MATHEMATICS 700 THIRD MIDTERM EXAMINATION
24 NOVEMBER 1997

Professor George McNulty

PROBLEM 1.
Let V and W be a finite dimensional vector spaces over the field F. Let V* = L(V,F) and let
W*=L(W,F). Let T'e€ L(V,W). Define 7% : W* — V* by
T°(f)=feT
for every f € W*. Prove that T* € L(W*,V*).
PROBLEM 2.

Let 'V be a vector space over the field F. Let X,Y, and Z be subspaces of V such that
XCY,Y+Z=V,and YNZ ={0}. Provethat X=YN(X+7Z).

PROBLEM 3.
Let V be a vector space over F and let S,T € £(V). Prove that if
(1) $?=85,
(2) T?> =T,
(3) ST =0, and
(4) S+T=1,

then V =range S @ rangeT .

PROBLEM 4.

Let V be a finite dimensional vector space, and let S € £L(V). Prove each of the following:
(1) If T e L(V) and ST = O, then dimrangeS + dimrangeT < dimV .
(2) Thereis T € L(V) such that ST = O and dimrange S + dimrange7 = dimV .

PROBLEM 5.
Let V be a finite dimensional vector space over the field F,let T € £(V), and let A an eigenvalue
of T'. Prove that there is f € L(V,F) so that fT = \f.

PROBLEM 6.
Let T € £(R*) be defined by

T(xo, 1,22, 23) = (X0 — X3, T0, —221 — T2 — 4x3, 429 + 23).

(1) Display the matrix of T" with respect to the standard basis.
(2) Display the matrix of 7" with respect to the basis which is the result of reversing the order
of the standard basis. This basis is displayed below:

(0,0,0,1), (0,0, 1,0), (0,1,0,0), (1,0,0,0).

PROBLEM 7.
Let V be a vector space and let S,T € £L(V) such that ST =TS . Prove each of the following:

(1) If X is an eigenvalue of S and U ={u eV : Su= Au}, then U is T -invariant.
(2) S and T have a common eigenvector.

PROBLEM 8.
Let V be a finite dimensional vector space over the field F, and let T'€ £(V). Prove that T is

invertible if and only if the constant term of the minimal polynomial of T is not 0.
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PROBLEM 9.

Let 'V be a finite dimensional vector space over the field F, and let 7' € £(V) be diagonalizable.
Prove that if U is a 7T -invariant subspace of V, then the restriction of T" to U is also
diagonalizable.

PROBLEM 10.
Consider n x n matrices over a field F. Prove each of the following:
(1) If A and B are such matrices and at least one of them is invertible, then AB and BA
are similar.
(2) Provide an example of matrices A and B such that AB and BA are not similar.

PRrROBLEM 11.

Suppose that T is a linear operator on the m-dimensional vector space V. A vector v is said to
be T -cyclic if and only if (v,Tv,T?v,...,T" V) is a basis for V. Suppose that v is T -cyclic.
Prove that if S € L(V) such that ST =TS, then there is a polynomial p(z) such that S = p(T).

PROBLEM 12.
Provide an example of a matrix A with real entries whose characteristic polynomial is 2% — 1.
What is the Jordan form of the matrix A?



