
Name: Worksheet 4: Sequences and intro to Series

Thoughts:

Sequences- A sequence, to put it in non-math terms, is a set of things following a pattern. For

example, all your counting numbers: 0, 1, 2, 3, 4, ... are terms in the sequence an = n for n starting

at 0 or an = n− 1 for n starting at 1. Notice a0 = 0, a1 = 1, ... The question is does this sequence

converge (to a number) or diverge (does not converge to a number). The example above diverges

since you are increasing infinitely! Some are not as obvious, but there is a mathematical way to

approach this answer. Mathematically, converging to a means

lim
n→∞

an = a.

Why? Besides actually writing lim, this should seem almost intuiitive. This is saying as n ap-

proaches infinity, an approaches a. Nothing too crazy here. Thus, limit rules like sandwich/squeeze

theorem, multiplying by conjugates, dividing by the highest power in the denominator, moving lim-

its in and out, L’Hospital’s, Monotone Convergence Theorem (every bounded monotonic sequence

is convergent- monotone means nondecreasing or nonincreasing always)

I do not think an example is really going to drive home anything for these for finding conver-

gence or divergence, but there is a question that is typically asked in this class, and really in life,

that I think should be addressed. The question is ”what’s the pattern?” You look for patterns every

day, but now we are doing it with numbers and generalizing. Understanding how to do this now will

make your life with series MUCH MUCH easier. This is where an example makes sense.

1, (1/2), (1/4), (1/8), · · ·

This as a sequence is written an =
1

2n
for n starting at 0. Not too bad to see. Might take some

time to do on your own. Now I’m going to show another that is more intimidating.

1, (5/2), (9/4), (13/8), · · ·

We have the same thing going on in the denominator as before, but there is something different in

the numerator. The answer is an =
1 + 4n

2n
with n starting at 0. The observation to be made here

is that viewing the numerator and denominator of the sequences as independent is SUPER helpful.

Many times this helps with not just fractions, but products, differences, etc. You can always view

seperately first to see if you get what you want! Once again the rest takes practice, but do take note

of strategies you can use to make your life easier.

One last common thing you’ll see is what is called an ”alternating piece”. This means the sign

of the numbers in the sequence changes every term. Like 1, −1, 1, −1, ... This is still a sequence

and can be written a few ways. The classical way to include an alternating piece is with (−1)n or

(−1)n+1 depending on where you want it to be negative or positive. Another way that catches a lot

of students of guard is cos(πn) or cos(π(n+ 1)) depending the starting sign. Go ahead and try with

n = 0, 1 and 2. You typically multiply the classical form to a sequence to make it alternate.
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I do not want to go too in depth with series yet since you wil not have gotten there most likely,

but introing a topic is never a bad idea to prepare you for a dense area. A series is quite simple to

define once you have a sequence.

A series is a sum of all the terms in a sequence.

∞∑
n=0

an

Done! That simple! There are infinite and finite series just like there are infinite and finite sequences.

Finite series are not particularly useful right away since you can just go ahead and add the terms.

Infinite series are much more interesting for the obvious reason that you cannot add them all.

Now the notion of divergent and convergent from series comes to series the same way. A series is

convergent if it equals a number and divergent if it doesn’t! This is easy to say, but not easy to

figure out for most series. The first observation that can be made is something I want to share and

then we’ll call it for this worksheet. Let’s look at the infinite series below

∞∑
n=1

an

where an ≥ 1 for all n. First notice I’m starting from 1 in the series. This changes so do take note

of this. Now focus on the condition of an. Why does this matter? Let’s take the smallest possible

value for each n and add them up! This would be the sum of 1 infinitely many times! Clearly this

is infinity! Thus, anything larger is also infinity. So this series is divergent. This idea should make

you start thinking: ”So what is convergent as a infinite series?” Great question! I will leave you

with two examples and let you think about it.

∞∑
n=1

1

n
− 1

n+ 1

∞∑
n=0

2

3n

If you think you have an idea go ahead and tell me! I’d be glad to discuss it.
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Problems:

1. Give a formula for the sequence, an, where an is the nth term of the sequence.

a. {(1/2), (−4/3), (9/4), (−16, 5), (25/6), · · · }

b. {−3, 2, (−4/3), (8/9), (−16/27), · · · }

2. Determine if the sequences are convergent or divergent. If convergent, find what the sequence

converges to.

a. an =
n3

n3 + 1

b. an =
n3

n+ 1

c. an = cos(2/n)

d. an = { (2n− 1)!

(2n+ 1)!

e. an = ln(n+ 1)− ln(n)

f. an =
sin(2n)

1 +
√
n
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