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7. (b) First, complete the square: (222 — 8z + 8+ +22=14+80r 2z —2)2+y? + 22 = 32,
This has the form X2 + y2 + 22 = p2, 50 use spherical coordinates: For the z parametrization,
let X =+/2(z - 2) = 3cos fsin ¢, 50 & = 24 (3cosfsin $)/+/2. Thus, the parametrization is

2+ (3cos Osin ¢)//2
3sinf sin ¢
z = 3cosg,

with0 <8 <2rand 0< ¢ <. Thisisa general strategy in attacking many parametrization
problems: changing cartesian coordinates into either ¢ lindrical or spherical coordinates by
completing the squares. :

10. The surface area of the graph lying over D is JJp T2 x Ty|| dz dy and the area of D is [[, dz dy.
The “parametrization” of the graph is & = z,y=y, 2= f(x,y). Thus,

T; =i+ (0f/0z)k and Ty =j+ (8f/dy)k.
Therefore,
To x Ty = (0f/02)i+ (0f/0y)i+k and ||To x Ty|| = [(85/82)? + (8f/By)? + 1]1/2.

Since (0f/0z)* + (8f/0y)? = ¢, [|Ts x Ty|| = VIt c. Returning to the original formula, we
have [f,, ||T, x Ty|ldzdy = [, v/T+cdzdy. Since cis a constant, we factor the constant
from the integral to get v/1+c¢ [, dzdy = +/T+c- (area of D).

12. (b) Use cylindrical coordinates. Let z = rcos 0, y = rsinf. In addition, z = z = rcos @, and
the intervals are 0 < r < 1, 0 < 0 < 2r since we want to be inside the cylinder z? + 32 = 1.
We calculate

T, x Ty = (cosbi+sinbj+ cosk) x (—rsinfi+rcos 6j — rsin k)

(—ri+rk) =r(-i+k) so ||T, x To|| = v2r.

Therefore,

z2dS = ” l(rcosa)zﬁrdrd9= V2 lrsdr hcos?adg
s = el

(#) ([ g2 £ 022

15. We want to compute [f;zdS, where S is the trian-
gle with vertices (1,1,1), (2,1,1) and (2,0,3). First,
we need to find the normal to the triangle: Two vec-
tors on the triangle are (1,0,0) and (0, 1, —2) (found by
subtracting the coordinates of the vertices). Take their
cross product and normalize it. We get the unit normal
n = (0,2,1)/v5, s0 cosf =n-k = 1/4/5. Next, the
projection of S onto the zy-plane can be described by
—y+2<2<2,0<y<1, asshown. Thus,

//Szd.S' = \@f-/pxdxdy=\/5_/01/_;2mdzdy

= g
VB[, -l _5/5
= T[‘” 3 J‘ 6
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Exercise 16. A paraboloid of revolution S is parameterized by the mapping
®(u,v) = (ucosv,usiny,u?),0 <u<2,0<v < 2.

(a) Find an equation in z,y, and z describing the surface.
(b) What are the geometric meanings of the parameters u and v?
(c) Find a unit vector orthojonal to the surface at ®(u,v).

(d) Find the equation for the tangent plane at ®(up,ve) = (1,1,2) and
" express your answer in the following two ways:

. i. parameterized by v and v; and
ii. in terms of z,y, and z.
(e) Find the area of S.

Solution. The paraboloid S is parameterized by ®(u,v) = (u cosv, usinv,u?),0 <
u<20<v<2m, ;

(a) Since u? = u?cos? v + u?sin® v, we have z = 22 + y2.
(b) u and v correspond to r and 6 of the cylindrical coordinates.
(0)
&, x &, = (cosv,sinv, 2u) X (—usinv,ucosv,0)
= (—2u? cosv, —2u?sinv, u)

is normal to the surface at ®(u,v), so &, x ®,/v4u® + 2 is a unit
normal.
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(d) Notice first that ®(v2,7)=(1,1,2).

(i) Simple computation shows that

s - 2
2.v2,T) = (Y2 V2, 5 ®,(vV2 7) = (-1,1,0).

4 2" g 4
Since both &, and @, are tangent to the surface at (1,1, 2), the
tangent plane at (1, 1, 2) is parameterized by

(1,1,2) + (-—‘?lg—gzx/ﬁ) w+ (=1,1,0)v.

(i) (P, x D,)(v?2, 3= (=2v/2, —2\/@, \/i) 0 (2,2,—1) is normal
to the surface at (1,1, 2) and hence 2z~1)+2(y—1)—-(5-2) =0
is the equation of the tangent plane.

(e) Since [|®, x &, || = v/l ¥ u?, we have _ :
2 2w 2
//dS———/ / \/4u4+u?d-vdu=27r/ uv4u? 4+ 1du
: s o Jo 0

T 17 " 7
. v’adw=g(\/173-1). o

:ZI

Exercise 26. Calculate
//F-dS
: s

where F(z,y,2) = (x, ¥:—y) and S is the cylindrical surface defined by
T4 y? =1,0< 2 < 1, with normal pointing out of the cylinder.

Solution. Since S is the cylindrical surface defined by 22 + 2 = 1,0 <
z <1 with outward normal, we know that n — (z,9,0). Hence

//g.jF‘@://SF‘“d5=//5($.y,~y)-(x.y‘0)d5
=//S(932+2/2}d3=/_/5d5'=21r. 0




