Name: Worksheet 1: Integration by parts, trig identities, and trig substitution

Thoughts:
Integration by parts: Always for a product of 2 functions! There really two cases where this is
needed.
One function when taking the derivative EVENTUALLY either becomes constant or gets ”ab-
sorbed” by the other function.
ex: [ z3e® dz. The x® will become a constant when by parts is applied 3 times while e remains
unchanged.
ex: [zn(z) dz. In this case, the derivative of In(x) is 1/z. Since the antiderivative of z is z?/2,

the integral will be of 2/2. This is an example of what I mean with ”absorbing”.

Trig Identities: It is best to start this with an example. Consider the following integral:

/ sin®(z) d.

Your first instinct at this point should be u-sub. You’ll quickly find that cos(z) is not in this problem
so u-sub is a dead end. Now what? Well this leaves us no choice but to use a trig identity! The
question now becomes which one? The power here should be the hint. We know things about sin?(z)!
This is seen in the identity sin®(z) + cos?(x) = 1. Thus, sin®(z) = 1 — cos?(x). Before we make use
of this, we need to remember that a trig identity is used to help induce a u-substitution! Now the

question is how do I apply this? Let’s see where sin? (z) makes its appearance in the problem.
/sin5 (z) dx = /(sinQ(x))(siHQ(m)) sin(z) dz.
Now what? Well we see sin? (z) twice, so let’s apply our identity twice!

/(1 — cos?(z))? sin(z) dz.

Now is where we stop and think about the u-substitution we are trying to induce. Notice we have a
product of 2 functions. Thus, the v will live inside one of these functions. sin(x) is too simple to be
a helpful u. Thus, it must be in our du. That tells us we need something that gives us a constant

times sin(z) as our du! That leaves us no choice, but u = cos(z). So we are left with

/(1 — cos?(x))?sin(z) doe = — /(1 —u?)? du.
This problem is now an example of a basic algebra manipulation to use power rule of antiderivatives!

This gives us a general idea for how to approach trig identity problems! First see if u-sub works

right away. If not, we make it work with trig identities!
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Trig substitution: This is a difficult topic. Many approach this topic in a memorization way

which I find unvaluable. Let’s make sense of what is going on with an example.

/ V2522 — 4 d
— —dz.

Very intimidating problem at first glance. u-sub does not work. Nothing straight and simple about
this right away. Thus, we are left to trig substitution! The idea for trig sub stems from the right
triangle trig from precalculus. Notice our difference is of two squares. This should be a HUGE hint
to use trig substitution! Here is why. We have a lot of identities which are useful to us with squares
like this problem has with the difference of 2 squares, but they always include a 1. Let’s derive that!
So, we have 2522 — 4. Our goal here is to achieve a constant 1. We can do that by dividing by 4!

2 2
Thus, we have 1/4 b

—1 ). Now we remember a substitution that is a trig function squared

minus 1. This is tan?(f) + 1 = sec?(#) since the manipulation gives us tan?(f) = sec?() — 1. We
2
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have identified our identity and we notice sec?(f) = 496 in our instance. Thus, sec(f) = g and
2sec(f)
TS

. Let’s ignore the dx for now and see what we have with the root.

Vo —d= | (25‘””2 - 1) — /562(0) —1 = |tan(0)|.
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Now what? Well we left out dx! dx = E sec(x) tan(x) df. That gives us

V2522 — 4 tan(6 2
VO 7% 4o = [tan(6)] (2 sec(f) tan(9) | dé.
T 2 )
—sec(f)
5
Now we can apply the before section on trig identities to finish this problem. Now at the end we
need to translate things back into x’s! That is where right triangle trig comes in!
We can use our x substitution to make the triangle! sec(f) tells us that a = 2, b = V2522 — 4 and
¢ = 5z in the below triangle. Our goal is to use this info to put a trig function in! Let’s make it

happen using triangles!

V2522 — 4 5

Now we have our triangle which gives us the value in terms of x for all trig functions! This is a good

basis for trig sustitution.



Now some problems.
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1. / t? sin(2t) dt
0

? (n(@))?

2. 3

sin?(z) cos?(z) dz (Hint: half-angle identity)
cos(#) cos® (sin(#)) db

tan®(z) sec(x) dz
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