3.7 and (3.24) or/and (3.25):
()If A e A} and v € Vr, then

1S1 = SalZ e gy = (BoI/IADISE — SallTe )
< Cl‘zd(A)_ZHSl _ S2||ZT(A) < Ctzd(A)rX_ZHSl - S2||ZP(A)'

QT e TTt and 81 (T") > 2t /¢ with §;(T") being the maximal base of 7”’, then for
any v € Vr, we have

151 = S2l e g, nrry = UB/IT'DISE = S2ll e 7y < 1T 127 NIS1 = 2l
< 8 (TP T PISH = Sall o)

< et TRRAT) TS = S0 s

where we used that ts/2 < 1, which is equivalent to s < s +2/p.
(3)IfT' € T} and §;(T") < 2t/¢, then for any v € Vr,

151 = S2ll = g,nzry = (B N TI/IT'DISE = S2ll e 1
=B, N T'|IT"[*/>7 1181 = 2l )
< ct81(THI81(TATHP7HS1 = Sall Loy
= ct81 (T 2d(T) P S1 = Sall o )
< ' TRAT) P PTNSE = ol -
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@) If A € AL, then

181 = SallLe,na) < 151 = S2llfea) < clAIP21S1 = S2llTpa)
< cd(A)™(|S1 = Sl p4)-

(B5)IfT" € T, then

151 = S2ll G+ g7y < 181 = Sall ey < AT 1281 = Sall oy (B27)
=< Cd(T/)””Sl - SZ”ZP(T’)'

Case 1 (c). If [x,x + h] ¢ Uyeyp, By and [x, x + h] intersects Dy or D, then
81 > 2t/¢ > 2t or 8§ > 2t and hence [x,x + h] C Ag, N Ag,, which implies
ApS1(x) = 0. No estimate is needed.

Case 1 (d). Let I} be the set defined by

I7:={x €T :x isbetween L and L; +£el}\(B(v1, t/¢) U B(vy, t/E)) , (3.28)
where ¢ := (81—82)M_1t,el = (1,0),and M := |L | = |L2|.SetJ% = I}—l—[O, h].

See Fig. 8.
In this case, we again use (3.26) to estimate |Aj, S1(x)|. We obtain

”AhS] ”21(1;) S ”AhSZHZT([;) + ”Sl - 52”2‘[(1%)

T T
+ D 1S = ST oy + 22 ISU =Sl ry
Ae Al Ae,

Clearly, |I7.| < ct81(T) and |T| ~ 8;(T)d(T). Then using (3.24-3.25), we infer

ISt = S2072 g1y = UFNTDIST = S2ll ey < ctd(T) St = Sall e
= ctd(T) T [™?181 = Sall oy < ctd(T) 7SI = S2ll o -

Similarly, for A € A, we use that |J}’ N A| < ctd(A) and |A| ~ d(A)? to obtain

151 — Szllzr(J#mA) < ctd(A)IS1 = Sallfoe(ay = ctd(A)AIPIIS1 = 2] p(a)

< ctd(A)' 7PN S) = 2l Ty < ctd(A)F TS = 2l pa)-
For A € ., we have

”Sl - SZ”ZT(J#QA) S ”Sl - SZ“ZT(A) = |A|TS/2||S] - S2||2p(A)

<cd(A)T|IS — SZ”ZI’(A)'
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Putting the above estimates together, we get
ARSIy < NARS2 e ey + ctd (D) ISt = Sall Lo

+> 0 ctd(A) TS = Sallfeoiay + D cd(ATST = Sall]pa)-
Ac Al Ay

Case 1 (e) (Main). Let T)* C Tj, be defined by

Tp={xeTy:[x,x+hlNLi #0, x¢ I}, [x.x+hl¢ (] B} (329

UGVT

We next estimate || A’;l SiIE (1)

Recall that by assumption 2 = |h|v with v =: (cos 0, sinf) and 6 € [y, 7], where
y < /2 is the angle between Dy and L;.

Letx € Th*.With the notation x = (x1, x»), welet (—a, x») € L and (a, xp) € L»,
a > 0, be the points of intersection of the horizontal line through x with L; and L.
Setb :=2a — ¢ with & := (§; — 82)M 'z, see (3.28).

We associate the points x + be; and x + be; + h with x and x + h. A simple
geometric argument shows that x 4+ bey € Ag, \ T, while x +-be; +h € T°.

Now, using that S; = constant on A(l)z] , we have S;(x) = S;(x + bey), and since
S> = constant on Aoz, we have S>2(x + h) = Sa(x + bey + h). We use these two
identities to obtain

Si(x +h) — S1(x) = S2(x + bey + h) — S2(x + bey)
+ [Si(x +h) — S (x +h)] — [S1(x + bey) — So(x + bey)],

and, therefore,

[ARS1(X)| < [ApS2(x + bey) (3.30)
+IS1(x +h) = Sa(x + )|+ [S1(x + bey) — S2(x + bey)|.

Some words of explanation are in order here. The purpose of the set /7. is that there
is one-to-one correspondence between pairs of points x € T° \ I7, x + h € Ap, \ T
and x +be; € Ag, \T,x +be; +h € T°. Due to 8, < 8y, this would not be true if
I7. was not removed from 7°°. Thus there is one-to-one correspondence between the
differences |Ay, S1(x)| and |A,S2(x + beq)| in the case under consideration. Also, it
is important that Ay S1(x + be1) = 0, and hence |A,S>(x + beq)| need not be used to
estimate |Ay S (x + bey)|.

Another important point here is that x + & ¢ T° and x + be; ¢ T°. Therefore, no
quantities |S7(x) — S2(x)| with x € T°\ I} are involved in (3.30), which is critical.

Observe that for x € T, we have

[x,x+hl ¢ U B,, andhence [x+ bei,x + bei +h] ¢ U B,.

UGVT UEVT
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Therefore, by Property 3.8, it follows that [x, x 4+ h] and [x + be;, x 4+ be; + h] do
not intersect any trapezoid T’ € 7, T' # T.
Let T)* := {x + bey : x € T;}. Forany A € Aand ¢t > 0, define
A =[x € A dist(x, dA) < 7). (3.31)

From all of the above, we get

IARSUIE e (7ey < NARS2 T oy + D 1S1 = S2llfeay + D 181 = S2llEe (-
Ae AL Ae!,

Now, using that |A;| < ctd(A) and |A| ~ d(A)? for A € .AIT, we obtain

181 = S2llf e,y = (A:/IADIAIT21S1 = 2l 4
< ctd(A)T IS = Sl 4y (3.32)

For A € Ql’T, we use that |A| ~ d(A)? and obtain
151 = S2lleay = 1AIP21S1 = Sall Lo (ay < cd(A ISt = S2llTpay  (3:33)

Inserting these estimates above, we get

IARSU ey < 1ARS2 NG (pony + D ctd (A1 = S2l L4,
Ae A

+ Z cd(A)Y*||S1 — Sz||zp(A). (3.34)
Ae!,

Case 2

Let 27 be the set of all x € €2 such that [x,x +h] C Qand [x,x +h]NT = ¢ for
all T € T with d(T) > 2r/c. To estimate |A;S1(x)|, we again use (3.26). With the
notation from (3.31), we get

18k Gy < 1BRS2 e+ D 1S1=S2llEeer
TeT:d(T)<2t/¢
+ > IS =Syt DL 181 = Sallfea-
AcA:d(A)>t AcA:d(A)<t

For the first sum above, we have just as in (3.27),

doSi =Sl s D, cdMUS = Sall o)
TeT:d(T)<2t/¢ TeT:d(T)<2t/¢
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We estimate the other two sums as in (3.32) and (3.33). We obtain

188Uy < NARS2 @y + D cdMTUSi = S2lfoer,
TeT:d(T)<2t/¢

+ Y ad)TS = Sl + Y cdWPISE = SallLa)-
AcA:d(A)>t AcA:d(A)<t

It is an important observation that each trapezoid T € 7 with d(T) > 2t/¢ may
share trapezoids 7’ € T/ and sets A € /. with only finitely many trapezoids with the
same properties. Also, for every such trapezoid 7', we have #’TT’ < cand #A’T < cwith
¢ > 0 a constant depending only on the structural constants of the setting. Therefore,
in the above estimates, only finitely many norms may overlap at a time. Putting all of
them together, we obtain

w1(S1, D)7 S w1(S2, )7 + Y1 + 12,

where
Y| = Z ctd(A)7H|S) — S2llr )
AcAid(A)>t
Y AT S - Sl
Ac A:d(A)>t
+ Y dM)7S = S
AcAid(A)<t
and
= > ctdM”S = S0k
TeT:d(T)>2t)¢
Y e RAm TS — Sl
TeT:d(T)>2t/¢

+ > dMTS = 2l
TeT:d(T)<2t/¢

We now turn to the estimation of | S| s. Using the above and interchanging the order
of integration and summation, we get

00
|S1|E§s 2/ tisri]a)l(Sl,l‘);dt < |S2|TBS +Z1 + 2>,
T 0 T
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where
d(A)
Zy= ) cdA)P S = Sl / T
AcA 0
d(A)
+ Z Cd(A)rs_2||Sl - S2||2”(A)/ [_Is+ldt
AcA 0
o0
+ Y ed(A)™IS) — Sz||z,,(A)/ 7 dr
AcA d(4)
and
&d(T)/2
Zy=)  cd(T)" S — 52||;,,(T)/ 17 dr
0

TeT

cd 2
+ Cd(T)TS/271 ||S _ S T ¢ (T)/ 71’_&‘/2d
g 1 2||LI’(T) 0 t t

TeT
o0
+ Z cd(T)™||S1 — SQHLJ(T)/ 1~y
rer ed(T)/2

Observe that —ts > —1 is equivalent to s/2 < 1/p, which is one of the assumptions,
and —7s/2 > —1 is equivalent to s < s + 2/p, which is obvious. Therefore, all of
the above integrals are convergent, and we obtain

IS11s < 182055 + Y cliSi = S2lEocay + D cliSt = S2llEoery-
AecA TeT

Finally, applying Holder’s inequality and using (3.23), we arrive at

t/p
IS115s < ISalfs +c GRAT/ TP (Z NE Szan(A))
AeA

T/p
+c@T)T /TP (Z 181 — Sznipm)
TeT

<en™VTUPYS = $)l17 5 ) = en™1IS1 = Sall] o (ey-

This confirms estimate (3.10). The proof in the case when 7 > 1 is the same. O

4 Nonlinear Approximation from Smooth Splines

In this section, we focus on Bernstein estimates in nonlinear approximation in L7,
0 < p < oo, from regular nonnested smooth piecewise polynomial functions in R2.
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4.1 Setting and Approximation Tool

We first elaborate on our setting and consider examples. As in Sect. 3, we consider two
versions of the class of regular piecewise polynomials S(n, k) of degree k — 1 with
k > 2 over n rings of maximum smoothness, depending on whether €2 is compact or
Q=R

Case 1: Assume € is a compact polygonal domain in R? that can be represented as
the union of ng rings with disjoint interiors, see Condition 3.2. We denote by S(n, k)
(n > no) the set of all piecewise polynomials S of the form

n
S=Y Pjlg, SeC"*Q). Pjell, 4.1)
j=1

where Ry, ..., R, are rings in the sense of Definition 3.1 with disjoint interiors such
that Q = U;leR j- Recall that Iy stands for the set of all polynomials of degree

< k — 1 in two variables and S € C¥~2(Q) means that all partial derivatives 9% S €
C(Q), o] <k —2.

Case 2: @ = R2. In this case, we denote by S(n, k) the set of all piecewise
polynomials S of degree k — 1 on R? of the form (4.1), where Ry, ..., R, are rings
with disjoint interiors such that the support A = U’;zl R; of S is aring in the sense of
Definition 3.1.

We denote by Sﬁ (f) p the best approximationof f € L?(Q2) from S(n, k) in LP (L),
0<p<oosie.,

Sy (f)p = ginf IS = Sl 4.2)

Remark Observe that in our setting, the splines are of maximum smoothness, and this
is critical for our development. As will be shown in Example 4.4 below in the nonnested
case our Bernstein type inequality is not valid in the case when the smoothness of the
splines is not maximal.

We next consider several scenarios for constructing regular piecewise polynomials
of maximum smoothness:

1. Piecewise linear functions induced by nested triangulations. Suppose that 7 is
an initial subdivision of €2 into triangles that obey the minimum angle condition and
is with no hanging vertices in the interior of Q. In the case of Q = R?, we assume
for simplicity that the triangles A € 7y are of similar areas; i.e., c; < |A1]|/|A2] < 2
for all Ay, Ay € 7Ty. Next we subdivide each triangle A € 7 into 4 triangles by
introducing the midpoints on the sides of A. The result is a triangulation 77 of 2. In
the same way, we define the triangulations 75, 73, etc. Each triangulation 7; supports
Courant hat functions (linear finite elements) ¢y, each of them supported on the union
0 of all triangles from 7; that have a common vertex, say, v. Thus gg(v) = 1, @y
takes values zero at all other vertices of triangles from 7}, and ¢y is continuous and
piecewise linear over the triangles from 7;. Clearly, each piecewise linear function
over the triangles from 7; can be represented as a linear combination of Courant hat
functions like these.
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Denote by ®; the set of all supports 6 of Courant elements supported by 7; and
set © := U;>00;. Consider the nonlinear set S, of all piecewise linear functions S
of the form

S = Z oo,

0CM,

where M, C © and #M,, < n; the elements 6 € M,, may come from different levels
and locations. It is not hard to see that S,, C S(cn, 2), see [6].
2. General piecewise linear functions. More generally, one can consider piecewise

linear functions S of the form

S = Z Copo,

0CM,

where {@g} are Courant hat functions as above, #M,, < n, and M,, consists of cells 6
as above that are not necessarily induced by a hierarchical collection of triangulations
of Q; however, there exists an underlying subdivision of €2 into rings obeying the
conditions from Sect. 3.1.

3. Piecewise quadratic or cubic splines. The C! quadratic box-splines on the four-
directional mesh (the so-called “Powell-Zwart finite elements”) and the piecewise
cubics in R? or on a rectangular domain, endowed with the Powell-Sabin triangulation
generated by a uniform 6-direction mesh, provide examples of quadratic and cubic
splines of maximum smoothness.

Other examples are to be identified or developed.

Splines with defect. To make the difference between approximation from nonnested
and nested splines more transparent and for future references, we now introduce the
splines with arbitrary smoothness. Given a set 2 C R? with polygonal boundary or
Q:=R% k>2,and0 <r < k — 1, we denote by S(n, k, r) (n > no) the set of all
piecewise polynomials S of the form

n
S=Y Pilg;, SeC'Q), Pje, 4.3)
j=1
where Ry, ..., R, are rings with disjoint interiors such that Q = U’}lej. We set
SET(f)p = inf — Sl 44
n (F)p sednt If = Slizr (4.4)

4.2 Jackson Estimate

Jackson estimates in spline approximation are relatively easy to prove. Such estimates
(also in anisotropic settings) are established in [3,6]. For example, the Jackson estimate
we need in the case of approximation from piecewise linear functions (k = 2) follows
from [6, Theorem 3.6] and takes the form:
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Theorem 4.1 Let 0 < p < oo, s > 0, and 1/t = s/2 + 1/p. Assume Q = R?
or Q C R? is a compact set with polygonal boundary and an initial triangulation
consisting of < ng triangles with no hanging interior vertices and obeying the minimum
angle condition. Then for any f € Bi*z, we have f € LP(2) and

Sp(f)p < en™ 2| fls2. n=no. 4.5)
Consequently, for any f € LP (),
2 —s5/2
S, (Hp =cK(fin™'7), n=no. (4.6)
Here K(f,t) = K(f,t; L?, BY) is the K-functional defined in (3.6) and ¢ > 0 is a
constant depending only on s, p, and the structural constants of the setting.

Similar Jackson and direct estimates for nonlinear approximation from splines of
degrees > 2 and of maximum smoothness do not follow automatically from the results
in [3], the reason being the fact that the basis functions for splines of degree 2 and 3
that we are familiar with are not stable. The stability is required in [3]. The problem
for establishing Jackson estimates for approximation from splines of degree > 2 of
maximum smoothness remains open.

4.3 Bernstein Estimate in the Nonnested Case

We come now to one of the main results of this article. Here we operate in the setting
described above in Sect. 4.1.

Theorem 4.2 LetO < p <00,k >1,0<s/2 <k—1+1/p,and1/t =s/2+1/p.
Then for any S, S» € S(n, k), n > ng, we have
Stlgpr < Sl gyx +en2S1 = Salle if T2 1, and “7)
|Sl|;§,k < |S2|th,k +en™ P81 = Sl if T <1, (4.8)
where the constant ¢ > 0 depends only on s, p, k, and the structural constants of the
setting; ng is from Condition 3.2.
An immediate consequence of this theorem is the inverse estimate given in

Corollary 4.3 LetO < p <00,k >1,0<s/2 <k—1+1/p,and 1/t =5/2+1/p.
Set ) := min{z, 1}. Then for any f € LP(Q), we have
. 1/

1 A
K(f.n) < en~5P2 Zz[wzgg(f)p] +If5 ] nzne. (49

{=ny

Here K(f,t) = K(f, t; L?, BY) is the K -functional defined just as in (3.6), and ¢ > 0
is a constant depending only on s, p, k, and the structural constants of the setting.
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The proof of this corollary is just a repetition of the proof of Theorem 3.6. We omit
it.

In turn, estimates (4.6) and (4.9) imply a characterization of the approximation
spaces associated with nonlinear nonnested piecewise linear approximation, see (1.7).

The proof of Theorem 4.2 relies on the idea we used in the proof of Theorem 3.4.
However, there is an important complication to overcome. The fact that many rings
with relatively small supports can be located next to a large ring is a major obstacle
in implementing this idea in the case of smooth splines. An additional construction is
needed. To make the proof more accessible, we shall proceed in two steps. We first
develop the needed additional construction and implement it in Sect. 4.4 to prove the
respective Bernstein estimate in the nested case, and then we present the proof of
Theorem 4.2 in Sect. 4.5.

Before we proceed with the proofs of the Bernstein estimates, we show in the next
example that the assumption that in our setting the splines are of maximum smoothness
is essential.

Example 4.4 We now show that estimates (4.7—4.8) fail without the assumption that
S1,8 € CF2(Q) (i.e., both splines have maximum smoothness). We shall only
consider the case whenk =2 andt < 1.LetQ =[—1,1] x [0, 1]and 0 < ¢ < 1/4.
Set

S1(x) == x1 L px), S20x) = x11E nx0,11(x), X = (x1, X2).

Clearly, S is continuous on €2, while S is discontinuous along x; = €. A straightfor-
ward calculation shows that

T+1 t
@2 (S1,1); = I and wy(S2,1)F = lw+¢|"dw for 0 <t <1/4.
T —t
(4.10)
Further,
! 1
w4 efdw = —— [(r + o)™ sien(r — e)|r — s|f+1] . 4.11)
_ T4+1

On the other hand, obviously (S — S2, 1)} < 4|51 — S2117. < 47! yielding
02(S2, 1) = wy(S1, )T — 4e™ T, (4.12)

We shall use this estimate for > 1/4. From (2.1) and (4.10-4.12), we obtain

1 &
|52|;s.2 - |S1|;s,2 > " |:/ TN+ o) — (e — )T — 207 e
T T 0

1/4 00
+/ t*ST*l[(S + t)f+] +(t— 8)T+1 _ 2tt+1]dt} _ 48T+1 / tfs‘rfldt
& 1/4
=1+ 5L — @ s7)e™ L.
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Substituting ¢t = eu in I1 and I, we get

8‘[—ST+1 1 1/4e
L+ = / u™ " Ly (u)du +/ u " Ly (uydu |,
T+ 1 0 1

where

) =1 +u) T —Q—ut — 2,7t
and

o) =1 +u)™ + @ — DT — 20"

We clearly have ¢; > 0 on [0, 1] and ¢» > O on [1, 00). Therefore,

12102 = IS117,0 = 167 —coe™ ! = T () — e,
where
1 1
cri= / 1" g w)du > 0 and co = 4T /st
T 0
By taking ¢ sufficiently small, we get
121705 = IS11752 = (c1/2)e™ 7+ (4.13)

Evidently, ||S2 — SillLr < e!*+1/P_This estimate coupled with (4.13) implies

121E 2 = 1811, . -
W > (c1/2)e " t/I)=(Cl/2)€ §t/2,
— Si1%,

—s7/2

Therefore, since & — o0 as € — 0, estimate (4.8) cannot hold.

4.4 Additional Subdivision and Bernstein Estimate in the Nested Case

As already indicated above, the idea of the proof of the Bernstein estimate from
Theorem 3.4 is insufficient for the proof of the Bernstein estimate for approximation
from smooth splines (Theorem 4.2). In the case of smooth splines, we hit a snag when
“small” rings are located next to “large” rings. To overcome this obstacle, we next
introduce an additional subdivision of the underlying rings. As an application of this
construction and for comparison, we prove the following Bernstein estimate, which
yields an inverse estimate, in the case of nested spline approximation.
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Theorem 4.5 Let0 < p <00,k >2,0<r <k—-10<s/2 <r+1/p, and
1/t =s/2+4+ 1/p. Then forany S € S(n, k, r), n > ng, we have

S| sk < cn*?[1SLr, (4.14)

where the constant ¢ > 0 depends only on s, p, k, r, and the structural constant of
our setting.

Additional subdivision of 2. We subdivide €2 in two steps.
Subdivision of all rings R € R,, into nested hierarchies of rings.

Lemma 4.6 There exists a subdivision of every ring R € R, into a nested multilevel
collection of rings

KR =uze, KR

m=mpg

with the following properties, where we use the abbreviated notation IC,, := IC,I,E :

(a) Every level ICy, defines a partition of R into rings with disjoint interiors such
that R = UKG/Cm K.

(b) The levels {ICp}m=m, are nested; i.e., Ky is a refinement of ICy,, and each
K € K, has at least 4 and at most M children in ICyy 1, where M > 4 is a
constant.

(c) IR| < ci1lK| forall K € KCpp.

(d) We have

;14T < |K| < 4™, VK € Ky, Ym > mp.

As a consequence, we have c3_14*mR < |R| < c347™R and
;27 <d(K) <c2™™, VK € Ky, Vm >mp.

(e) All rings K € ICR are rings without a hole, except for finitely many of them in
the case when R = Q1 \ Q2 and Q3 is small relative to Q1. Then the rings with
a hole forma chain R O K1 D K2 D --- D K¢ D Q3. All sets K € KR gre
rings in the sense of Definition 3.1 with structural constants (parameters) N/,
cs, and B*. These and the constants M and cy, c2, c3, c4 > 0 from above depend
only on the initial structural constants Ny, co, and f.

Proof Observe first that if we are in a setting as the one described in Scenario 1
from Sect. 4.1, then the needed subdivision is given by the hierarchy of triangulations
described there.

In the general case, let R = Q1 \ Q> be a ring in the sense of Definition 3.1,
and assume that Q> # @. We subdivide the polygonal convex set Q into subrings
by connecting the center of eccentricity of O with, say, 6 points from the boundary
dR of R, preferably end points of segments on the boundary, so that the minimum
angle condition is obeyed. After that we subdivide the resulting rings using midpoints
and connecting them with segments. Necessary adjustments are made around Q»,
depending on the size and location of Q>. O
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Subdivision of all rings from R, into subrings with disjoint interiors. We first
pick up all rings from each KR, R € R,,, see Lemma 4.6, that are needed to handle
situations where many small rings are located next to a large ring.

We shall only need the rings in /CX that intersect the boundary d R of R. Denote the
set of all such rings by 'R, and set TR := I'® N ICR. We shall make use of the tree
structure in 'K, More precisely, we shall use the parent-child relation in 'R induced
by the inclusion relation: Each ring K € F,I,S has (contains) at least 1 and at most M
children in ane 41 and has a single parent in FrI;_l or no parent.

We now construct a set AR of rings from I'® which will help prevent situations
where a ring may have many small neighbors.

Given R € R,, we denote by Rllf the set of all rings R e R, R # R, such that
RNR # () and d(R) < d(R). These are all rings from R, that are small relative to
R and intersect R (are neighbors of R).

It will be convenient to introduce the following somewhat geometric terminology:
We say that a ring K € TR can see R € RR or that R is in the range of K if
d(K) > d(R) and K N R # 0.

We now construct AR by applying the following

Rule: We place K € T'R in AR if K can see some (at least one) rings from Rllf but
neither of the children of K in T'R can see all of them.

We now extend AR to AR by adding to AR all same level neighbors of all K € AX;
ie,if K € ARand K € TR, then we add to A® each K’ € TR such that K’ N K # ¢.

The next step is to construct a subdivision of each R € R, into rings by using
AR._We fix R € R, and shall suppress the superscript R for the new sets that will be
introduced next and depend on R.

Let I' ¢ 'R be the minimal subtree of 'R that contains AR; i.e., I' is the set
of all K € 'R such that K > K’ for some K’ € AR. We denote by I}, the set
of all branching rings in T" (rings with more than one child in T") and by f" the set
of all children in T of branching rings (each of them may or may not belong to ).
Furthermore, we let I'y denote the set of all leaves in I (rings in I" containing no other
rings from I).

Evidently, ', ¢ A®. However, rings from I'; and F may or may not belong to

AR, We extend AR to AR := ARUT, U ['}. In addition, we add to AR all rings from
ICR | if they are not there yet.

mpg?
It is readily seen that each ring R € R,f can be in the range of only finitely many
K €Ty and each ring R € R, may have only finitely many neighbors R € R,, such
that d(R) > d(R). Therefore,
Z #f’f < cn.

ReR,

Obviously, #T'), < #[¢, #I', < M#T), < M#T,, implying#AR < #[+#1, < c#Ty,

and hence #AR < ¢/#T";. Putting these estimates together implies

Z #[:\R <cn.

ReR,
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Observe that, with the exception of all branching rings in A ¥, by construction every
other ring K € AR is either a leaf, and hence contains no other rings from A%, or
c~0ntains only one ring K’ € 1:\R of minimum level; i.e., K has one descendent K’ in
AR,

We now make the final step in our construction: We denote by F X the set of all
rings from I’ R along with all new rings of the form K \ K/, where K € [, K" € AR,

K’ C K and K’ is of minimum level with these properties. Set F := Uger, F R,
The purpose of the above construction becomes clear from the following

Lemma 4.7 The set F consists of rings in the sense of Definition 3.1 with parameters
depending only on the structural constants Ny, co, and B. Also, for any R € R,,, the

rings in FR have disjoint interiors, R = Ug . rr K, and #FR < cHAR. Hence,

U U K and Z#]—'Rfcn.

ReR, KeFR ReR,

Most importantly, each ring K € F has only finitely many neighbors in F; that is,
there exists a constant Ny such that for any K € F there are at most Ny rings in F
intersecting K.

To prove the most important property of the set of rings F , namely, that each ring
K € F has only finitely many neighbors in F, we shall need the following technical

Lemma 4.8 Suppose K D K1 D K>, K € 'R K, K € AR and both K and K>
share parts of an edge E of K located in the interior of R. Then there exists K* € AR
such that K* N K° =@, K* N E # (, and K* is either a neighbor of K1 or K3, or
K* is a neighbor of the parent of K1 in TR,

Proof If K1 € AR, then by construction all same level neighbors of K belong to AR
and hence the one that shares the edge of K| contained in E will be in AR. We denote
this ring by K*, and apparently it has the claimed properties. By the same token, if
K, € AR, then one of its neighbors will do the job.

Suppose K1, Ky € AR\ AR Then K| has a neighbor, say, K, that belongs to A ¥
and K 1 is at the level of K. If K 1 has an edge contalned in E, then K* := K 1 has the
claimed property. Similarly, K> has a neighbor K; € AR atthe level of K». If K5 has
an edge contained in E, then K* := K> will do the job.

Assume that neither of the above is true. Then since K, K ek, they must have
the same parent in ' that has an edge contained in E. Denote this common parent
by K*. For the same reason, K>, K» € 'R have a common parent, say, K % in X,
Clearly, K% and K* have some edges contained in E. Also, K | C K*? K2 C K% and
K °nK ;=0

We claim that K* belongs to AR, Indeed, the rings from R,, that are in the range
of K are also in the range of K*. Also, the rings from R,, that are in the range of K>
are also in the range of K ! However, obviously neither of the children of K % can have
the range of K¥. Therefore, K belongs to AX. Now, just as above, we conclude that
one of the neighbors of K has the claimed property. O
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Proof of Lemma 4.7 All properties of the newly constructed set of rings F, given in
Lemma 4.7, but the last one follow readily from their construction.

We now show that each ring K € F has only finitely many neighbors in . Indeed,
by the construction any K € FR, R € R,, has only finitely many neighbors that
do not belong to FX. Thus, it remains to show that it cannot happen that there exist
rings K1 C K, C---C Ky, Kj € AR, with J uncontrollably large that have edges
contained in an edge of a single ring K € A® whose interior does not intersect K js
j =1,...,J.But this assertion readily follows by Lemma 4.8. O

The following lemma will be instrumental in the proof of Theorem 4.5.

Lemma 4.9 Assume O < p,q <00, k> 1,r>0,andv € R2 with |[v| = 1. Let the
sets G, H C R? be measurable, G C H, and such that there exist balls Bi, By, B3, By,

Bj = B(xj,r}), with the properties: B, C G C By, r1 < c’ry, and B4 C H C B3,
r

r3 < c’r4, where ¢” > 1is a constant. Then for any P € T;_1,
IPllLre) < clGIYP~Y9| Pl a6y, (4.15)
D, PliLrG)y < cd(G) " IPlLrG), 4.16)
and
IPlLrGy < cUGI/IHDYPI Pl Lo, 4.17)

where ¢ > 0 is a constant depending on p, q, k, r, ¢’ and the parameters Ny, co, and
B from Definition 3.1. Here D), S is the rth directional derivative of S in the direction
of v.

Furthermore, inequality (4.17) holds with Q and H replaced by their images L(G)
and L(H), where L is a nonsingular linear transformation of R?.

Proof Inequality (4.15) holds whenever B, = B(0, 1) and By = B(0, ¢,) with ¢, =
constant by the fact that any two (quasi)norms on I _1 are equivalent. This implies that
(4.15) is valid in the case when By = B(0, 1) and B> C Bj, where B; = B(x2, ¢o/2).
Then (4.15), in general, follows by rescaling. Inequality (4.17) is obvious when p =
oo. In general, it follows from the case p = oo and application of (4.15) to G with p
and g = oo and to H with p = 00, ¢ = p. Inequality (4.16) is an easy consequence
of the Markov inequality for univariate polynomials whenever G is a square. Then in
general it follows by inscribing Bj in a smallest possible cube and then applying it for
the cube and using (4.17). The last claim in the lemma is obvious. O

Proof of Theorem 4.5 With the preparations from above, we are ready to carry out this
proof. We shall only consider the case when  C R? is a compact polygonal domain.
Let S € S(n, k, r), and suppose S is represented as in (4.1); that is,

S= > Prlg. SeC7'(Q). Pgelly, (4.18)
ReR,

where R, is a collection of < n rings with disjoint interiors such that 2 = Ugcg, R.
Let F be the set of rings constructed above starting with the rings from R,,. Then from
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(4.18) and because F is a refinement of R,,, it follows that S can be represented in the
form
S=Y Pglg, SeCQ), Pxell. (4.19)
KeF
Recall that F is the collection of at most cn rings with disjoint interiors such that
Q = UgerK (see Lemma 4.7).

We next introduce some convenient notation. For any ring K € F, we denote by
N the set of all rings K’ € F such that K N K’ # @; Ek will denote the set of all
segments (edges) from the boundary 0K of K; and Vi will be the set of all vertices
of the polygonal curve d K (end points of edges from Ex).

The fact that F consists of rings in the sense of Definition 3.1 implies the following

Property 4.10 There exists a constant 0 < ¢ < 1 such that if £ = [vy, v] is an edge

shared by two rings K, K’ € F, then for any x € E with |x — vi| > p, j=1,2for
some p > 0, we have B(x,cp) C K UK'.

Fix t > 0. For each ring K € F, we define
K; :={x € K : dist(x, 0K) < kt}.

Write Q; := UgerK;.
Leth € R? withnorm || <, and set v := |h|~'h. For § is a polynomial of degree
<k —1oneach K € F, we have A];lS(x) = 0forx € UgerK \ K;. Therefore,

A% S|le @) = 1AL S ().

Let K € F, and assume d(K) > 2kt/¢ with 0 < ¢ < 1 the constant from
Property 4.10. Define N}, := {K' € Nk : d(K) > 2kt/¢}, By := B(v,2kt/0),
v € Vg, and

N = (K € F:d(K') > 2kt/¢ and K' N (K + B(0, 2kt /&) # ).

Observe that because d(K) > 2kt /¢, the number of rings in 91 is uniformly bounded.
Let x € ©; be such that [x, x + kh] N K # (. Two cases are to be considered here.
(a) Let [x, x + kh] ¢ Uyey, By. Then [x, x + kh] intersects some edge E € Eg

such that £(E) > 2kt /¢, and [x, x + kh] cannot intersect another edge E’ € Ex with

this property or an edge E’ € £k with £(E’) < 2kt/c.
Suppose that the edge E =: [vy, vs] is shared with K’ € Fand y := E N [x, x +
kh]. Evidently, |y — v;| > kt/¢, j = 1,2, and in light of Property 4.10, we have

[x, x + kh] C B(y, kt) C K UK’. Clearly,

|AKS()| < et | DL S| oo (eoxrkn) < ct” | DS\ Loy + ¢t | DL S| oo kry. (4.20)
(b) Let [x, x + kh] C Uyey, By. Then we estimate |A’,§S(x)| trivially:
k
|ARSG)| <28 T [S(x + £h)). (4.21)

£=0
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Using (4.20-4.21), we obtain

k
IARSI, k) ¢ D td(K) [ DLS| ] g

K'eN}
e D D USIEemnky > ISTLe ke +10.kR7)
K'eNy veVk K"eF:d(K")<2kt/¢

(4.22)

Note that the number of rings K’ € 9% such that K’ N B, # @ for some v € Vx is
uniformly bounded.

By Lemma 4.9, it follows that || D!, S| Loy < cd(K')™""%P||S||r k), and if the
ring K’ € My and v € Vi, then

IS e g, nkr < CUBI/IKDISI e 1y < 1K 1T IS e k)
< e |K/| 7TV UP S|, oy < ct?d (KD T2 IIS I p k-

We use the above estimates in (4.22) to obtain

IARSIT k) ¢ D> KN TIPS, k)
K'eN

2 -2
e Y 2dEKYTTISI L
K'eN

te ) IS L ki +10,k81)- (4.23)
K" eF:d(K")<2kt )¢

Denote by Q} the set of all x € €; such that [x, x + kh] C Q and
[x,x +kh] CU{K € F:d(K) < 2kt/c}.

In this case, we shall use the obvious estimate

k
IARSI oy <€ D ISIErk)-
KeF:d(K)<2kt/c¢

This estimate along with (4.23) yields

o (S,0E<c Y TTRE) TIPS

KeF:d(K)>2kt /¢
+e Y AU e Y. ISIEe
KeF:d(K)>2kt/¢ KeF:d(K)<2kt/¢

Here we used the fact that only finitely many (uniformly bounded number) of the
rings involved in the above estimates may overlap at a time due to Lemma 4.7. For the
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norms involved in the last sum, we use the estimate ||S||Z,<K) < cd(K)’* ||S||z,,(K),
which follows by Lemma 4.9, to obtain

L()k(S, t); SC Z t]+r'[d(K/)]7r‘[727/p||S||ZP(K/)

KeF:d(K)>2kt )¢
+eo Y. PAE TSI e Y. AT k-
KeF:d(K)=2kt)¢ KeF:d(K)<2kt)¢

We insert this estimate in (2.1) and interchange the order of integration and summation
to obtain

o
117 = / T (S, 1) Tde
T 0

Cd(K)/2k
E c Z d(K)l—rf—ZT/p”S”zp(K)/ t—S‘L’+V‘[dt
KeF 0
Ed(K) )2k
+e Yy, d(K)”—2||S||;,,(K)f 1Ty
KeF 0
o
+e Yy, d(K)”||S||z,,(K)ﬁ 17y
KeF cd(K) )2k

Observe that —st +rt > —l isequivalenttos/2 <r + 1/pand —st + 1 > —1is
equivalentto s < 2/t = s + 2/p. Therefore, the above integrals are convergent, and
taking into account that 2 — 2t /p — st = 2t(1/t — 1/p — s/2) = 0, we obtain

t/p
IS5k <€ D ISIEpqxy < en™ /1P (Z ||S||zp(,<)) = cn" |81y ).
KeF KeF

where we used Holder’s inequality. This completes the proof of Theorem 4.5. O

4.5 Proof of the Bernstein Estimate (Theorem 4.2) in the Nonnested Case

For the proof of Theorem 4.2, we combine ideas from the proofs of Theorem 3.4
and Theorem 4.5. We shall adhere to a large extent to the notation introduced in the
proof of Theorem 3.4 in Sect. 3.3. An important distinction between this proof and the
proof of Theorem 3.4 is that the directional derivatives D]’j ~l1Sofany S € S(n, k) are
piecewise constants along the respective straight lines rather than S being a piecewise
constant.

We consider the case when @ C R? is a compact polygonal domain. Assume
S1,82 € 8(n, k), n > ng. Then each S; (j = 1,2) can be represented in the form
S; = ZReRj Pr1g, where R ; is a set of at most z rings in the sense of Definition 3.1

with disjoint interiors and such that Q = URGRJ.R, Pg € Tl,and §; € Wk_z(Q).
Just as in the proof of Theorem 4.5, there exist subdivisions F1, F> of the rings
from R, R, with the following properties, for j = 1, 2:
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(a) F; consists of rings in the sense of Definition 3.1 with parameters N, cf), and
B* depending only on the structural constants Ny, co, and B.

(b) Ugrer; R = Q and #F; < cn.

(c) There exists a constant Ny such that for any R € F, there are at most Ny rings
in F; intersecting R (R has < Ni neighbors in 7).

(d) S; can be represented in the form §; = ZRE]_-J, Pr1g with Pg € I.

Now, just as in the proof of Theorem 3.4, we denote by I/ the collection of all maximal
connected sets obtained by intersecting rings from 7 and 5. By (3.14), there exists
a constant ¢ > 0 such that #/ < cn.

We claim that there exists a constant N such that for any U € U there are no more
than N, sets U’ € U that intersect U; i.e., U has at most N> neighbors in /. Indeed, let
U € U be a maximal connected component of Ry N Ry with Ry € Fj and Ry € F>.
Then using the fact that the ring R; has finitely many neighbors in F; and R; has
finitely many neighbors in 7>, we conclude that U has finitely many neighbors in U/.

Further, we introduce the sets A and 7 just as in the proof of Theorem 3.4.

Trapezoids. Our main concern will be in dealing with the trapezoids T € 7. We
next use the fact that any ring from F;, j = 1,2, has at most N1 neighbors in F;
to additionally subdivide the trapezoids from 7 into trapezoids whose long sides are
sides of good triangles for rings in 7 or F>.

Consider an arbitrary trapezoid 7 € 7. Just as in Sect. 3.3, we may assume that T
is a maximal isosceles trapezoid contained in Ag, N Ag,, where AE/. (j=1,2)isa
good triangle for aring R; € F;, and T is positioned so that its vertices are the points

v1 1= (=61/2,0), v2:=1(61/2,0), v3:=(82/2,H), v4:=(—=62/2, H),

where 0 < 8, < 61 and H > §;. Let L := [vy, v4] and L, := [vp, v3] be the two
equal (long) legs of 7. We assume that L; C E; and L, C E». See Fig. 8.

By Lemma4.7, it follows that there exist less than N rings Ké eFi,b=1,...,V,
each of them with an edge or part of an edge contained in L. By Definition 3.1,
each of them can be subdivided into at most two segments so that each of these is
a side of a good triangle. Denote by I, £ = 1, ..., m’, these segments, and by Alé,
¢ =1,...,m', the respective good triangles attached to them. More precisely, /; is
aside of Ay C K;, and Apy is a good triangle for K. Thus we have L| = UZ":/II(;,
where the segments I,, £ = 1, ..., m’, are with disjoint interiors.

Similarly, there exist segments I;/, £ = 1,...,m”, and attached to them good
triangles A,/w, ¢=1,...,m", forrings from 7, so that L, = UZ"LII[.

Denote by vy, £ = 1,...,m’ + 1, the vertices of the triangles A,[/, L=1,....,m,
on L' so that I; = [vj, vj_ ], and assume that their orthogonal projections onto the
xp-axis pj, £ =1,...,m'+1,are ordered so that0 = p} < p) < --- < p;n,H =H.
Exactly in the same way, we define the vertices vg ,€=1,...,m"+1,of the triangles
Ay and their projections onto the x;-axis 0 = pl<py<--<pp.,=H.

For any g € [0, H], we let §(q) be the distance between the points where the line
with equation x» = ¢ intersects L and L. Thus §(0) = §; and §(H) = 6, and §(q)
is linear.
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Inductively, starting from g; = 0, one can easily subdivide the interval [0, H] by
means of points

0=q1 <g2 < <qmy1 =H, mfm/+m//§2Nl»

with the following properties, for k = 1, ..., m, either

(@) 8(qr) < g1 — qx < 26(qk)
or
4

(b) gk+1 — qr > 8(qx) and (gk, gx+1) contains no points pj, or py.

We use the above points to subdivide the trapezoid T. Let Ty, k = 1, ..., m, be the
trapezoid bounded by L1, L>, and the lines with equations x, = g; and x2 = gg+1.

We now separate the “bad” from the “good” trapezoids T;. Namely, if property (a)
from above is valid, then T} is a ring and we place Ty in .A; if property (b) is valid,
then T} is a “bad” trapezoid and we place Ty in 7. We apply the above procedure to
all trapezoids.

Properties of the new trapezoids. We now consider an arbitrary trapezoid 7 from
the above defined 7 (the set of bad trapezoids). We next summarise the properties of
T. It will be convenient to us to use the same notation as above as well as in the proof
of Theorem 3.4. We assume that 7" is an isosceles trapezoid contained in Ag, N Ag,,
where Ag;, j = 1,2, is a good triangle for a ring R; € F;, and T is positioned so
that its vertices are the points

v = (=01/2,0), v2:=(81/2,0), v3:=(82/2, H), v4:=(=52/2, H),

where 0 < 8, < 61 and H > §;. Let L := [v1, v4] and Ly := [vp, v3] be the two
equal (long) sides of 7. We assume that L1 C Ej and Ly C E;. See Fig. 9.

As a result of the above subdivision procedure, there exists a triangle Ay, with a
side L such that Ay, is a good triangle for some ring Iél e Fi and Azl N Aol = 0.
For the same reason, there exists a triangle Ay, with a side L, such that Ay, is a good
triangle for some ring R, € F» and A7, NAL, =0

Observe that Ag, and Ag, are good triangles, and hence the angles of Ag; adjacent
to £ are of size */2, j = 1, 2. Likewise, A7, and A, are good triangles, and hence
the angles of A, ; adjacentto L j are of size 8*/2, j = 1, 2. Therefore, we may assume
that Ay, C Ag, and A, C Ag,. Consequently, Sy is a polynomial of degree < k

Fig. 9 Illustration of Case 4 (b)
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on Az, and another polynomial of degree < k on Ay,. By the same token, S; is a
polynomial of degree < k on A7, and another polynomial of degree < k on Ay,. We
shall assume that Az, C Ajand Ay, C Ay, where Ay, Az € A

Further, denote by D and D, the bottom and top sides of 7. We shall denote by
Vr = {v1, va, v3, v4} the vertices of T, where v is the point of intersection of L and
D and the other vertices are indexed counterclockwise.

We shall use the notation §1(7) := §; and 62(7T") := &2. We always assume that
81(T) = 62(T). Clearly, d(T) ~ H; more precisely, H < d(T) < H + 81 + 87.

Observe that by the construction of the sets 7, A, and (3.14), it follows that AU 7T
consists of polygonal sets with disjoint interiors, Usc 4A U7 T = , there exists
a constant ¢ > 0 such that

#A <cn, #7 <cn,

and there exists a constant N3 such that each set from AU 7 has at most N3 neighbors
inAUT.

We summarize the most important properties of the sets from 7 and A in the
following

Lemma 4.11 The following properties hold for some constant 0 < ¢ < 1 depending
only on the structural constants Ny, co, and B of the setting:

(a) Let T € T, and assume the notation related to T from above. If x € Ly with
lx —vj| > p, j = 1,4, then B(x,cp) C Ap, U Ayp,. Also, if x € Ly with
|x —vj|l > p, j = 2,3, then B(x,cp) C Ar, UAr,. Furthermore, if x € Dy
with |x —v;j| > p, j = 1,2, then B(x,cp) C Ag, N Ag,, and similarly for
x € Dj.

(b) Assume that E = [w1, wy] is an edge shared by two sets A, A’ € A. Let V4 be
the set of all vertices on dA (end points of edges) and let V x be the set of all
vertices on dA'. If x € E with |x —w;| > p, j = 1,2, for some p > 0, then

B(x,ép) C AUA Upey,uy,, B, p). (4.24)

Proof Part (a) of this lemma follows readily from the properties of the trapezoids. Part
(b) needs clarification. Suppose that for some x € E with [x —w;| > p, j = 1,2,
p > 0, the inclusion (4.24) is not valid. Then there exists a point y from an edge
E = [u1, uz] of, say, A such that |y — x| < pand |y —u;| > p, j =1, 2. A simple
geometric argument shows thatif the constant ¢ is sufficiently small (depending only on
the parameter 8 of the setting), then there exists an isosceles trapezoid T CAgNA B
with two legs contained in E and E such that each leg is longer than its larger base.
But then the subdivision of the sets from ¢/ (see the proof of Theorem 3.4) would have
created a trapezoid in 7 that contains part of A. This is a contradiction, which shows
that Part (b) holds true. O

We have the representation

S1(x) = $2(0) = Y Pa@)Lax) + Y Pr(x)lzr(x), (4.25)
AeA TeT
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where P4, Pr € TIj. Note that S| — $» € C*=2(Q).

Let0 <s/2 <k—1+4+1/pandt < 1.Fixt > 0, and let 1 € R? with norm
|h| < t. Write v := |h|~ A, and assume v =: (cos @, sin6), —7 < 6 < 7.

Since S, $» € Ck2(Q), we have the following representation of Aﬁ_l Si(x):

AFLS; (x0) = [hF! /R DELS; (x4 uv) My—y (w)du,

where Mj_1(u) is the B-spline with knots uq, u1, ..., ur—1, ug := £|h|. In fact,
My—1(u) = (k — Dlug, ..., ux—11(- — u)*=? is the divided difference. As is well
known, 0 < My_; < c|h|™L, supp My—1 C [0, (k — 1)|Ah|], and fR My _1(u)du = 1.
Therefore, by AKS;(x) = Aj7'S;(x +h) — A} 7'S;(x), whenever [x, x +kh] C €,
we arrive at the representation

k|h|
AkS;(x) = |h|’H/O DALS; (x + uv) M (u)du, (4.26)

where M (u) := My (u — |h|) — My_1(u).
In what follows, we estimate || Al,‘l S ”ZT(G) — A];l S> ||z,(G) for different subsets G
of Q.

Case 1
Let T € 7 be such that d(T) > 2kt /¢ with ¢ the constant from Lemma 4.11. Denote
Ty ={xeQ:[x,x+kh]C Q and [x,x +kh]NT # ?}.

We next estimate || A% S |7, _— ||A’,;Sz||zf(Th).

Assume that T € 7 is a trapezoid positioned as described above in Properties of
New Trapezoids. We adhere to the notation introduced there.

In addition, let v4 — v; =: |va — vi|(cosy,siny) with y < m/2; i.e., y is the
angle between D and L. Assume that v =: (cos 8, sin0) with 6 € [y, w]. The case
6 € [—y, 0] is just the same. The case when 6 € [0, y] U [—m, —y] is considered
similarly.

We set B, := B(v, 2kt/c), v € Vr. Also, denote

Al i={A € A:d(A)>2ki/¢ and AN (T + B0, ki) # 0},
A ={A e A:d(A) <2ki/¢ and AN (T + B0, kr)) # 0}

and

T :={T" €T :d(T') > 2kt/é and T'N (T + B(0, k1)) # 0},
= {T" €T :d(T") <2kt/¢ and T’ N (T + B0, kt)) # ¥}.

Clearly, #A’T < ¢ and #775 < ¢ for some constant ¢ > 0.
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Case 1 (a). If [x,x + kh] C Ag,, then A',‘ZSl (x) = 0 because S is a polynomial
of degree < k on Ag,. Hence no estimate is needed.
Case I (b). If [x, x + kh] C Uyey, By, we estimate |A];l S1(x)]| trivially:

k
|ARSIOO] < AR S2 ()] + 25 Y 1S1(x + £h) — Sa(x + ). 4.27)

=0

Clearly, the contribution of this case to estimating || Aﬁ S ||21(Th) = A’,‘l S ||2,(T}) is

<c Y S =Sl Fe Y, D 181 =Sallfe 0

veVr Ae Al veVr T'eT}
+e ) 2 IS Sl e 2o D 15— S2lie )
veVr Ael), VeVr T'e%,
< Y P dAT TS = Salliray + Y ' TURAT)T IS = Sl )
Aec AL T'eT]
+ Y cdW7IS1 = Sallipay + D cdTNVISH = Sl o
Ael!, T'e%,

Here we used the following estimates, which are a consequence of Lemma 4.9:

(1) If A € A%, then

151 = S2ll7e(8,na) < cUBul/IADIST = S2ll e (4)
< 2 d(A)2||S) — 52||21(A) < ct?d(A)T72 8 — S2||2p(A).

(2) f T" € T} and §;(T") > 2kt /¢, then for any v € Vr, we have

151 = S20F e (g, 77y < CUBI/NT DISE = S2l e oy < e IT1727HS1 = S211T 7
< C[281(T/)rs/Z—ld(T/)rs/Z—lHsl _ S2||Zp(r’)

< e FTRAT) TP ISE = Sl oy

where we used that ts/2 < 1, which is equivalentto s < s 4+ 2/p.
(3) f T" € T} and §;(T") < 2kt /¢, then for any v € Vr,

181 = Sallfe g7y < cUBy N TI/IT'DISH = Sal e 7y
< ct$1 (THISIT AT ISt = S2ll ]« 7,
< etd(T) ™ 81T 181 = S2ll Ly

< et TRAT)S NS = Sall] gy
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(4) If A € A%, then

151 = Sall e g,na) < 151 = Sa2llfecay < clAIP21S1 = S2ll Db a)
<cd(A)Y|S) — SZ”ZI’(A)'

(5) f T’ € T, then

151 = S2lFe g, nrry < ISt = S2ll ey < elT/ 12081 = S2ll L gy
< cd(TH™|IS1 — 52||Lp(7/)-

Case 1 (c). If [x, x + kh] ¢ Uyey, By and [x, x + kh] intersects Dy or D, then
81 > 2kt /¢ > 2kt or 8, > 2kt and hence [x, x + kh] C Ag, N Ag,, which implies
A’;Sl (x) = 0. No estimate is needed.

Case 1 (d). Let I’Tl C T be the quadrilateral bounded by the segments L1, L1 — kh,
D and the line with equation x = v>+uh, u € R, where v, is the point of intersection
of L, with Dy, whenever this straight line intersects L. If thelinex = vo+uh,u € R,
does not intersect L, then we replace it with the line x = v4+uh,u € R. Furthermore,
we subtract By, and B,, from I?.

Set J = I} + [0, kh].

A simple geometric argument shows that |J%‘| < 261kt.

In estimating || Ak S1 ||t Lt there are two subcases to be considered.

If §(T) < 2kt/c, we use (4 27) to obtain

ARSI« gy < NARS2I ¢ gy + 11 = 207 ) + 151 = 2117,

(1 Tl LTI T(JtnA”

We estimate the above norms quite like in Case 1 (b), using Lemma 4.9. We have

181 = Salls iy < cUIF/ITDISY = Sallfe
< ct8i (MBI ISt = Sallfe () < ctd ()T IS = Sall 7y

< ctd(T) "' Gu(T)d(T) ™ISt — Sallppy < et T2 2NS = Sall ] -

LTI

For the second norm, we get

151 — Sall} C|JT|||SI SZHLOC(AI) =ct |A1| t/p”Sl - SZHLp(Al)

LT(JinA) —
2 —2t/p T 42 Ts—2 T
=ct d(Al) 151 — S2||LP(A1) =ct d(Al) IS1 — SZ”LP(Al)s

where as before we used the fact that 27/p =2 — ts.
From the above estimates, we infer

VARSI gay < NARS2 N gy + et 72D EN81 = Sl )

g
+e?d(ADT TS = 2l ay)-
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Let §1(T) > 2kt /c. We use (4.26) to obtain

|ARSI(0)] < |AFS2(0)] + | Af (ST — S2)(x)]
< A}S2 ()] + et HIDETN (ST = Sl Lo x-kn
implying
DALSUIT e gy = ARSI gy + el P IDT S = SO e )
+ el ISV IDETNST = Sl ooa,)-
Clearly,
DS~ (St = SD oy < 81D~ VSt = Sallzoer
< cs(T) " *DITI7VP)S) — Sylleecry < e81(T) " " D72/P) S — Syl Locr).

and

IDE=1(S1 — S0 llecayy < cd (A1)~ DYS) — Sallpoeay)
< cd(A)~*DTHPYS) — Sollrncay)- (4.28)

Therefore,

IARSU e gy < IAGS2 ey, + et OB (DT ETDZ2P Y5y — Sy117,

+ Ctl+f(k—l)d(Al)l—f(k—l)—zt/p”Sl _ S2||2P(Al)-

Case 1 (e) (Main). Let T}: C Ty, be the set defined by

T = {xeTh:[x,x+kh]ﬂL1 #¢ and [x.x+kh) ¢ 1} | BU}. (4.29)

UEVT

We next estimate || Az S1 ||z,(T*).
h
Let x € T} . Denote by by and b; the points where the line through x and x + kh
intersects L1 and L;. Set b = b(x) := by — b1. We associate the segment [x + b, x +
b + kh] with [x, x + kh] and AX S, (x + b) with AK Sy (x).

Since §; € Ix on Ag,, we have Dl‘j_lSl (y) = constant on [b1, x + b], and hence
DX1S (b — uv) = DE1S by —uv) for 0 <u < |x — byl (4.30)

Similarly, since S € Ilx on Ag,, we have Dl‘j_lSz(y) = constant on [x + kh, by],
and hence

D*18y(by + uv) = DX1Sy(by +uv) for 0 <u <|x+kh—by|. (431)
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We use (4.26) and (4.30-4.31) to obtain

k|h|
AkS (x) = |h|k—1/ D*LS1 (x + uv) M (u)du
|b—x|

I —x|
+ |h k! / D*LS) (x + uv) M (u)du
0

k|h|
= |h|f! / D*LS1 (x + uv) M (u)du
lb1—x|

|b1—x|
+ Ihl"”/ DY) (x + b+ uv) M} (w)du
0

and
k v M *
AL Sy (x +b) = |h| / Dy S2(x + b+ uv) M (u)du
|b1—x|
i [
+ |h* fo D7 So(x + b + uv) M (u)du
k|h|
= |h|k—1/ D*7L8) (x + uv) M (u)du
[b1—x|
[b1—x|
+ [hF! /O DM18) (x + b + uv) M} (u)du.
Therefore,

AFS1(x) = AXSy(x +b) + AK(S) — $2)(x)

k|h|
= AN So(x +b) + |n|F! / DETUS) — So] (x + uv) M (u)du
|y —x|

b1 —x|
+ |h|"*1/ DETIS) — S0 (x 4 b + uv) M (u)du,
0

and hence

|AKS 0] < |AKS (0 4 ) 4 " THIDEL(S) — Sl ooy xknyy  (4.32)
+ ettt ||D]§_1(Sl — Sl Lo (fx+b,bo]) -

The key here is that ([b1, x +kh] U [x + b, b)) N T° = (.
Let T := {x + b(x) : x € T}, where T’ is from (4.29) and b(x) is defined
thereafter. By (4.32), we get

ARSI (7e) < NARS2 T (gawy + ctd (ADET D IDETH(S1 = ) ooy
+ ctd (At VI DT (S1 = S oo ay)-
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Just as (4.28) we have

IDE=1(S1 — S0 lIecayy < cd (A1)~ DYS) — Sall Loy
< cd(A)T DTHPYS) — Sollrocay)s

and similar estimates hold with A replaced by A,. We use all of the above to obtain

ARSI ey < NARS2 T e gy + et TTEDaAnTED=22 )5y — $y)1F, 4

+ Ctl+‘[(k—l)d(A2)l—T(k—l)—z‘L’/p”Sl _ SZ”Z})(Az)-

It is an important observation that no part of || A’;l S01% . has been used for estima-

(1)
tion of quantities || AI;, S1 ||2,(‘) from previous cases.
Putting all of the above estimates together, we arrive at

ARSI e (7,y < NARS2N e () + Y1 + Y2+ Y3 + Yo, (4.33)
where

Yi= Y c?d(A) TS = Sallipay + Y, cdA) TSI = SallLoa),
Ae Al Acy
Y, = Ct1+r(k—l)d(Al)l—f(k—l)—ZT/P||S1 _ SZ”ZI’(Al)
+ et DA (A TIPS — )17
Y3 — Z Ct1+TS/2d(T/)TS/271”S1 _ S2||217(T’)
T'eT]
+ Y ed(TS1 = Sall Ly + et TIPS = Sall o
T'eTl,

and
Yy = et OV (0! T DR 5 — 51T ). 3 81(T) > 2k1 /2,

otherwise Y4 := 0.

Remark 1In all cases we considered above but Case I (e), we used the simple inequal-
ity |AKS1(x)] < [ARS, ()| 4+ 1AK(S1 — $2)(x)] to estimate | AX S, I+ g for various
sets G, and this works because these sets are of relatively small measure. As Exam-
ple 3.3 shows, this approach in principle cannot be used in Case I (e), and this is the
main difficulty in this proof. The gist of our approach in going around is to estimate
|AK S1(x)| by using | AX S5 (x -+ b)| with some shift b, where | A% S, (x + b)| is not used
to estimate other terms |A];lSl (x)| (there is a one-to-one correspondence between
these quantities).
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Case 2

Let QZ be the set of all x € Q such that [x,x + kh] C Q, [x,x +kh]NA # @
for some A € A with d(A) > 2kt/¢,and [x,x + kh]NT = @ for all T € T with
d(T) = 2kt/c.

Denote by V4 the set of all vertices on A, and set B, := B(v, 4kt/c), v € V4.

We next indicate how we estimate |A’;l S1(x)] in different cases.

Case 2 (a). If [x, x 4+ kh] C A, then A% §;(x) = AKS>(x) = 0 and no estimate is
needed.

Case 2 (b). If [x, x + kh] C Uyep, B(v, 2kt /¢), we estimate |A];lSl (x)] trivially:

k
|AKS (0] < 1Ak Sy ()] + 2* Z |S1(x + £h) — S>(x + £h)|.
=0

Case 2 (c). Let [x, x +kh] intersect the edge £ =: [w1, wy] from 9 A, that is shared
with A" € A and [x,x + kh] ¢ Uyep, By. Let y := E N [x, x + kh]. Evidently,
|y —wj;| > kt/¢, j = 1,2, and in light of Lemma 4.11, we have [x,x + kh] C
B(y, kt) C AU A’ In this case, we use the inequality

|AKS1 (0] < 1AKS 0] + 1AK (81 — $2) ()]
< IAﬁsz(X)l + crk! IIDIJ_I(Sl — S2) | Lo ([, x+kh]) >

which follows by (4.26).

The case when [x, x + kh] intersects an edge from dA that is shared with some
T € 7T is covered in Case 1 above.

We proceed further similarly as in Case 1 and in the proof of Theorem 4.5 to obtain

”A]}(lSl ”21(9;) = ”AﬁSﬂ'zf(QF) th+h, 4.3
where
Y= Y T Dega)! DR 5 517,
AcA:d(A)>2kt/¢
+ Z e’ d(A)T 28 — S2llTrca)
Ac A:d(A)=2kt /&
and
Y, = Z cd(A) 151 = S2llzp(a)
AeA:d(A)<2kt/¢
+ Z cd(T)™ |81 — S2||ZI’(T)'
TeT:d(T)<2kt/c
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Case 3
Let ©;* be the set of all x € €2 such that
[x,x +khl] CcU{A € A:d(A) <2kt/c}U{T € T :d(T) < 2kt/c}.

In this case, we estimate |A];lS 1(x)]| trivially just as in (4.27). We obtain

18581 e gy < 18R S2MT e+ D cllSi = S2llfea)
AeA:d(A)<2kt/¢

+ Y clSi—Sallier
TeT:d(T)<2kt/¢

k
< [1A5S20 7 c gp) +A Ad% ) /~cd<A)”||sl — SallE )
€A <Z2kt/c

+ Y dDISi = Sall Loy
TeT:d(T)<2kt/¢

Just as in the proof of Theorem 3.4, it is important to note that in the above estimates
only finitely many norms may overlap at a time. From above, (4.33), and (4.34), we
obtain

o (S1, 17 < ok (S2, 07 + A+ Ty,

where
At = Z tl"r‘[(k—l)cd(A)l—‘[(k—l)—z‘l,'/p||Sl _ S2||2p(A)
AcA:d(A)>2kt )¢
+ Y e WS = ol
AeA:d(A)>2kt )¢
+ ) dW)IS = Sl )
AcA:d(A)<2kt/¢
and
Tl‘ = Z Ctl"r‘[(k—l)(sl (T)l—‘[(k—l)—ZT/[)”Sl _ S2||2p(T)

TeT:81(T)>2kt/¢
+ 3 ct TN gy (1) TTEED TR 8 — 11T o

TeT:5,(T)>2kt/¢

+ > ct"SRPAT) SN S = Sl e
TeT:d(T)>2kt/¢

+ Yoo edMTS1 = 2l o
TeT:d(T)<2kt/c
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We insert this estimate in (2.1) and interchange the order of integration and sum-
mation to obtain

|Sl|TBJ,k E |S2|TBx,k + Zl +227

where

Gd(A)/2k
Z1 = Z d(A)lff(kfl)fzf/p”SI _ S2||ZP(A)[ t*TS‘I’T(k*l)dt
0

AeA
éd(A)/2k
e Y A28 = Sall o / 1ty
AcA 0
o
+e Y dA)T|S) — 52||;p(A)f 1 dr
Aed &d(A))2k

and

I—t(k—1)—2 cai)/2k k-1
Zy):=c Z syt =2ley gy Sz||2p(T)/ oDy,
TeT 0

E82(T) 2k
+o 3 s T s — ST / ety
TeT 0

&d(T) )2k
+c Z d(T)‘rS/Z—l"Sl _ SZ”ZP(T)/ t—‘L’S/2dt
0

TeT
oo
+e ) dT) TS — Sz||zpm/ 7 dr
rer éd(T)/2k

Observe that —7s + t(k — 1) > —1is equivalent to s/2 < k — 1 4 1/p, which holds
true by the hypothesis, and —ts/2 > —1 is equivalentto s < 2/t = s + 2/p, which
is obvious. Therefore, all integrals above are convergent, and taking into account that
2—-2t/p—1s=2t(l/t — 1/p —5/2) = 0, we obtain

11150 <1825 +¢ 3 181 = Sall o)
Ac AUT

T/p
s|sz|;§,k+cnf“/f—””)< > ||S1—Sz||z,,(A))
Aec AUT

= 152050+ en™ IS I ).

where we used Holder’s inequality. This completes the proof of Theorem 4.2. O
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