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Abstract

The aim of this article is to establish two-sided Gaussian bounds for the heat kernels on
the unit ball and simplex in R", and in particular on the interval, generated by classical
differential operators whose eigenfunctions are algebraic polynomials. To this end we
develop a general method that employs the natural relation of such operators with
weighted Laplace operators on suitable subsets of Riemannian manifolds and the
existing general results on heat kernels. Our general scheme allows us to consider heat
kernels in the weighted cases on the interval, ball, and simplex with parameters in the
full range.
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1 Introduction

We establish two-sided Gaussian bounds for the heat kernels generated by classical
differential operators in weighted cases on the unit ball and simplex in R", and in
particular on the interval, whose eigenfunctions are algebraic polynomials. One of our
principle examples is the operator

n n n n
L:=Y 07 =Y xix;dd;j — (n+2y) Y_xi0. y>—1/2, (1.1)
i=1

i=1 j=1 i=1

on the unit ball B” C R” equipped with the measure du(x) := (1 — |x||?)? ™'/ 2dx
and the distance

p(x,y) = arccos (x - y + /1 — [x]2/ T — [Iy]?),

where x - y is the inner product of x, y € R"” and ||x|| is the Euclidean norm of x. As
will be seen, the operator L is symmetric and —L is positive.

Denote by Vx the set of all algebraic polynomials of degree k that are orthogonal
in L2(B", 1) to lower degree polynomials, and let Vo be the set of all constants. As is
well known (see, e.g., [5, §2.3.2]) Vk, k=0,1,..., are eigenspaces of the operator
L; namely,

LP =—MP, VP €V, wherei = k(k +n+2y —1).

Let Pi(x, y) be the kernel of the orthogonal projector onto Vk. Then the semigroup
e't', t > 0, generated by L has a (heat) kernel e'" (x, y) of the form

o0
et y) =) e P(x. y).

k=0

We establish two-sided Gaussian bounds on ¢'Z (x, y) of the form:

c1 exp{—~ (ﬁzf)} iy < c3 exp{—~ (2‘4[”}

[V, VOV (y, J)]”2 N [V, VOV, VD]

(1.2)

Here V (x, r) := w(B(x, r)) is the volume of the ball B (x, r) centered at x of radius r.
It is important to point out that in the literature the parameter y in (1.1) is invariably
restricted to y > 0. Our method allows us to operate in the full range y > —1/2.

We obtain a similar result on the simplex T" := {x e R" : x; > 0,|x| < 1},
Ix| := Y, x;, with weight []"_, xl'.("_lﬂ(l — x|y =12 g > —1/2, and as a
consequence for the Jacobi heat kernel on [—1, 1] with weight (1 — x)*(1 + x)B,
o, f > —1.

@ Springer



Constructive Approximation (2020) 51:73-122 75

Note that two-sided Gaussian bounds for the Jacobi heat kernel are also established
in [2, Theorem 7.2]. In [21] Nowak and Sjogren obtained this result in the case when
o, B > —1/2 via a direct method using special functions.

In [15] we derived two-sided Gaussian bounds for the heat kernels on the ball and
simplex as in (1.2) from the Jacobi case under the restrictions y > 0 for the ball and
ki > 0 for the simplex.

To prove our results on the ball and simplex, we first develop a general method
that employs the natural relation between differential operators on open relatively
compact subsets of R” whose eigenfunctions are algebraic polynomials and weighted
Laplace operators on respective subsets of Riemannian manifolds and then utilize
existing results on two-sided Gaussian bounds for heat kernels on manifolds. Our
development heavily relies on a general result of Gyrya and Saloff—Coste from [12] on
the heat kernel in Harnack-type Dirichlet spaces with Neumann boundary conditions
in inner uniform domains. We apply the result from [12] in the particular case of a
bilinear Dirichlet form generated by weighted Laplacian on an open relatively compact
convex subset of a “good” Riemannian manifold. In the process, we establish some
basic properties of convex subsets of Riemannian manifods. In particular, we show
that any open relatively compact convex subset of a Riemannian manifold is an inner
uniform domain. As a result, we establish Gaussian bounds on the related heat kernels
justasin (1.2).

A crucial step in this undertaking is to show that the classical differential operators
of interest on the ball or simplex whose eigenfunctions are algebraic polynomials are
naturally related through charts to weighted Laplace operators on appropriate subsets
of the unit sphere in R"t! considered as a Riemannian manifold. This intimate relation
enables us to deploy our general result and show that an operator L like these is
essentially self-adjoint and —L is positive, and more importantly that the associated
semigroup e’ has a (heat) kernel with two-sided Gaussian bounds as in (1.2).

It is an open problem to identify other particular settings where the utilization of
our method can produce Gaussian bounds for the respective heat kernels.

The two-sided Gaussian bounds on heat kernels have a great deal of applications
in harmonic analysis, PDEs, probability, and elsewhere. For example, as is shown
in [2,14], they allow the development of the theory of Besov and Triebel-Lizorkin
spaces with complete range of indices in the setting of Dirichlet spaces with doubling
measure and local Poincaré inequality. The Gaussian heat kernel estimates from this
article imply that the results from [2,14] generalize the ones on the interval, ball,
and simplex from [13,18,19,22,23]. Furthermore, these results break new ground in
allowing the extension of all results from [13,18,19,22,23] to the full range of the
parameters of the weights.

An interesting specific consequence of the upper Gaussian bound on heat kernels
is the finite speed propagation property, which plays an important role, e.g., in the
development of smooth functional calculus in [14]. This important property is not
well known for the interval, ball, or simplex. We state it on the ball in Sect. 3. This
property is essentially used in [17] for the construction of frames on the ball with small
shrinking supports.

The organization of the paper is as follows. In Sect. 2, we develop our general
method for establishing two-sided Gaussian bounds for heat kernels associated with
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differential operators that are realizations of weighted Laplace operators on suitable
charts of Riemannian manifolds. This includes the presentation of the need result by
Gyrya and Saloff—Coste [12] in the specific case of Riemannian manifolds, establish-
ment of basic properties of convex subsets of Riemannian manifolds, development of
our setting, and the proof of the main result. In Sect. 3, we apply our general result
from Sect. 2 to obtain two-sided Gaussian bounds for the weighted heat kernel on the
unit ball in R”. We also present some consequences of this result. In Sect. 4, we obtain
two-sided Gaussian bounds on the weighted heat kernel on the simplex in R". Finally,
in Sect. 5, we derive Gaussian bounds for the Jacobi heat kernel from the case of the

simplex.
Notation The following notation will be useful: a Ab := min{a, b},aVvb := max{a, b}.
Positive constants will be denoted by ¢, ¢/, co, c1, ..., and they may vary at every

occurrence; a ~ b will stand for ¢ < a/b < c¢;. Most constants will depend on some
parameters that will be clear from the context.
In this article, all functions that we deal with are assumed to be real-valued.

2 General Result on Heat Kernels with Gaussian Bounds

In this section, we develop our idea for establishing two-sided Gaussian bounds on
heat kernels generated by operators that are realizations of weighted Laplace operators
in local coordinates on suitable charts of Riemannian manifolds.

2.1 Heat Kernel on Riemannian Manifolds and Their Open Convex Subsets

As was explained in the introduction, it will be critical for our development that
the operator L of interest is a realization of a weighted Laplace operator in local
coordinates on a suitable chart of a Riemanian manifold. In this section, we collect all
facts that we need on Riemannian manifolds. We refer the reader to [11] for details.

2.1.1 Heat Kernel on Riemannian Manifolds

Assume that M is a complete n-dimensional Riemannian manifold, and let v be the
Riemannian measure. As usual, the distance on M will be the geodesic distance d (-, -)
on M. We denote by V (x, r) the volume of the ball of radius » > 0 centered at x € M;
that is,

Vx,r):=v(B(x,r)), Bx,r):={yeM:d(y,x)<r}.

As usual, we denote by T M the tangent space of M at x and by T.*M its dual.
Set TM := U, Ty M. We denote by g(x)(-, -) the Riemannian metric tensor. This is a
symmetric positive definite bilinear form on 7, M that depends smoothly on x € M.
Then

<§’ U)g = g(x)(é’ 77), S,Tl € TJCM’

is an inner product on Ty M. Set |&]; := \/(§,&),.
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Denote by C(M) be the space of continuous functions on M and by C.(M) the
space of all functions f € C (M) with compact support. Also, define

D(M) := C®(M) N Co(M).

Further, we denote by E’)OO(M ) the space of smooth vector fields ¥ € TM and by
%

77)(M ) the space of all ¥ € C *°(M) with compact support.
The gradient and divergence operators will be denoted by V and div. As is well

= . = .
known, V : C®(M) > C°°(M) and div : C*°(M) + C°°(M). The divergence
- = .
theorem [11, Theorem 3.14] asserts that for any vector field v € C *°(M) there exists
a unique function div v € C* (M) such that

/ u div vdv = —/ (U, Vu)edv, Vu € D(M). 2.1)
M M

This identity also holds if u € C*°(M) and v € B(M) (see [11, Corollary 3.15]).
The Laplace (or Laplace—Beltrami) operator A on M is defined by

Af =div(Vf), feC®M).

Identity (2.1) yields the following Green’s formula: If f, h € C°°(M) and f € D(M)
or h € D(M), then

/ fAhdv = —/ (V £, Vh)edv :f hA fdv. (2.2)
M M M

Self-adjoint extensions of the Laplace operator We next consider the Dirichlet and
Neumann extensions of the Laplace operator A on M.

We first introduce the adjoint operator A* of A. We consider the operator A defined
on D(M) that is dense in L2(M, v). The domain D(A*) of A* is defined as the set of
all f e L?(M, v) for which there exists 4 € L>(M, v) such that

/ fAde:/ hodv, Y6 € D(M).
M M

For each f € D(A¥*), one defines A*f := h. By (2.2) it readily follow that A
is symmetric and —A is positive. Therefore, the adjoint operator A* is closed and
A C A"

Dirichlet Laplacian A”. We introduce the quadratic form

EP(f.h) = /M(Vf, Vh)edv with domain D(EP) := D(M)

and associated norm

If 150 = I£172+EPf. ).
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It is not hard to see that £ D is closable. We denote by ED the closure of £ and by
WP = D(ED) its domain.
Further, we define the domain of the Dirichlet Laplacian by

D(AP) = {f e WP IEP(f,0)| < clf]l .2, V0 € D(M)}

and define AP f for f € D(AP) from the identity
| @Ppodu=-EP(s.0). vo e D).
M

In other words,
D(AP) := D(EPYND(A*) and APf:= A*f, Vf e D(AP).

The point is that APisa self-adjoint (Friedrichs) extension of A.
Neumann Laplacian A" . We now consider the quadratic form

EN(F. h) = /wa, Vh)dv

with domain D(EN) := {f e L2 (M)NC>®M) : [,, |Vf|§,dv < oo} and associated
norm

I£1IE == 1£1I32 + ENCF, ).

It is easy to see that &N is closable. We denote by EN the closure of £V and by
WV = D(EN) its domain.
Similarly as above, we define the domain of the Neumann Laplacian AV by

DAN) :={f e WY L 1ED(f,0)] < cllfll 2, VO € D(M))

and define A" from the identity
/ (AN £)0d = —EN(f,6), VD(AN), Vo € D(M).
M

It is important that AV is a self-adjoint extension of A. For more details, see [6].
From our assumption that the Riemannian manifold M is complete, it follows that
wP =wV and, therefore, AP = AN,
see [11], Chapter 11.

Remark 2.1 Using the terminology from [12], we can claim that (E_N, W) is astrictly
local regular Dirichlet form. Hence, the associated semi-group e’ AN, t > 0, is a sub-
Markovian strongly continuous semi-group.
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Fundamental assumption We will stipulate two key conditions on the Riemannian
manifold (M, d, v) we deal with:

(a) The volume doubling condition There exists a constant ¢cp > 0 such that
V(x,2r) <coV(x,r), Yxe M, Vr > 0. 2.3)

(b) Poincaré inequality There exists a constant Py > 0 such that

/ |f — fl*dv < Porzf IVflz,dv, YfeDM), Yx € M,Vr > 0,
B(x,r) B(x,r)
2.4)

where fp =V (x, )7 [, fdv.

As is well known (see [10,24] and also [25]), conditions (a), (b) are equivalent to
two-sided Gaussian bounds on the heat kernel: e’ AN, t > 0, is an integral operator
with kernel e’AN(x, y) such that for any x, y € M and t > 0,

M}
cot

[V, VOV (y, VD]

Here ¢y, ¢3, ¢3, c4 > 0 are constants.

d(x, 2
e expl =5

[V, VOV (y, vD]'*

crexpl— (2.5)

tAN
p e (Y=

2.1.2 Weighted Laplace Operator in Chart of Riemannian Manifold

We adhere to the setting and notation introduced in the previous subsection. In addition,
we assume that M C R and the Riemannian metric on M is induced by the inner
product on R™. It will be convenient to us to use the notation y = (y1, ..., ) for
points on M C R™ and v = (v', ..., v") for vectors in the tangent space T\M.

Our goal is to show how two-sided Gaussian bounds can be obtained in the case
of a heat kernel generated by weighted Laplace operator A,, on an open relatively
compact subset U of M.

Assume that (U, ¢) isacharton M, where U is a connected open relatively compact
subset of M such that ¢ maps diffeomorphically U onto V, where V C R".

It will be convenient to work with the map ¢ := ¢~!. Thus ¢ : V — U is a C®
bijection and in “local coordinates”

¢(x) = (@1(x), ..., ¢pn(x)) €U CR™, VxeV CR"
The Riemannian tensor g(x) = (g;;(x)) can be represented by
g()ij = (0 (x), ;¢ ())gn = Y _ Uipe ()i (x), x €V, 1 <i,j<n. (26)
k=1

As usual, we shall denote by g~ ! (x) = (g% (x)) the inverse of g(x).
A particular case of a simple but useful map ¢ is considered in the following
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Proposition 2.2 In the setting from above, assume that themap ¢ : V — U, V C R",
U c R is of the form

¢(x) = (x1, X2, ..., Xp, Y (X)).

Then gij(x) = 8ij + 0; ¥ (x)d; ¥ (x),

i 0i Y (x)d; 9 (x)
Y(x) =8ij — ‘ , Q2.7
¢ S AR ZE
and
detg(x) =1+ Z 10y (x) |2 2.8)
4
Proof Let F; := d;y(x), and consider F := (Fi, ..., F,)T asavector in R”. Assume

F # 0. By (2.6) it readily follows that g;;(x) = §;; + 9;¥(x)9d;¥ (x) and hence
g(x) =Id+ FFT.Put P := |F||"2FFT. Clearly, P is the matrix of the orthogonal
projector onto the one-dimensional space spanned by F'; thatis, PF = Fand PV =0
if V L F.Hence P> = P. Itis easy to see that for any « # —1,

o
1+«

P.

(Id +aP)(Id - leLaP) =1Id and hence (Id+aP)"' =1d —

With o = || F||? this implies (2.7).
Clearly, Id4+«aP)F = (14+«)F and (Id+a P)V = V forevery V L F. Therefore,
det(Id + « P) = 1 + « the product of the eigenvalues, which yields (2.8). O

The Riemannian measure on U C M is dv = \/det g(x)dx, and we have

/U FOIv(y) = /V £ (o) /et gydx.

In what follows, we shall use the abbreviated notation

f(x) = fop(x) = f(p(x)). (2.9)

For any f € C*(U), the gradient V f(y) € TyM at y = ¢(x) is a vector in R”
with components

(V) =) g7 o f(), 1<i=n, (2.10)
J

and
(VL) VRO = Y g ()0 f(x)9(x). (2.11)

i,j

Hence |V f(y)3 := (V.S (3), VL))
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In the chart (U, ¢~ ') from above, the divergence operator div (see [11, Theo-
rem 3.14]) takes the form

Jdetgv®), =@ ..., 0.

divo =

1
e 0
Jdet g Xk: i
As before, the Laplace operator is defined by
Af :=div(Vf).

Weights We assume that w > 0 is a C*°(U) weight function such that

/ wdv :/ w(p(x))y/det g(x)dx < oo. (2.12)
U 1%

Define

wx) = w(p(x))y/detg(x) = w(x)y/detg(x), xeV, (2.13)

where just as in (2.9), w(x) := w(¢(x)). Hence, changing the variables leads to

| 10w = [ Feiwas 2.14)
We define the weighted measure dv,, on U by
dvy = wdv. (2.15)
The weighted divergence and Laplacian are defined by (see [11], § 3.6)
divy, ¥ = %div(wﬁ) (2.16)

and
Ay fi=divy, (V) = %div(wVf), feCc®W). (2.17)

In local coordinates, the weighted Laplacian takes the form

Auf(y) = o[ Vet gy (o) Zg"f ()0, f )]

s o
—Za log [/det g (¥)i(x)] Zg'f(x)a f(x)+Z1 [Zn‘;g"f(xw,-f(x)]
i
—Zg/@)aa f+Z Za,g'f<x>
+Z Y8 ()3 log [Vdet g ()i (x)])a; 7, (2.18)
7
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where w(x) := w(gp(x)), y = ¢(x), x € V. We shall denote by Awf(x) the operator
in the right-hand side of (2.18); i.e., we have

Apf) =Auf(x), y=¢k), xeV. (2.19)

Denote by C(U) the space of continuous functions on U and by C.(U) the space
of all functions f € C(M) with compact support contained in U. Also, set

D) := C®U)NC(U). (2.20)

Further, we denote by Z‘)‘X’(U ) the space of smooth vector fields v(x) € 7, U and by

5) (U) the space of all v € E')OO(U ) with compact support, contained in U.
The weighted divergence theorem [11, (3.42)] takes the form: If u € D(U) and

. = . =
ve C®W)oru e C®°WU)andv € D(U), then
/ u divy, vdvy, = —/ (B, Vi) gdvyy. 2.21)
U U

Green’s formula remains valid [11, (3.43)]: If f,h € C*®(U) and f € D) or
h € D(U), then

/ FAphdvy, = —/ (Vf, Vh)gdv, :/ hAy Fdvy. (2.22)
U U U

Neumann extension of the weighted Laplace operator We next describe the Neu-
mann self-adjoint extension A% of the weighted Laplace operator A, on U.

We consider the operator A, with domain D(U) (see (2.19)—(2.20)) that is dense
in L2(U, vy,). We denote by A% the adjoint of the operator A,,. By (2.22) it readily
follows that A, is symmetric and — A, is positive. Therefore, A% is a closed operator
and A, C AJ.

It is readily seen thatif f € D(AY)NC>®(U), then AY f = Ay, f.

To define the Neumann extension A% of A, we introduce a quadratic form £
with domain

DEY) = [f € L2(U, vy) N CPU) - / IV f2dv,, < oo},
U

defined by
EX (o= [ (V£ Ihdva fohe DEED,
U

We also introduce the associated norm

I £ gy = A7 +EXCF ). f € DEY.
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We next show that the symmetric quadratic form £Y is closable. Indeed, let { fi} C
D(EUA)’) be such that || fx|[2 — 0 and V fi > H in 7,)2(U, Vy). Then by (2.21),

/ (V fi, V) gdvy, = —/ fi divy, vdvy, YU € D).
U U

From this and the above assumptions, it readily follows that f U(I-? ) ¢dvy = 0 for

all v € 23(U ), which implies H=0. Clearly, the above implies that every Cauchy
sequence in D(EY) is convergent. Therefore, Y is closable.

We denote by EN the closure of Y and by WY := D(EN) its domain. Also, let
Huy = {f € L*(U, v,) NC®W) N L®U) : |V flg € L*(U, vy)}.
Proposition 2.3 The set H,, is a dense subspace of Wlﬁ’ and an algebra.
Proof Let f € D(EN). Choose ®; € C*®(R) so that
0<®, <1, Pp(x)=x, Vxe[—kk], and [ Pkllr~ <k—+ 1.

By the chain rule, V(®i(f)) = ®,(f)V f and hence ®;(f) € H,,. Furthermore, it
is readily seen that

fU 1 — o) Pdvy + /U IV f = Vou(f)dv,

= /M |f — ®u(f)IPdvy + fM IV f = @4(IV)zdvy, — 0.

Therefore, H,, is dense in D(EY) and hence in W)Y

To show that H,, is an algebra, assume f, g € Hy. As f, g € L2(U, V) NL®U),
it follows that fg € L>(U,v,) N L (U). On the other hand, by the product rule
V(fg) = fV(g) +gV(f) and hence |V(fg)l, € L?(U, vy). Therefore, H,, is an
algebra. O

Definition 2.4 We define the domain of the Neumann extension AfX of the weighted
Laplacian A, by

DAY) = {f e Wy : [EN(f.0)| < cl0ll2, V0 € D)},

and for any f € D(Aju\j/), we define A{Xf from
/UeA{deuw =—EN(f.0), V0 € DU). (2.23)

Proposition 2.5 The operator Ag is self-adjoint and

Ay C AN c A%, (2.24)
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Moreover,
DAYy := Wl n D(AL). (2.25)

Proof From the general theory of positive symmetric quadratic forms (see, e.g., [0,
§1.3]), it follows that Ag is self-adjoint; i.e., (A{X)* = A{X. Also it is easy to se that
Ay C AN Hence, AN = (ANY* c A% . Thus (2.24) is valid.

We now prove (2.25). Clearly, (2.24) implies D(Aﬁ) C WwN N D(AY). Let f €
WX N D(A?). Then there exits { fr} € D(EY) such that fy — f in L2(U, v,) and
é’u]\}’(fk, 0) — EN(fr,0),V6 € D(U). From this it follows that for any 6 € D(U),

ﬁ(f,@): lim Eﬁ(fk,9)= lim /(ka,e)gde
n—oQo n—o00 U

= — lim JxAyOdvy, = —/ fAR0dv, = —/ OAY fdvy,
n— oo U U U

where we used (2.22). From above and (2.23), we infer that A} f = Az f, which

implies f € D(AY). The proof of (2.25) is complete. |

2.1.3 The Theory of Gyrya and Saloff-Coste

The proof of our main result in this section (Theorem 2.10) will rely on a result of
Gyrya and Saloff—Coste from [12]. To state this result, we need the definition of an
inner uniform domain, which we adapt to the case of Riemannian manifolds.

Definition 2.6 Let U be an open connected subset of a Riemannian manifold (M, d, v).
The intrinsic distance dy (-, -) is defined by

dy(y, y») :=inf {€(y) 1y : [0, 11~ U,y (©0) =y, y(1) = w}, (2.26)

where the curve y is continuous and rectifiable and £(y) is its length.

We say that U is an inner uniform domain if there exist constants C, ¢ > 0 such
that for any y, y, € U there exists a rectifiable curve y : [0, 1] — U connecting y
and y, of length < Cdy (y, y.) such that

dy(z,0U) = cdy(y,2) ANdy(z, yo), Yz € y((0, 1]).

Remark 2.7 Observe that if U is convex, then the intrinsic distance dy (-, -) is simply
the geodesic distance inherited from M. One of the important points in this paper is
that every open convex relatively compact subset of M is an inner uniform domain in
the sense of Definition 2.6. This fact (and more) will be established in Theorem 2.11
below.

We are now prepared to state the result of Gyrya and Saloff-Coste [12, Theo-
rem 3.34].
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Theorem 2.8 Let (M, d, v) be a complete Riemannian manifold, where the doubling
property of the measure (2.3) and the local Poincaré inequality (2.4) are verified. Let
U C M be an inner uniform domain in the sense of Definition 2.6. Let dy (-, -) be the
intrinsic distance on U extended continuously to U (see (2.26)), define By (y,r) =
(v« €U :dy(y, y) <r}.

Further, assume that w € C*®°(U) is a weight function such that w(y) > 0 on U,
and there exist constants ¢ > 0 and N > 1 such that

sup  w(y) <c inf  w(n), VYyeU,Vr>0sothatdy(y,dU) > Nr.
Yx€By (y,r) Y«€By (y,r)

Set dvy, := wdv.
Assume also that there exists a constant ¢y > 0 such that

Vuw(y,2r) <coVu,w(y,r), Vy Eﬁ, Vr > 0,

where Vy o (y, 1) := vy (By(y, 1)).
Let Ag be the Neumann extension of the weighted Laplacian A, from Defini-

tion 2.4, and let e’Ag, t > 0, be the semi-group generated by Ag.

. . s . . . N
Then the respective local Poincaré inequality is verified, and as a consequence ' “w

. . . N . . .
is an integral operator with (heat) kernel ¢'®v (x, y) possessing two-sided Gaussian
bounds; i.e., there exist constants c1, ¢, ¢3, ¢4 > 0 such that forx,y € U and t > 0,

dU(X,y)z}

dy (m)z}
cot

cqt

cy exp{— c3 exp{—
<ei(x,y) <

[VU.w (6, VDV (v, VD] [Vu.w (s VD By (v, VD]
(2.27)

2.2 Setting and Main Result

Our setting contains two distinctive but closely interconnected parts:

(i) It will be assumed that there exists a symmetric differential operator L acting on
functions defined on a relatively compact open subset V C R” with polynomial
eigenfunctions.

(ii) It will also be assumed that the operator L is a realization in local coordinates
of a weighted Laplace operator A,,, acting on functions defined on a relatively
compact open convex subset U of a complete Riemannian manifold M for which
the doubling property and the Poincaré inequality are verified. The role of the
second, geometric part of our assumption will be critical.

We next present the details of our setting.
Differential operator preserving polynomials on open set in R” Assume that V C
R" is a connected open set in R"” with the properties:

(1) X :=V is compact,
2) X =V,and
(3) X \ V is of Lebesgue measure 0.
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Denote by Py := Pr(V) the set of all real algebraic polynomials of degree < k in n
variables, restricted to V, and set P = P(V) := U0 Pk.
Let L be a differential operator of the form

L= )" ajx)d;+ Y bj(x)d;, (2.28)

i,j=1 j=1

where a;; € 752(V) and b; € 751 (V). We assume that the domain of the operator L is
D(L) := P(V). Clearly,

L(Py) CPr, Vk>=0, and L1=0. (2.29)
In addition, we assume that
L(Py) = Pr, Vk=>1. (2.30)

We also introduce an underlying weighted space L>(V, ), where

du(x) .= wx)dx, where w e C®(V), w >0, and / w(x)dx < 0.

Y (2.31)
Laplace operator in chart of Riemannian manifold Assume (M, d, v) is an n-
dimensional complete Riemannian manifold (without boundary) and M C R™. We
also assume that the Riemannian metric on M is induced by the inner product on R™.
We adhere to the notation from Sect. 2.1.
We stipulate two conditions on (M, d, v):

(i) The volume doubling condition (2.3) is valid.
(i) The Poincaré inequality (2.4) holds true.

As was alluded to in Sect. 2.1.1, as a consequence of these two conditions the (heat)
kernel /2" (x,y) of the semigroup e’ Al generated by the Neumann (or Dirichlet)
extension of the Laplacian A on M possesses two-sided Gaussian bounds (2.5).
Using the terminology from [12], (M, d, v) equipped with the quadratic form £V
is a Harnack-type Dirichlet space.

Further, just as in Sect. 2.1.2, we assume that (U, ¢) is a chart on M, where U is a
connected open relatively compact subset of M such that ¢ maps diffeomorphically
U onto V, where V C R” is the set from above. We set ¢ := (p_l. As before, for any
function f on U, we write

S x) == f(p(x)). (2.32)

As in Sect. 2.1.2, we denote by g(x) = (g;;(x)) the Riemannian tensor (see (2.6))
and by g~ !(x) = (¢¥ (x)) its inverse.

Assume w > 0 is a C*(U) weight function obeying (2.12) and compatible with
w from (2.31) in the following sense:
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wx) = w(p(x))y/detg(x) = w(x)y/detg(x), xeV, (2.33)

where just as in (2.32), w(x) := w(¢(x)). We set vy, := wdv.
The weighted divergence div,, and Laplacian A,, are defined as in (2.16)—(2.18).
We write Y := U.
Distances and balls We assume that the distance p (-, -) on V isinduced by the geodesic
distance d(-, -) on U that is,

px, x) =d(y,y.), Vx,x, €V with y:=¢x), y:=¢x). (234
We define Bys(a,r) :={y € M :d(a,y) <r},and foranya € Y, set
By(a,r) :={yeY:d(a,y) <r} =Y NBy(a,r).

We also set
Bx(b,r) ={xe X:pb,x)<r}, belX.

We shall use the notation
Vwy(y,r) = vy(By(y,r)) and Vx(x,r):= pu(Bx(x,r)). (2.35)
Polynomials As we have already alluded to above, Py := Pr(V) stands for the
set of ~real algebraic Polynomials of degree < k in n variables, restricted to V, and
P =P(V) := Ugs0Px. We now let
PeU) :={feC®U): f eP(V)} andset PU) := Uk=0Pr (U).  (2.36)
Basic conditions Our further assumptions are as follows:

C0 The operator L from (2.28) is the weighted Laplacian A,, on U in local coor-
dinates (see (2.18)); i.e.,

Lh(x) =) g"@aioh+ Y (D 08" (x))o;h
ij j i
+ Y (D g ()i log [Vdet g(x)ib(x)])djh, x €V, (2.37)
j i
or using the notation from (2.19), we have Lf(x) = Awf(x), xeV.
C1 The set U is a convex subset of M ; that is, for any points y, y, € U, there exists
a minimizing geodesic line y C U that connects y and y,.
C2 (Doubling property) There exists a constant ¢y > 0 such that

VY,w()’vzr)fCOVY,w(y,r)’ ver, Vr>0’

or equivalently,
Vx(x,2r) <coVx(x,r), ¥Yxe X, Vr > 0.
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Here Vy ,,(y, r) and Vx(x, r) are the weighted volumes of balls, defined in (2.35).
C3 There exist constants ¢ > 0 and N > 1 such that

sup w(y) <c 1nf w(y’), Yy e U,Vr >0 s.t.d(y,dU) > Nr
V'€By (y.r) y'eBy (y.r)

or equivalently,

sup w(x)<c inf W), VxeV,Vr>0 stp(x,aV)>Nr.

x'€Byx (x,r) x'€Bx (x,r)

C4 (Green’s theorem) For any f € P(U) and h € L*°(U) N C*°(U) such that
Ju |Vh|2dvy, < oo, this identity holds:

f hAy fdvy = — / (V. Vh))edv,  (recall dv, := wdv). (2.38)
U U

From (2.18) and (2.37), it follows that for any f € P(U), we have Ay, f(y) =
Lf(x) withy = ¢(x), x € V. This coupled with the change of variables identity
(2.14) leads to

f Ay fdvy =f hL fdu, Vf,hePU).
U v

In turn this and (2.38) yield that the operator L is symmetric and —L is positive; i.e.,
/thdu:/ fLhdp and —/ fLfdu >0, Vf hePV).
14 v 1%

Let Vk =V (X) be the orthogonal compliment in L*(X, ) of Pr_1 to Px. Thus
P = Pk 1@Vk By (2.30) L(Py) = Py. Hence, due to the symmetry of L, we
have L(V;) = V. Since V) is finite dimensional by the classical theory of symmet-
ric operators on finite dimensional Hilbert spaces, there exists an orthonormal basis

{f’kj :j=1,...,dim f/k} of f/k consisting of real-valued eigenfunctions (hence
polynomials) of L.
C5 We assume that there exist eigenvalues 0 = Ag < A; < - - - such that
LPyj=— Py, j=1,....dimVy, k=0,1,.... (2.39)

Heat kernel With the assumptions from above, it is clear that

Pr(x.y) ==Y Piy(x)Py(y). x.yeV,
J
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is the kernel of the orthogonal projector onto V. Then the semigroup e'l, t > 0, is an
integral operator with (heat) kernel e’ Lx, y) of the form

o0
e, y) =) e P(x, y). (2.40)
k=0

Remark 2.9 (a) Observe that the assumption (2.29) is equivalent to requiring

g/ (x) e Poy(V), Vi.j. and Y gV (x)d;log[y/det g(x)ib(x)] € P(V). V.

1

(b) Itis important to point out that unlike in Green’s formula (2.22), in (2.38) it is not
assumed that f or & is compactly supported.

(c) In the setting described above, we stipulate for convenience that the operator L
maps polynomials to polynomials; this is the case in the particular settings on
the ball and simplex. However, this restriction can be relaxed by replacing the
polynomials with other families of functions in new settings that we anticipate to
occur.

Main general result We now come to one of our principle results.

Theorem 2.10 In the setting described above, assume that conditions C0-CS5 are sat-
isfied. Then the operator L from (2.28) is essentially self-adjoint and —L is positive.
Moreover, ¢'L, t > 0, is an integral operator with kernel el (x, y) with Gaussian
upper and lower bounds; that is, there exist constants c, c2, c3, c4 > 0 such that for
anyx,y € Xandt > 0,

N2
c3 exp{— 2020

[Vx(x, VO Vx (v, vD]'?

2
c1 exp{—£020)

[Vx(x, VOVx (v, V)]

(2.41)

3 =€ty <

Proof We shall carry out the proof of Theorem 2.10 in several steps.

We first observe that in our current setting, the hypotheses of Theorem 2.8 are
satisfied; in particular, the set U being convex, open, and relatively compact is an inner
uniform domain (by Theorem 2.11). Therefore, e’A{X, t > 0, is an integral operator
with kernel e/2% (x, y) with Gaussian upper and lower bounds: For any x, y € U and
t >0,

N2 2
c exP{——d(f;) } — ety < 3 eXp{——d(ﬁf) }
< e w _x’ y < .
1/2 1/2
[V w @, VO Vy (v, /D] [V w8, VDV (v, /D]

(2.42)
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_ Second, we claim that the operator L is essentially self-adjoint; that is, the closure
L of the symmetric operator L is self-adjoint. Indeed, clearly,

D(L) = {f = Zakj Pij: axj € R, {ax;} compactly supported}, and
k.j

Lf ==Y ajPy if f=) ajPyeDL).

k,j J

We define L and D(L) by

[e'e) dimf)k
D(L) = {f = Z Z aijkj : Z|akj|2 < 00, Z |(1](j|2)\.,2c < OO} and
k=0 j=1 k,j k,j

Lf=—) ajhPy if f=7) ajPyj e DD).

k.j k.j

One easily shows that L is the closure of L and that L is self-adjoint.

Third, consider the weighted Laplace operator A, defined in (2.17), with domain
D(Ay) := P(U). As already alluded to above, (2.18) and condition C0O imply that
forany f € P(U),

Apf() =Lf(x), where y=¢x), fx)=f(@x). (2.43)

Let Pyj(y) := Prj(@~'(y) and Pi(y,y") := X_; Pij(y) Pj(y'). Since {Py;} is an
orthonormal basis for LZ(X, w), then {Py;} is an orthonormal basis for L2(Y, Vw),
and hence P(y,y’) is the kernel of the orthogonal projector onto the orthogonal
compliment Vy, of Py_1 to Py in L?(Y, vy,). Now, (2.39) and (2.43) yield

AyPrj =—MPj, j=1,...,dimVy, k=0,1,....

Thus there is a complete analogy between the operators (L, P(X)) and (A, P()).
As a consequence, (A, P(Y)) is positive and self-adjoint; that is, the closure A,
of (Ay, P(Y)) in L2(Y, v) is self-adjoint. Then the (heat) kernel !B (y,y') of the
semi-group eBu generated by A, takes the form

¢Bu(y, ¥y = e P(y, y') and hence '3 (p(x), $(x')) = e'E (x, x).
= (2.44)

Clearly, 7_?(U ) is dense in H,,, which in turn is dense E Wf‘:’ (see Proposition 2.3),
and hence A,, C A This coupled with the fact that A,, and A" are self-adjoint

operators implies A,, = AN and hence eBu = oAl Therefore, the two-sided
Gaussian bounds in (2.42) hold for e!2» (x, v). This coupled with the right-hand side
identity in (2.44) and (2.34) implies (2.41). O
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2.3 Open Relatively Compact Convex Subset of Riemannian Manifold

Here we establish some basic properties of open relatively compact convex subsets of
Riemannian manifolds. In particular, we show that every such set is an inner uniform
domain, which was an important ingredient for the proof of Theorem 2.10.

Theorem 2.11 Let (M, d, v) be an n-dimensional Riemannian manifold with distance
d(-, -) andmeasure v. Let U be an open relatively compact subset of M that is convex in
the following sense: For any a, b € U, there exists a minimizing geodesic line y C U
connecting a to b. Let Y := U be equipped with the induced metric dy (-, -) == d(-, -)
and measure vy = v. As usual for any a € Y and R > 0 the ball By (a, R) in the
metric space (Y, dy) is defined by By(a, R) := By(a, R)NY, By(a, R) :={y €
M :d(y,a) < R}. Then:

(a) There exist constants 0 < ¢1 < ¢y < o0 such that
c1R" <v(By(a,R)) <R", YacY, 0< R <diam(Y). (2.45)

(b) If dU := Y \ U is the boundary of U, then v(dU) = vy (0U) = 0.

(c) Y=U.

(d) There exist constants ¢, C > 0 such that for any a,b € U, there exists a curve
y C U connecting a and b such that £(y) < Cdy(a, b) and

d(z,U°) 2 cd(z,a) Nd(z,b), Vzey; (2.46)

i.e., U is an inner uniform domain in the sense of Definition 2.6. Here £(y) stands
for the length of y.

2.3.1 Facts from Riemannian Geometry

Here we collect some basic facts from the theory of Riemannian manifolds that will
be needed for the proof of Theorem 2.11. We refer the reader to [1,16,20] for more
details.
Normal neighborhood Let (M, d, v) be an n-dimensional Riemannian manifold. We
shall denote by |V, the norm of v € TM and by || x|| the Euclidean norm of X € R".
We denote by Exp the exponential map on M. Asis well known, forany a € M there
exists aconstant R, > 0 (the injectivity radius) such that Exp, maps diffeomorphically
the Euclidian ball B(0, R,) C R”" onto By (a, R;) and homeomorphically B(0, R,)
onto Bys(a, R,). Furthermore,

Exp,0=a, Exp,(B(0,R)) =Buy(a,R) for 0 < R < R,. (2.47)
We shall call Bys(a, R;) the normal neighborhood of a € M. Recall the following

fundamental properties of Exp,: For any § € R" with Euclidean norm [|§|| < R, the
curve

R,
[EXPa(ts) eM: |t < 2]
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is geodesic, and if — F“” <t<t < HEII’ then {Exp,(s§) € M : s € [t,1']} is the

unique minimizing geodesic line connecting y := Exp,(¢§) and y" := Exp,, (&), and

d(y.y) =" =0l
We shall denote by g%(u) := (gl“] (u)) the metric tensor at u in the Exp, chart

(By(a, Ry), Exp;l). Note that if ||#|| < Ry, then

0 < Aalu) == @‘H’flzgw( wE'sl < Sup Zg,,(u)s £ = Ag(u).

As u +— Ay(u) and u — A, (u) are continuous, by compactness, we have

0<Ag:i= inf A () < sup Ay(m) =: Ay < 00. (2.48)
<R lul <R

As g%(0) =Id,wehave 0 < A, <1 < A, < o0.
Lemma 2.12 Let a € M, and assume Exp,, Ry, A, and A, are as above. Then:

(i) For any measurable function f : By (a, R;) — R4, we have, using the notation

F(@) = f(Exp, (X)),
(ha)? / f@dx < / FO)dv(x) < (Ag)2 f f(Edx. (2.49)
B(0,R,) By (a,Rq) B(0,R,)

In particular, forany 0 < R < R,

27Tn/2
T(n/2)

2 pn
a)zR ’ Wp—1 =

@@i)Ifx,y € B(0, R,) and x := Exp, X, y := Exp, y, thenx,y € By(a, R,) and

ViallE =3Il <d(x,y) < VA% =3I (2.50)

Proof Estimates (2.49) follow readily by the identity

f f(x)dv(x) = f f(x)y/det g4(X)dx
B (a,Rq) B(0,R,)

and the fact that

det g% (x) = ]_[)\(x)e[x" A,
i=1

where the A ; () are the eigenvalues of (gl“j (X))
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We now prove part (ii). Let x, y € B(0, R;) and x := Exp,(x), y := Exp, (). Set
y(t):=tx+ (1 —1)yand y(t) := Exp,(y(t)). Then

1 1
d(x,y) s/o |y (1) gdt =/0 VIE=9), 847 0))G — y))dr
1
< J/T/O 1% — Flldt = V/Aallx — 7.

For the estimate in the other direction, let y be a minimizing curve connecting x and
yand y(t) = Exp;l(y (1)), y(0) = x, y(1) = y. Then similarly as above,

1 1
d(x,y) =f0 Iy (O)]gdt > \/)Ta/(; X = ylldt = AallX = ylI.

The above estimates yield (2.50). O

Lemma 2.13 Let By (a, R,) be the normal neighborhood of a € M (see above) and
0 < R < Ry. For x € By(a, Ry), we denote x = Exp;l(x) and set x; 1= BExp, (tx).
Let U be an open convex subset of M. Let a € U, and assume that for some r > 0,
we have By (x,r) C U N By(a, R). Then

VA
BM(x,, trq,) CUNBy(a,tR), 0<t <1, where q, := «/A_z (2.51)
and
d(x;, U%) > qqrd(x;,a)/R, 0<t<1. (2.52)
Above A, and A, are from (2.48).
Proof We begin with the following simple claims:
By (x,v/Aap) C Exp, (B(x,p)) if B(X,p) C B(O,R), (2.53)
and
Exp, (B(X, p/vAa)) C Bu(x,p) if Bu(x,p) C Ba(a, R). (2.54)

These two statements follow readily by (2.50). Indeed, let y € By (x, v/Aqap), i.e.
d(x,y) < +/Aqp. Then using (2.50), we get |x — ¥|| < p, implying y € B(0, p).
Hence, y € Exp,(B(x, p)), which implies (2.53). The proof of (2.54) is as simple.

We shall use the above to prove (2.51)—(2.52). From By (x,r) C By (a, R), apply-
ing (2.54) with p = r, it follows that Exp, (B(x, r/+/A4)) C Bu(a, R) and hence
B(x,r//Ay) C B(0, R). We now use the geometry of R” to obtain

B(tx,1r//A4) C B(0,tR), 0<t<1,

and using (2.53), we get By (x7, tr(v/Aa/~/Aa)) C Exp,(B(0,1R)) = By (0, tR).
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On the other hand, using (2.54), we have B()E, r/«/Aa) C Expa’l (Bpy(x,r)). We
now use again the Euclidean geometry of R” to conclude that

B(tx.tr/y/As) C {t7:0<t < 1,5 € B(¥,r/y/Ad)}

c{ry:0<1<1,5€Exp; ' (Bulx,r)}.

However, for each y € Exp;l(BM(x, r)), the curve {Exp,(ty) : 0 <t < l}is a
geodesic line connecting a and y € By (x,r) C U, and since U is convex, this
geodesic line is contained in U. Hence, Exp,, (B (t)?, tr/«/Aa)) C U. We now apply

(2.53) to conclude that By (x;, 1r(v/Aa//Ada)) C Exp, (B(tx,1r/v/As)) C U.
Therefore,

By (x/,trqs) CUNBy(a,tR), 0<t<1.

This confirms (2.51). Now, (2.51) implies d (x;, U¢) > trq,. Butd(x;,a) = td(x, a),
and hence

d(x UC)> ( L )R—q >q rd(x a)/R
9 —_— —_— 9 .
t /(x,a) R a a t
The proof of the lemma is complete. O

Uniformization As is well known (see [1, Theorem 1.36]), R, is continuous as a
function of @ € M, and the same is true for A, and A, from (2.48). Then taking into
account that the set ¥ := U is compact leads to the conclusion that the following
quantities are well defined:

Ry :=min R, > 0, (2.55)
acY
O<A:=minA; <1 <maxA, =: A < o0. (2.56)
acY acY

Now, the following lemma is an immediate consequence of Lemmas 2.12 and 2.13.
Lemma2.14 (a) Ifa € M and 0 < R < Ry, then

1 on 1 27"/2
O35 R < v(By(a, R) < ZZLASRY, @,y = (2.57)
n

n T T2
(b) Ifx,y € B(0, Ry) and x :== Exp, x, y := Exp, y, then x, y € By (a, Ry) and
VAIE = Fl <d(x,y) < VAR - 3.

(c) Let U be an open convex subset of M and 0 < R < Ry. Let a € U, and assume
that By (x,r) C UNBy(a, R) for somer > 0. As before, we write x = Exp;1 (x)
and set x; = Exp,(tx). Then

ﬁ
I

BM(xt, trq) CUNBy(a,tR), 0<t <1, where q :=
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and
d(x;,U°) = qrd(x;,a)/R, 0<t<1. (2.58)

We next derive from Lemma 2.14 the following:

Lemma2.15 Let U C M be an open convex set and a,b € U. Let 0 < R < Ry.
Assume Byj(a,r) C U N By (b, R) and By (b,r) C U N By(a, R), and let y (1),
0 <t <1, be a minimizing geodesic line connecting a to b. Then

d(y(®),U° > qrd(a,b)/R, 0<r1<1. (2.59)

Proof Under the assumptions of the lemma, let y(¢), 0 < ¢t < 1, be a minimizing
geodesic line connecting a to b;i.e.,a = y(0), b = y(1). By (2.58) we have

d(y(),U%) = qrd(y(®),a)/R, 0=<1r=1. (2.60)

On the other hand, y (1 — 1), 0 <t < 1, is the geodesic line connecting b to a, and
again by (2.58) we get

dliy(1—=1),U° >qgrd(y(1 —t),b)/R, 0<r<I. (2.61)
Clearly, d(y (t),a) +d(y(t), b) = d(a, b). From this and (2.60)—(2.61), we infer that
d(y (1), U) = qrld(y(t),a) vd(y(t),b)]/R > qrd(a,b)/2R, 0=t <1,

which confirms (2.59). O

Lemma 2.16 Let (1\1, d) be a metric space. Assume that U C M, U # 0, is an open
set such that Y := U is compact. Then for any R > 0, there exists r > 0 such that for
every a € Y, there exists a ball B(xy,r) C U N B(a, R).

Proof Due to the compactness of Y, there exists a finite set of balls B(aj, R/2),
j=1,...,J,suchthatY C U;B(aj, R/2)anda; € Y.Clearly, foreach1 < j < J,
there exists a ball B(x;,r;) C U N B(aj, R/2). Letr := minj<;<yr;.

We claim thatforeacha € Y,wehave B(x;,r) C UNB(a, R)forsomel < j < J.
Indeed, assuming a € Y, we have a € B(aj, R/2) for some 1 < j < J and hence
B(aj, R/2) C B(a, R). Therefore, B(xj,r) C UNB(a;, R/2) C UNB(a, R), and
this completes the proof. O

The next lemma will be derived from Lemmas 2.14 and 2.16.

Lemma 2.17 Let U be a convex open subset of M such that Y = U is compact. Then
there exists a constant ky > O such that for any a € Y and O < R < Ry, there exists
x € By(a, R) such that

By(x,kyR) C U N By(a, R) (2.62)
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and
d(x;, U°) = gkyd(x;,a), 0<t<1. (2.63)

Here as before, X := Exp;1 (x) and x; := Exp,(tx); Ry is the constant from (2.55).

Proof From Lemma 2.16, it follows that there exists ry > 0 such that foreverya € Y,
there exists y such that B(y,ry) C U N B(a, Ry).

With a € Y and y being fixed, define y := Expgl(y) and y, := Exp,(sx). We
apply Lemma 2.14 to conclude that

By (ys,sryg) CUN B(a,sRy), 0<s<1.

Choose s so that R = sRy, and set x := y;. Then from above,
ry
By (x, q—R) CUNB(@,R),
Ry

which implies (2.62) with ky := gry/Ry.
Finally, we apply Lemma 2.14 to obtain

d(x;, U°) > qz;e—yd(x,,a) =qgiyd(x;,a) for 0 <1 <1,
Y
which confirms (2.63). O

2.3.2 Proof of Theorem 2.11

(a) From (2.57) it follows that there exist constants C1, C2 > 0 such that for any
aey,
CiR" <v(By(a, R)) < CaR", 0< R <Ry. (2.64)

Leta € Y and 0 < R < diam Y. Two cases present themselves here.
Case 1: R < Ry with Ry from (2.55). By Lemma 2.17, there exists x € By (a, R)
such that Bys(x, ky R) C U N By(a, R). This and (2.64) imply

CikyR" <v(By(x,kyR)) < v(By(a, R)) <v(Bu(R)) < C2R". (2.65)

Case 2: Ry < R < diam(Y). Clearly, v(By(a, R)) < v(¥) < “02R". On the
Y
other hand, by Lemma 2.17 it follows that there exists x € Bjys(a, Ry) such that
By (x,kyRy) C U N By (a, Ry). This coupled with (2.64) leads to

n n
Ky Ry

diam(Y)"

n

v(By(a, R)) = v(By(a, Ry)) = v(By(x,kyRy)) > Ciky Ry > Ci

Therefore, C gty R" < v(By(a, R)) < "% R". This and (2.65) yield (2.45).
Y
(b) By (2.45) it follows that (Y, dy, vy) obeys the doubling property of the measure,
and hence it is a homogeneous space. Therefore, the Lebesgue differentiation theorem
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is valid. Then denoting by 15y the characteristic function of U, we have for almost
alla e Y:

1 . vy(@U N By(a, R))
]laU(a) = lim —— ﬂaudl)y = lim .
R—0vy(By(a, R)) JBy(.R) R—0  vy(By(a, R))

(2.66)
By Lemma 2.17 it follows that for any a € ¥ and 0 < R < Ry there exists x, €
By (a, R) such that By(x,, kyR) C By(a, R). Hence

vy (U N By (a, R)) < vy(By(a, R)) — vy (By (x4, ky R)).
We use this and (2.45) to obtain

vy (0U N By(a, R)) <1— vy (By (x4, ky R)) <1_ c1(ky R)" _1_s
vy(By(a,R)) — vy(By(a, R)) — o R"

for some § > 0. From this and (2.66) it follows that 157 (a) < 1 —§ < 1 for almost
all a € Y. Therefore, 1y (a) =0 for almost all a € Y, implying vy(aU) =0.

(c) Assume to the contrary that Y #U. Hence Y \U # (Z) Leta € Y \ U. Then
there exists € > 0 such that By (a, &) C Y. Define E := ¥ \ U C aU. We may
assume that Bys(a, ) C By (a, R,), the normal neighborhood of a (see (2.47)). Then
Exp,(B(0, ¢)) = Bu(a, ¢).

Let E := Exp, Y(E N By (a, €)). From part (b) of this theorem, it follows that

0=v(ENByl(a,e)) = /

1gdv > c/ ]lé(i)di. (2.67)
By (a,e) B(0,¢)

We claim that
1) +1z(=x)>1, Vxe B(0,e). (2.68)

Indeed, if inequality (2.68) is not true for some x € B(0, &), then 1;(x) = 0 and
1;z(—x) = 0.Hence, x := Exp, x € U and —x € U.But U is convex and {Exp, (1x) :
t € [—1, 1]} is a geodesic line connecting x € U and —x € U. Therefore, it is
contained in U} in particular, a = Exp, 0 € U, which is a contradiction.

Now, we use (2.67) and (2.68) to obtain

03c/ ILE()Z)d)E:c/ 1;(—%)dx
B(0,¢) B(0,¢)

1
= 6‘/ ~(1(X)d% + 1 5(—8))dx > ¢/2 > 0.
B(0.e) 2

This is a contradiction, which shows that Y =U.

(d)Leta,b € U,a # b. We consider two cases depending on whether the distance
dpy(a, b) is “small” or “large”.

Case 1: dy(a,b) < Ry. Let y,, C U be a minimizing geodesic line connecting
a and b. Choose z € y, sothat R := d(a,z) = d(z,b) = d(a,b)/2, R < Ry/2.
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Clearly, By (z, R) C By(a,2R) N By (b, 2R). Then by Lemma 2.17 there exists
¢ € By(z, R) such that

By(c,kyR) CUNBy(z, R) CUNBy(a,2R) N By (b, 2R).

Note that d(a, ¢) + d(c,b) < 4R = 2d(a, b).

Let y,. and y, » be minimizing geodesic lines connecting a to ¢ and c to b, respec-
tively. Let y be the curve y, . U . connecting a and b. For the length £(y) of y, we
have €(y) < 2d(a, b).

We now apply Lemma 2.14 (c) using that By(c,kyR) C U N By (z,2R) to
conclude that

R
d(x, US) > qI;Y—Rd(x, a) =2 gryd(x. a), Vx € Yo

and similarly, we get
dx,U° > 27]q/(yd(x,a), VX € Yeob.
Therefore,
d(x,U%) > cd(x,a) Ad(x,b), Vxey, c:=2""qxy,

which confirms (2.46).

Case 2: dy(a,b) > Ry.Choose k € N, k > 2, and Ry/4 < R < Ry/2 so that
kR = d(a, D). Clearly, k < 2diam(Y)/R < 4diam(Y)/Ry.

Let y,» be a minimizing geodesic line connecting a to b. Since Y is convex,
then y, , € U. Choose points agp, ay, ..., ar € Y4 S0 that ap = a, ax = b, and
d(aj,aji1) = R for j = 1,...,k — 1. Further, let b; € y,; be the middle point
between a;_j and a;, hence d(a;j_1,b;) = d(bj, aj).

By Lemma 2.17 there exists ¢; € By (b;, R/2) such that

Bu(cj,kyR/2) C U N By(bj, R/2). (2.69)

Let y C U be the line connecting a and b, obtained as the union of minimizing
geodesic lines y, ¢, Yejcjine j=1...,k—1,and y. ;. We shall show that the
curve y has the stated properties.

Clearly, from (2.69) it follows that By (c1, kyR/2) C U N By(a, R). Applying
Lemma 2.14 (c), we obtain

R/2
dx,U¢) > q%d(x, a) = Z_IQKyd(x, a), VX € Yae (2.70)

and similarly,
d(x,U°) = 27 \qyd(x, a), Yx € yep. (2.71)
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From (2.69) it readily follows that
By(cj,kyR/2) CU N By(cjy1,2R) and Buy(cjt1,kyR/2) CU N By(cj,2R).

Also, By (cj, kyR/2) N By(cjy1, kyR/2) = @, and hence d(cj, cj4+1) = kyR/2.
We now invoke Lemma 2.15 to conclude that

KyR/2

dx,U%) >q 7R

dcj,cjt1) = 2_36]K}2/R, Vx € Yejcjins J = 1,...,k—1.

(2.72)
Itiseasytoseethat £(y) < 2(k+1)R and k < 4diam(Y)/R, implying R > 41§iya€1(1}(/1)/)'
From this and (2.72), we infer that

2
c Ky .
9y VX €y e j=1,..., -1,
d(x, U%) 2 = diam(y)Ryf(V) >cd(x,a) Nd(x,b), VX € Vejc;pis ] k
2
where ¢ := %' This along with (2.70) and (2.71) implies (2.46). O

2.4 Green’s Theorem

We next establish a general claim that will enable us to verify identity (2.38) (Green’s
formula) in particular settings.

Theorem 2.18 Assume that in the setting described in Sect. 2.2, all conditions are
valid but condition C4. Also_, assume that there exist sets Ve, 0 < ¢ < 1, with the
Jollowing properties: Ve C Ve CV, Ve C Vo if0 < &’ < g, and U, Ve, = V. Further,

assume that the boundary 0V, of V. is regular in the sense that the classical divergence
theorem is valid on Ve If u and v are a C™ function and vector field on Vy, then

/ u div vdx =/ uv - nedte —/ v - Vudx, (2.73)
Ve v, Ve

where 1 is the unit outward normal to 9V, vector and dt, is the element of “area”
of 0V. Then the identity

[ hausave == [ 5. Vhneav,
U U

holds for all f € P(U) and h € C*°(U) N L*°(U) such that fU |Vh|§,de < oolif
and only if for all such functions,

lim f > D87 @ni@)d; 0@ (x)dTe(x) = 0.
il

0
EUJAVe 21 0
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Proof Under the hypothesis of the theorem we have, using (2.15)—(2.18),

/hA,,,fde:/ hdiv(wA f)dv
U U

1 n n 3 .
- . D L .
/V T [ VdetgCm o) /§=1g ()9, (0 [ () V/det g (r)dx

= /V > o[ Vaetgin) Y g7 (010, F(0) [ (0)dx
izl j=1
= tim [ a0 Y w0, o Jicods.
e =1 j=1

Now, by the classical divergence theorem (2.73), we obtain

fv S o[ Y g7 @070 hxdx

e i=1 j=1

- —/V Zlb(x)Zgij(x)ajf(x)aifl(x)dx
£ i=1 j=1

+ /a ) Do) Y g () f(x)nk(x)h(x)de (x)

¢ =1 j=1

- _/V D0 U (x)9; F () dih(x)b(x)dx

e i=1 j=1

* /av 2D 8708 F g (0)hG)b )dre (x)

e =] j=I

= —/U (Vf, Vh)edvy, +/3V D0 8 (x)d; f (x)nk (x)h ()b (x)d e (x).

€ =1 j=1
Here U, := ¢(V,), and we used (2.13) and (2.11). From the conditions on f and A, it
readily follows that ng (Vf,Vh)gdvy, — [,(V [, Vh)gdvy as e — 0. Combining
this with the above identities, we get the result. O

3 Heat Kernel on the Ball

In this section, we establish two-sided Gaussian bounds for the heat kernel generated
by the classical operator

n n n n
Li= 07 =) > xixjdid; — (n+2y) ) xid) 3.1)
i=1

i=1 j=1 i=1
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on the unit ball B” in R”, n > 1, equipped with the weighted measure
dp(x) = (1= x|~ dx, y > —1/2, (3.2)

and the distance

p(x,y) = arccos (x - y + /1 — [lx2/T = Iy[?). (3-3)

Here we use classical notation for the vectors x = (x1,...,x,) € R”", the inner
product x - y := Z';:l x;yj,and the Euclidean norm |[|x|| := +/x - x.
We shall use standard notation for balls:

B(x,r) :={yeB":p(,y) <r} andset V(x,r):= u(B(x,r)).

Denote by Py the set of all algebraic polynomials of degree < k in n variables,
and let Vk be the orthogonal comphment of Pk 1 to Pk in LZ(IB%”, w) when k > 1.
Then Py = Pr_; @Vk Set Vo := Py. As is well known (see e.g. [5, §2.3.2]), Ve,
k=0,1,...,are eigenspaces of the operator L; more precisely,

LP =—MP, VP eV, whererp :=k(k+n+2y—1), k=0,1,....

Let }Skj, j=1,...,dim ]>k, be a real orthonormal basis for f/k in LZ(IBE”, w). Define
Ni :=dimV, = (k+z_1). Then

N
Prx,y) ==Y Pii(x)Py(y). x.yeB", (34)
j=1

is the kernel of the orthogonal projector onto f)k. The heat kernel e’ L(x, y),t >0,
takes the form

T,y =) e Pi(x, ). (3.5)

k=0

We consider the operator L defined on D(L) := P (B") the set of all algebraic poly-
nomials in n variables, restricted to B". Clearly, D(L) is a dense subset of L>(B", j1).
Here we come to our main result for the heat kernel on the ball:

Theorem 3.1 The operator L from (3.1) in the setting described above is essentially
self-adjoint and —L is positive. Moreover, 'L, t > 0, is an integral operator whose
kernel e'™ (x, y) has Gaussian upper and lower bounds; that is, there exist constants
c1,c2, 3, cq4 > 0 such that forall x, y € B andt > 0,
px.y)? } px.y)? }
oot cqt

1/2 =e 12" (3.6)
[V VOV (. VD] [V VOV, VD]

Before proving this theorem, we shall discuss some of its important applications.

c1 exp{—L£¢ c3 exp{— £

Ex,y) <
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3.1 Smooth Functional Calculus Based on the Heat Kernel on the Ball

As is shown in [14], smooth functional calculus can be developed in a general setting
of Dirichlet spaces based on the Gaussian bounds of the respective heat kernel.

In our current setting on B”, for any bounded function ® on R, the operator ®(—L)
is defined by

O(-L)f =) POIPS, el B w),
k=0

where Py is the orthogonal projector on Vi with kernel Py (x, y), defined in (3.4).
The upper bound in (3.6) implies the finite speed propagation property (see [3,
Theorem 3.4]): There exists a constant ¢* > 0 such that

(cos(tv/=L) fi. f2) =0, 0<c't<r,

for all open sets U; C B", f; € LZ(IB%”,M), supp f; C Uj, j = 1,2, where r :=

p(Ur, U2).
As is shown in [14, Proposition 2.8], this property implies the following:

Proposition 3.2 Ler ® be even, supp ® C [—A, A] for some A > 0, and ® € w
for some m > n, i.e., ||Ci>(m)||L1 < 00. Here Ci>($) = f]R O (u)e " du. Then for all
x,yeB"and§ > 0,

DBV —L)(x,y) =0 if p(x,y) > c*SA.

Here ®(8v/=L)(x, y) 1= 332 P(6v/A0) Pe(x, y).
Theorem 3.1 also implies (see [2, Theorem 3.7]):

Proposition 3.3 If ® is a bounded function on [0, co) and supp ® C [0, 7], T > 0,
then the kernel ® (v/—L)(x, y) of the operator ® («/—L) satisfies

cllPlloo

|®(vV—=L)(x, y)| =
[V, t=HV(y, t7h]

x,y € B,

1/2°

where ¢ > 0 is a constant.

Asis shown in [14, Theorem 3.1], Propositions 3.2-3.3 lead to the following local-
ization result:

Theorem3.4 I[f® € C"(R), m > n+1, iseven and supp ® C [—R, R], R > O, then
the kernel ®(5+/—L)(x, y) of the operator ®(5+/—L) obeys

(1+5" o, )™
172 >

1D (V—L)(x. y)| <

x,yeB" §>0, 3.7
[V(X,CS)V()’JS)]

where the constant c,, > 0 depends only on || ®||so, |®" 0o, R and m.
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Furthermore, using [14, Theorem 3.6], the space localization in (3.7) can be
improved to sub-exponential by selecting ® € C°°(R) with “small derivatives”, just
as in [13, Theorem 6.1].

It should be pointed out in light of the development in [2,14], the Gaussian bounds
for the heat kernel on B" are the basis for development of Besov and Triebel-Lizorkin
spaces on B" and their frame characterization (see [19]), in the spirit of the development
of Frazier and Jawerth [7-9] in the classical case on R”.

An important point is that all these results are now valid in the full range of the
weight parameter y > —1/2 (see (3.2)), while in [19,23] the parameter y is restricted
toy > 0.

In what follows, we derive Theorem 3.1 as a consequence of Theorem 2.10.

3.2 Geometric Characteristics in a Natural Chart

In the current setting, the Riemannian manifoldis M := S" := {y € R**! : ||y| = 1},
the unit sphere in R"*!, equipped with the Riemannian metric induced by the inner
product on R"*+1, Set

V:=B" and U:=S%={yeR"™ 1|yl =1, yup1 > O}

Clearly, U = S" as an open subset of the Riemannian manifold S". We consider the
natural chart (S”_, (]5_1) on S", where the map ¢ : B” — S| is defined by

d(x1, . xn) = (X0, X V= X ]?).

In other terms,
Y1 =Xl Yn = Xn, Yn+1 = I_H'X:H2

Then ¢—l(y1’ cos Ynr) = (Vs v Y-
We equip S| and B" with the following weighted measures:

2 o _

wydv(y) =y} dv(y) and wx)dx = (1 — x> dx, ¥ > -1/2,
where v is the Lebesgue measure on S". Observe that du(x) = w(x)dx is just the
measure from (3.2).

We shall denote by d(-, -) the geodesic distance on S"” and by p(-, -) the induced
distance on B”, that is, p(x, x,) = d(¢(x), ¢ (x,)). It is readily seen that p(-, -) is
given by (3.3). The balls on S} will be denoted by By (y, r), namely,

By(y,r):={z eS| :d(y,z) <r}.
In what follows, just as in (2.9) we shall use the abbreviated notation

f(x):=fop(x) = f(p(x), xeB", (3.8)

for a function f defined on S'; .
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As in (2.6) the metric tensor (1nduced by the inner product in R4+1) is given by the
matrix g(x) = (g;j(x)) = (( ol )) Clearly,

d ad ad —X;
D () (00,10, ),
0x; 0x; 0X; 1—|x|?
and hence v
(X)=5+£ 1<ij<n
gl] 15 1_||x”2’ —= & =

From Proposition 2.2 it follows that the matrix (g'/ (x)) with entries
gV (x) == 8;; — xix; (3.9)

is the inverse of g(x), i.e., g~ (x) = (¢¥ (x)). Appealing again to Proposition 2.2, we

infer that 1

detg(x) = W

Integration Using the above, we have

/f(y)dV(y) ff((P(X))\/detg(x dX—/ fo)——— = ”2
— | X

and hence

/Sn Fwy)dv(y) =fEn FOw(x) / FE)A = x]?)r 1 2dx.
i

1
N

In particular,

1
/ w(y)dv(y) = / (1= [IxI)? =" 2dx = |$" / (1 — 2y =12 =1 gy
S;}r B 0

_ |Sd71|

1
/ (1 — vy V227 gy = 271 B(y + 1/2,n/2) 1"
0

Thus,
_ 2y _»—1 n—1
/ w(y)dv(y) = f Y1 dv(y) =27 B(y +1/2,n/2)IS"7,
st st

where [S"~1| = % is the volume of the unit sphere S"~! in R”.

2
Representation of Vf and the weighted Laplacian A,, on §'} Asin (2.10)—(2.11),
we have using (3.9),

(VEG) =D 8" )ai f(x) =8 f(x) = Y xix;d; f(x)

Jj=1 J=1
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and

(V). VR = Y 87 (x)3 f(x)d;h(x)
i,J
= Za,fmalh(x) > i b f (03 (x).

i,J

Also, just as in (2.17)-(2.18), the weighted Laplacian A, on §'} is defined by
Ay f = % div(wV f), and in local coordinates,

Auf() = o[ Vaetgw ) Y g ()9, 7]

j=1

= Yt logly/detg (w1 Y 8 (0d; F(x) + Y [ Y 8 (09, )]
i=1 j=1 i=1

j=1

1 n
w(x)+/det g(x) ;

=20y - 1/2>Z |X||2Z(6U xix)9; f(x)

+y Z ailg" ()2, f ()] = Qi + s,

i=1 j=1

where we used that /det g(x)w(x) = (1 — [|x[|>)? /2 = w(x) as w(y) = yn+1
Straightforward manipulations show that

Qi =-2(y-1/2 Zn:xjajf(x)
j=1
and
Q= Xn:a}f(x) — Xn:i:x,-x,-aiajf(x) —(n+1) ixja,-f(x).
i=1 i=1j=I j=1
Therefore, with the notation Ay, (f)(x) := (Ay f)(¢(x)) and f(x) := f($(x)) (see

(3.8)), we have for f € C*°(S'}) (which is the same as f e C®(B")

ApfO) =) 07 )= > xix;di0; f(x) — @y +n) Y x;d; f(x) = Lf(x).
i=1 i=1 j=1 =1
! ! (3.10)

3.3 Verification of Conditions C0-C5 from Sect. 2.2 and Completion of Proof

To apply Theorem 2.10, we have to verify conditions CO-CS from Sect. 2.2 in the
current setting on B”.
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By (3.10) it follows that condition C0 is obeyed.

Clearly, U = S} is an open and convex subset of S" due to the obvious fact that
the shortest geodesic line connecting any y, y. € S| lies in S’} . Therefore, condition
C1 in Sect. 2.2 is also obeyed.

Condition C2 (the doubling property of the measure du on B" or of wdv on §%)
follows readily from the following well-known result (see, e.g., [4, Lemma 11.3.6]):
Forany z e B" and 0 < r < m,

/ (= el 2dx ~ (L= |lzl)* 4 %)
B(z,r)
or equivalently, forany u € §% and 0 < r <,

2
/ Yo dv(y) ~ r s + 1)
+
By (u,r)

We next verify condition C3. Observe that if e,41 = (0,...,0,1) € S} is the
north pole, then writing

0(y) :=d(y,dS"})) =n/2 —d(y,eny1) foryeS],

we have y, 11 = sinf(y). Assume y € S} and d(y, 3S}) > 2r, where 0 < r < /4.
Then, apparently 6(y) —r < 6(z) < 6(y) + r for z € By(y, r), and hence

1 2
;9(y) < ;(G(y) —r) <sin(0(y) = r) < zuq1 =sin0(2) < O(y) +r < 260(y).
This readily implies

sup 20 < o inf 27 (3.11)

z€By (y.r) 2€By (1)

which completes the verification of C3 on S} .
Similarly as in (2.36), we define

PSS ={f: fO1. oY1) = PO1. ... yn), P € Pe(B")

and set P(S}) 1= Ur=oPr (S).
A critical step in this development is to establish the following Green’s theorem,
that is the same as to verify condition C4 in Sect. 2.2.

Theorem 3.5 If f € P(S'}) and h € C®(S'}) N L*(S}) with fSn+ |Vh|§wdv < 00,
then

/ hAy f wdv = —/ (Vf, Vh)g wdv. (3.12)
st

s}
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Proof We shall utilize Theorem 2.18 for this proof.

SetV, :={x e R" : |x|> <1 —¢}.ThendV, = {x e R" : |x||> = 1 — ¢}.
Clearly, 71, (x) = ﬁ is the unit outward normal to d V. We denote by 7, the Lebesgue
measure on the sphere d V.. We assume 0 < ¢ < 1/2. Appealing to Theorem 2.18, we
know that to prove Theorem 3.5 we only have to show that for any f € P(S) and
h e C™(S%) N L>(S) with fS,i |Vh|2wdv < oo, we have

A :=/ D U nk ()9 F(x)h(x)b(x)dTe(x) - 0 as & — 0.
ave T

We use (3.9) and 11, (x) = x||x||_1 to obtain

D8 mid; f ) = el Y0 Y i iy — xix ) F )
i i

= 17 Y (w0 f ) = a2 Y x50,/ 0)
i J

=l = Jxl?) Y x0; f ().
J
Hence,
Je = / Ixll ™ e - VRGO — Ix DY T 2d . (x),
Ve

where V is the standard gradient on R”. Note that dt, = (1 — £)"/>dv. Evidently, for
anyx € 0V,,0 < e < 1/2,

Il x - VAR = 21TV < e 2 R0 sup IV F ()]l (3.13)

xeB”

However, y > —1/2 and sup, .g» ||Vf()c)||00 < oo because f is a polynomial. From
these and (3.13), it follows that J; — 0 as & — 0. O

Remark 3.6 As one can expect, Theorem 3.5 and [15, Theorem 2.1] are equivalent; it
can be shown that identity (3.12) can be derived from (2.3) in [15] and vice versa.

Completion of the proof of Theorem 3.1. Observe that the current setting on the ball
is covered by the setting described in Sect. 2.2 and conditions C0-CS in Sect. 2.2 are
verified. Therefore, Theorem 3.1 follows by Theorem 2.10.
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4 Heat Kernel on the Simplex

In this section, we establish two-sided Gaussian bounds for the heat kernel generated
by the operator

n
L ::inaf sz,x,aa +Z ki + 5 — (k| + =)x;) 8, 4.1)
i=l1

i=1j=1
with || := k1 + - - - + kp+1 on the simplex
T"::{xeR":x1>O,...,xn>0, |x|<1}, x| :==x1 + -+ x5,

in R", n > 1, equipped with the measure

n
du() =[]0 = 2o =12ax, x> —1/2, 4.2)
i=1

and the distance
n
p(x, y) = arccos (Z«/_xiy,- + /1 xl/1= |y|). (4.3)
i=1

Similarly as before, we shall use the notation:
B(x,r):={yeT":p(x,y) <r} and V(x,r):= u(B(x,r)).
Denote by P = Py (T") the set of all algebraic polynomials of degree < k in n

variables restricted to T", and let Vk = Vk (T™) be the orthogonal compliment of Pk 1
to Pk in LZ(T” n), k> 1. Set Vo = Po As is well known (e.g., [5, §2.3.3]), Vk,

k=0,1,...,are eigenspaces of the operator L; namely,
LP =—aP, VP eV, where = k(k+lx|+(n—1)/2), k=0,1,.... (4.4)
Let f’kj, j=1,...,dim f)k, be a real orthonormal basis for f)k in Lz(T”, ). Let

N := dim Ve = (“"77"). Then

N
Px,y) ==Y Pi(x)Py(y). x.yeT",
j=1

is the kernel of the orthogonal projector onto V. The heat kernel e’ (x, y), t > 0,
takes the form

T,y =) e Pi(x, ). (4.5)
k=0
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We consider the operator L with domain D(L) := 75('11‘") = Ukzoﬁk('ﬂ‘") the set
of all algebraic polynomials in n variables, restricted to T". Clearly, D(L) is a dense
subset of L2(T", w.

Theorem 4.1 The operator L from (4.1) in the setting described above is essentially
self-adjoint, and —L is positive in L2(’]T”, w). Moreover, el t >0, isan integral
operator with kernel 'L (x, y) with Gaussian upper and lower bounds; that is, there
exist constants cy, ¢, c3, ¢4 > 0 such that for any x,y € T" and t > 0,

12
c3 exp{— 250}

[V, VOV, vl

2
c1 exp{— 2520}

<e(x,y) <

4.6

[V, VOV, V]2 o
Remark 4.2 1t would be useful to note that smooth functional calculus on the simplex
can be developed using the two-sided Gaussian bounds on the heat kernel from (4.6)
and the general results from [2,14]. All comments and results from Sect. 3.1 have their
analogues for the simplex. In particular, the finite speed propagation property and
Proposition 3.2 are valid on the simplex as well as the analogues of the localization
estimates from Theorem 3.4 and [13, Theorems 7.1-7.2] hold true. We shall not
elaborate on applications of estimates (4.6) any further.

We shall obtain Theorem 4.1 as a consequence of Theorem 2.10. We begin by
introducing the relevant setting on the simplex.

4.1 Geometric Characteristics in a Natural Chart

In this setting, the Riemannian manifold is again M := S" := {y € R"*!: ||y|| = 1},
the unit sphere in R"*!, equipped with the induced Riemannian metric.

There is a natural relationship between T” and the part S, of the unit sphere S" in
R+ lying in the first octant; that s,

St i={yeS":y>0,i=1,...,n+ 1}

We shall use the natural chart (S, ¢~ ') on S, where the map ¢ : T" > S, is defined
by

n
¢(~x17"'5'x}1) = ('\/x17"'9\/x}’la V1_|x|)7 |x| :szi9
i=1
orinother terms, y; = /x;, i = 1,...,n, yoq1 = /1 — [x].

Then ¢~ (i, ..o\ yug1) = OF, .., VD).
We equip S} with the weighted measure

n+1
w)dv(y) = 2" [y dv(y). ki > —1/2,

i=1

@ Springer



110 Constructive Approximation (2020) 51:73-122

where dv is the Lebesgue measure on S”, and T" with
[ |
dpu(x) = wkx)dx = (1 — |x|)'"t172 l—lxi' dx, ki > —1/2.
i=1

We shall denote by d(-, -) the geodesic distance on S" and by p(-, -) the induced
distance on T", i.e., p(x, x,) = d(¢(x), ¢ (x4)). It is readily seen that p(-, -) is given
by (4.3).

As before, for a function f defined on S., we shall use the abbreviated notation

f) = fopx) = f(p(x), xeT.

As in (2.6), the metric tensor g(x) = (g;;(x)) is given by g;;(x) = (Bix,-’ %).
Evidently,

iz(@ 8y”“):(o,...,o,zL 0 ...,o,;),

Bx,- 3)6,' ’ ’ Bxl- \/x_i’ ’ 2«/1 - |x|
and hence
dij 1 1 (aij(l —[xD
(x) = = 1).
S = e Ty aa—m w T
A direct verification shows that the matrix with entries
g9 (x) == 4(8ijxi — xixj) 4.7

is the inverse to g(x), i.e., g~ (x) = (g" (x)). We claim that

47 Lol
et g(x) 1—|x|ﬂxi (4.8)

This identity follows readily by the following lemma.

Lemma4.3 Given (a) = (ay,...,a,) € R", n > 2, let
a+1 1 - 1
1 a+1--- 1
A= . ) .
1 1 a,+1
Then

det A = li[ai + Xn: ﬁ ag. 4.9)
i=1

j=1k=1k#j
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Proof Let ¢; be the jth coordinate vector (column) in R?, 1 < j < n, and set
17 :=(1,1,...,1),1 e R". Then we have A = (aje1 + 1, ases + 1, ..., aze, + 1).
By splitting the first column of A into two, we can write

det A = det(ajer,azer + 1,...,aye, + 1) +det(1,a2er + 1, ..., ane, + 1).

In the second determinant, we subtract the first column from all other columns to
obtain

det(1, aper + 1, ..., a,e, + 1) = det(1, agey, ..., ayey).
Precisely in the same way, we get

det(ajey, arer + 1, ..., a,e, + 1) = det(ayey, arer, azes + 1, ..., aye, + 1)
+ det(ajeq, 1, azes, ..., ayey).

Inductively we obtain

n
det A = det(ayeq, ..., ae,) + Zdet(alel, cooajej-, Lajejyn, ..., aney).
j=1
Obviously det(aye, ..., aye,) = aj .. .ay, and it is easy to see that
n
(mer,...,aj1ej—1,1,aj1ej41, ..., apey) = l_[ ag.

k=1,k#j

Putting the above together, we arrive at (4.9). O

The gradient V and weighted Laplacian A, on S’ Using the chart (ST, ¢~ 1) and
(4.7), we obtain for y = ¢ (x), x € T",

(VIG) =Y 8700 f@ () = 4xi0:F 0 = Y 2,0 F ) |
J

j=1
Also, we have
(V). VR = Y 87 (x)3 f(x)djh(x)
iJ

= 42(51']‘361' — x;x) f(x)djh(x)

iJ

= 4[Zx,~8if(x)8iﬁ(x) — inxjaif(x)ajﬁ(x)].
; ij
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Asin (2.17), the weighted Laplacian A, is defined by Ay, f := % div(wV f), and we
set Awf = Ay f(p(x)). Just as in (2.18), we get

Aw]F(x) =

1 - n . -
e — : 7 1] .
0 detg(x)ga,( detg(x)w(x);g ()3, f(x)

=Y dilog [(x)detg (0] Y g7 03, ) + 3 ai Y 7 (009, F))
i=1 j=1 i=1 j=1

n

| LS
i=1

X 1— x| o

+Y D 4l 0 f) + )Y eV (0)3id; f(x) = Q1+ Qa + Qs.

i=1 j=1 i=1 j=1

Now, using (4.7) we get

Y gV )0 fx) =4 [8ixi — xix;10; f(x) = 4xi[aif<x) - Zx,a,-ﬂx)],

and hence

n

L_l‘Q1 _ Z (Ki ;‘1/2 B Kn}-l_— 1/2>X1 [Bif(x) B Xn:x]ajf(x)]

i=1 ! ] j=1

=Y i = 1728 @) = Y x50, F) (Yo ki = n/2)

i=1 j=1 i=1

— (k1 = 1/2) Y %0, f(x)

j=1

=Y (ki = 1/2)0i f(x) = [lk| = (n+1)/2] D x;9; f(x).

i=1 j=1
Recall that || := k1 + - - - + k1. By (4.7) we have

1= Y ua e+ Y0 - 20

i=1 j=1,j#i i=1

=Y 0f@) -+ xd; f(x)

i=1 j=1
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and
195 = 202 G — we)ind; F) = Zx,a Fo =33 ity ).
i=1 j=1 i=1 j=1

Combining the above expressions for Q1, Q», and Q3, we obtain that for any function

f e Sy,

1
780 Zx,a Fx) — sz,x,aa Fx)
i=1 j=I
+Z(/<,-+1/2)aif(x)—[|K|+(n+1)/2]zx,-ajf(x).
; P
Hence, ~
Apf(x) =4Lf(x), VxeT". (4.10)

Integration Using the chart (S%., ') and (4.8), we obtain

[Sn FOHdv(y) =/T F@(0)y/detg(x)dx =27" fT Feo [Tx 2 = e~ ax,
T " i=l

and hence

/S W) = /T ST a1 Rdx = | f@ieods.
T i=1

4.1D)
Fork; > —1/2,j =1,...,n+ 1, alittle calculus gives
1 n+1 1
K, Kn 1/2 _ - . -
/]_[ (1= a2y = ]—[ (ki + 5. pCE ). @12
i=1 Jj=i+1
and using (4.11), we get
n+1 1 n+l1 1
/ T2 dv() = HB(K,' + 3 3 (kj+ §)> < 0. (4.13)

St i=1 i=1 j=i+1
Above B(-, -) stands for the standard beta function.
4.2 Verification of Conditions C0-C5 from Sect. 2.2 and Completion of Proof

The proof of Theorem 4.1 relies on Theorem 2.10, which requires the verification of
conditions C0-C5 from Sect. 2.2.
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From (4.10) it follows that the condition C0O from Sect. 2.2 is satisfied for the
operator 4L. Here the factor 4 is insignificant because apparently '*" = ¢*L and if
Theorem 4.1 holds for the operator 4L, it holds for L.

Clearly, S, is an open and convex subset of " as the shortest geodesic connecting
any y, y' € S% lies in S’}.. Hence condition C1 is obeyed.

The doubling property of the measure wdv is well known; i.e., condition C2 is
obeyed. In fact, this is an immediate consequence of the following claim (see, e.g., [4,
(5.1.10)]): Forany u € S} and 0 < r < 7/2,

n+1 n+1

/ w(y)dv(y) = / 2”1"[y2“'dv<y>~r"]‘[(u,-+r>2“
By (u,r) By (u,r)

i=1
or equivalently, forany z € T" and 0 < r < 1,
n
/ ]_[ SV = =2 ~ (1= 2] 42 [ +r. 4.14)
B(z.r) ;_ i=1
To verify C3, we need to introduce some notation. The boundary 9S’. of S7. can be
represented as 9S%, = U?Ll I';, where
={yeS}:y =0}
Further, for y € S7, let
0;(y) =n/2 —d(y,e;), i=1,...,n+1,
where ¢; is the ith coordinate vector in R*t1!. Clearly, 6;(y) = d(y, I';), and hence

inf  6;(y) =d(y, 0S}). (4.15)

l<i<n+1

Note that y; = sin 6; (y), which implies y; ~ 6; ().

Assume y € S% and d(y, 0S}) > 2r with 0 < r < 7 /4. Then from (4.15), it
follows that 6; (y) > 2r fori = 1,...,n + 1. Now, just as in the proof of (3.11), we
obtain

sup 72k 5(271)4“‘"' inf g2,

2€By (y,r) Z€By (y.r)

and hence

n+1 n+1

2 2
sup HZK'<C inf HZK',

z€By(y.r) ; i z€By (y, r)
which confirms condition C3 on S7.
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Recall ~that 75k(']I‘”) is t~he set of all polynomials of degree < k, on R", restricted to
T", and P(T") = Ug=0Px(T"). Let Pr(S’) and P(S7) be the respective spaces on
St.ie.,

PeSE) = f : fO1y ooy yar) = PO, o y2), P e Pu(Ty))

and P(S}) := Up=o Pk (S}).
The following Green’s theorem plays a critical role here.

Theorem 4.4 If f € P(ST) and h € C*(S}) N L*(S}) with fg.; |Vh|§,wdv < 00,

then
/

Proof This proof will rely on Theorem 2.18. Define V := T”", and let 3V be its
boundary. We introduce the sets

hAy fwdy = —/ (V £, Vh)wdb. (4.16)
; sy

n
Ve = [xeR”:x1>e,...,xn>8, in<]—8}, e > 0.
i=1

The following properties of the sets V, follow immediately from the definition: V, C
V,V, C Ve if 0 <& <&, and UpngV, = V. Also, 8V, = U'_ F, U H,, where

F&f = {xER";xizs,xj >ceif j #1, ij <1—28}
J#i
and

n
H, = [xeR":xl >6&,...,X, > €, ijzl—e}.
j=1

The boundary of 9V, is a polyhedron in R", and hence it is regular; that is, the classical
divergence formula (2.73) is valid on V; (see, e.g., Theorem 1, §5, Chapter I in [26]).
Therefore, we can use Theorem 2.18.

We shall also need the scaled simplex T’, defined by

n
T} == {xeR”:xl >0,...,x, >0, Zx,-<b}, b>0.
i=1

By changing the variables, it follows from (4.12) that

n n n+1
_ 1 1
/n T 20 — ey =2 = b\KH-(n+l)/21_[B<Ki 30 Y (ot §)> < oc.
i=1

bi=1 j=it1
4.17)
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Let f and h be the functions from the hypothesis of the theorem, and let 77, =

! , n?) be the unit outward normal vector to d V.. Define

(ng, ...

Ge(x) := Z Zg"f(x)ng(x)a,-f(x)ﬁ(x)zb(x), x €9V,
i=1 j=1

In light of Theorem 2.18, to prove Theorem 4.4 it suffices to show that

lim | Gedw, =0,
e—>0 EYA

where dt, is the element of “area” of 0 V.. Henceforth, we shall assume that ¢ > 0 is

sufficiently small, e.g., e < 1/(n + 1).
Let

Xi() ==Y g7 (03 fx) = 4x; [a,-f(x)—zxjajf(x)], i=1,....n (418)

Jj=1 j=I1
where we used (4.7). Then using the notation )?(x) = (X1(x),..., X,;(x)), we have
G:(x) = ﬁ(x)u“)(x))?(x) g (x). (4.19)

To estimate f V. |G¢|dte, we have to estimate each of the integrals f pi |GeldTe and

st |G¢ldte.
We next estimate an |G¢ldte. Observe that F!' —ee, C {x € R" : x, = 0}.
Hence, 11, (x) = —e,. In turn, this and (4.19) yield

Ge(x) = —h(x)(x) X, (x)

n—1 n
=4 T2 = o T 2 2 0, fo = 3 w9, F )],

=1 j=1

and using the fact that f is a polynomial and & € L*°, we get

n—1
1Ge ()] < e 2 [T 2 — et =2, x e Y.
(=1

Define

n—1
Frl.— {x eR" M ix; >6, ..., X0 > 6, ij <1 —26‘},

&
j=1
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which is the projection of F}' onto R"~! = {x € R" : x, = 0}. With the notation
=(x1,...,xp—1) and |x’| ;= x; +--- + x,_1, we have

| iGadr = [ (G ol
: s

n—1
~1/2 _
S C8Kn+1/2/ l l_[xz( / (1 — e — |x/|)Kn+l 1/2d.x/
™

12 _
< csK"+1/2/ l_[ x,' 21— g — a1 =12gx" < ¢/gknt1/2,
Tn 1

- (=1
(4.20)
Here for the former inequality we used that F e ']I‘1 .» and for the latter we used
(4.17). We similarly obtain
|Geldte < ce“itV? for i #n. 4.21)
Fi
We now estimate st |G¢l|dzt,. Clearly, 7. (x) = \/Lﬁ(l, ..., 1) is the unit outward

normal vector to dV, at each x € H,. This and (4.18)—(4.19) imply that for x € H,

Ge(x) = %fwx)w(x) DX

i=1

=—h(x)l_[ a=1/2( |x|)xn+1—1/zz [8 Fl) - lea f(x)]

Jj=1
1 2 =
=—h<x>ﬂ oY |x|)”"+1+1/22x,a,-f(x),
j=1
K@ 12

and hence |G.(x)| < cefnt1+1/2 H
described by the equation

, x € H,. The surface H; can be

xp=1—¢—x" for x':=(x1,...,x,_1) € FI'1,
where F/7li={x e R ixy > 6, .. x> 6, Z?;}xj < 1 — ¢}. Therefore,

[, Gtz =i [ 1Gutwr, w1 =6 =Dy
H. "

12 _
<C€K,,+.+1/2/' 1—[ K121 o 12y
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n—1
—1/2 _
S CSK,;+]+1/2/ l l_[xz[ / (1 — e — |x/|)Kn 1/2dx/’
TiZe p=1

where we used that ﬁ;—l - ']I"l’:;. We use again (4.17) to obtain

/ |Geldte < ce*rt1t1/2, (4.22)

H,

Combining estimates (4.20), (4.21), and (4.22), we arrive at

n+1

/ Geldre <)y et/
aV,

‘ i=1

From this, taking into account that x; > —1/2,i = 1,...,n + 1, we conclude that
limg o fa V. |G¢|dte: = 0. The proof of Theorem 4.4 is complete. O

Remark 4.5 Observe that Theorem 4.4 and [15, Proposition 3.1] are equivalent.
Namely, it can be shown that identity (4.16) can be derived from (3.2) in [15] and vice
versa.

Completion of the proof of Theorem 4.1. As was shown above, the current setting on
the simplex is covered by the general setting described in Sect. 2.2, and above we
verified conditions CO-CS5. Therefore, Theorem 4.1 follows by Theorem 2.10.

5 Jacobi Heat Kernelon[— 1, 1]

The classical Jacobi operator is defined by

[wx)d -2 )]

w(x)

Lf(x):= ) (5.1

where
wx) =1 -0 1+x)", o p>-1

We consider L with domain D(L) := P[—1, 1] the set of all algebraic polynomials
restricted to [—1, 1]. We also consider [—1, 1] equipped with the weighted measure

du(x) ;= wx)dx = (1 — x)*(1 + x)Pdx

and the distance
p(x,y) := |arccos x — arccos y|.

‘We shall use the notation
Bx,r):={ye[-1,1]:p(x,y) <r} and V(x,r):= u(B(x,r)).
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As is well known [27], the Jacobi polynomials Py, k > 0, are eigenfunctions of L;
that is,
LP, = -\ P, with Mp=kk+a+B+1), k=0,1,.... (5.2)

We consider the Jacobi polynomials {P;} normalized in Lz([—l, 1], w). Then the
Jacobi heat kernel e'£ (x,y),t > 0, takes the form

o0

e, y) =) e Px) Pe(y).
k=0

Theorem 5.1 The Jacobi operator L in the setting described above is essentially self-
adjoint, and —L is positive. Moreover, e't, t > 0, is an integral operator whose
kernel e'™ (x, y) has Gaussian upper and lower bounds; that is, there exist constants
c1, €2, 3, ca > 0 such that for any x,y € [—1, 1]andt > 0,

2
c3 exp{— 250}

[V VDOV VD]

_p&.y)?
coexp{—"t Ly <

[V, vove, vl

(5.3)

Proof We shall derive estimate (5.3) from the two-sided estimate for the heat kernel
on the simplex (Theorem 4.1) in dimension n = 1 by changing the variables. Assume
o, B>—1,andlet B =: k] — 1/2 and @ =: kp — 1/2. Clearly, k1, ko > —1/2.

We assume that x1 € [0, 1]. We shall apply the change of variables

X1 :%(x+1), xe[—1,1] or x =2x; — 1.
The differential operator L7 := L from (4.1) in the case n = 1 takes the form
Ly = x19] = x7107 + (1 + 1/2)31 — (1 + 2+ Dx1d),
and hence for any g € C2[O, 1],
Lrg(x) = (x1 —x1)g"(x) + (B + Dg'(x1) — (@ + B + 2)x18'(x).
Let f(x) :=g((x +1)/2) or g(x1) = f(2x; — 1). A little calculus shows that
Lrgx) = (1= x)) f"(0) + (B =) f'(x) = (@ + B +2xf'(x) = Lf (1), (54)

where L is the Jacobi operator from (5.1).

Letdur(xy) == x'lq_l/z(l—xl)’Q_l/zdxl.Let P k=0,1,...,be the orthogonal

and normalized polynomials in L2([0, 11, o). From (4.4) we have
LrPy = APy, where A i=k(k+x1+K) =k(k+a+B+1). (55)
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Now, by (5.4), (5.2), and (5.5), we obtain
Pi(x) =27 @HBFD2 B ((x 4+ 1)/2). (5.6)

Let pr(x1, y1) := arccos (/X131 + +/T —x14/T = y1) be the distance on [0, 1]

from (4.3) when n = 1. We claim that
pr(xi, y1) = p(x,y)/2, where x; =& +1/2, yy=G+D/2.  (5.7)
Indeed, by applying cosine to both sides, it is easy to see that
| arccos u — arccos v| = arccos (uv + v/ (1 — u?)(1 —v?)), Vu,v e [-1,1].
Therefore,

pr(x1, y1) = | arccos 4/x| — arccos \/y1| = |arccos V(x4 1)/2 —arccos/(y + 1)/2!
VO+D/2 1

] R

JaID2 V1—s2 2

which implies (5.7). For the former equality above, we applied the substitution s =

Jw+1)/2.

From (4.14) it follows that for any x; € [0, 1] and 0 < r < 1, we have

y 1 1
/ dv‘ = —|arccos x — arccos y|,
X 1—1)2 2

o (Br(x1, 1) ~ r(1 = xp + r3)<2(xy + rH"
~r( x4 PR = )2

On the other hand, it is easy to see that for any x € [—1, 1] (see [2, (7.1)]),
p(B(x.r)) ~ r(L—x +r?) 2014 x 4 r3)H2,
Combining the above, we arrive at
ur(B(xi,r)) ~ u(B(x,r)), where x;=(x+1)/2, x e [—1, 1]. (5.8)

We are now prepared to complete the proof of Theorem 5.1. From (5.6) it follows
that

e'l(x,y) =27 @HPHDT () yy), where xj = (x + 1)/2, y=(y+ 1)/2.
Therefore, using the two-sided Gaussian bounds on the heat kernel e’ L7 (x4, y1) from

Theorem 4.1, (5.7), and (5.8), we conclude that the Gaussian estimates (5.3) are valid.
O

Remark 5.2 Theorem 5.1 is also proved in [2, Theorem 7.2] using a different but related
approach. A totaly different proof of Theorem 5.1 in the case «, B > —1/2 is given
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in [21] using special functions. It should also be pointed out that in the case when
o = B > —1, estimates (5.3) follow readily by the two-sided bounds for the heat
kernel on the ball in dimension n = 1 (Theorem 3.1).
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