
Name: Worksheet 3: Tangent Lines, Limit Def-Derivative, Deriv on Graph

Thoughts:

We talked about this shortly one time, but it is best to go in a little more depth for you guys

since many instructors forget to even say what a tangent line is. Let’s start with that.

Definition 0.1 (Tangent line at a). A line, say L, is tangent to a curve at a if it touches the curve

LOCALLY at a only.

The confusing word is locally. Here what we mean by locally is we only used a to find this line L.

No other point was used. This is different from a secant line which is the line connecting two points.

Now we got the definition out of the way. So, what is it in a mathematic sense? How do I find L?

Well a line is of the form: mx + b where m is the slope and b is the y-intercept. We need to find

these things to get our line! remeber once we have our slope and a point we can use point slope

form (y − y1 = m(x − x1)) to find the y-intercept. Thus, finding the slope is our focus. This is no

obvious task. What we do notice is that if we take two points and find the secant line between those

two, we can find the slope of that! What if I take the point I care about for my tangent line and

keep moving the other point closer and closer? Eventually I would get the same point I want! This

is the idea for finding the slope of the tangent line. When I say closer and closer this should remind

you of something you have been doing... LIMITS! Let’s see how this works algorithmically.

Say we want the tangent line at x. Let’s take any point h away from x and find the slope of the

secant line.
f(x+ h)− f(x)

x+ h− x
=
f(x+ h)− f(x)

h
.

Now we want this point x + h to be as close as possible to x. That means we want h as small as

possible! LIMITS!

mt = lim
h→0

f(x+ h)− f(x)

h
.

There it is! We can reframe this as a our tangent line point and b the other x value and get

mt = lim
b→a

f(b)− f(a)

b− a
.

Now here is the fun part. We have the slop of the tangent line. This mathematical object is very

important!

Definition 0.2 (Derivative at x). Let f ′(a) be the derivative at a defined by

f ′(a) = lim
h→0

f(a+ h)− f(a)

h

or

f ′(a) = lim
b→a

f(b)− f(a)

b− a
.

In other words, the slope of the tangent line IS the derivative at a! Replace a with x and now it is

a function! We also call the derivative the instantaneous rate of change. This just means the

rate of change but only at a point instead of an average of two points.
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Graphically: This is harder to explain without seeing a picture.

The top is the function and the bottom is its derivative. Any point for which the slope is 0 is a zero

for the derivative. In other words, slope at a 0 ⇒ f ′(a) = 0. Always mark these first! Then look

to the left and right of these 0’s. Is the slope positive or negative? If negative f ′ < 0. If positive

f ′ > 0. This is how you sketch the graph of the derivative from the function.

To go from graph of derivative to function, notice how your peaks and troughs are the points of

slope 0. This means any 0’s of the derivative are peaks and troughs! Plot those first. Then see if

the derivative is positive or negative to the left and right. Let;s consider to the left for now. If the

derivative is above the x-axis, then the slope is positive and we draw a positive slope like C in the

picture! If below the x− axis, then the slope is negative and we draw a negative slope like B in the

picture.
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Problems:

1. Find the equation of the tangent line for the given curve and point.

a. y = x3 − 3x+ 1, (2,3)

b. y =
2x+ 1

x+ 2
, (1,1)

2. Each limit is the derivative of a function at a value. Determine the original function.

a. lim
h→0

(1 + h)10 − 1

h

b. lim
h→0

cos(π + h) + 1

h

c. lim
t→1

t4 + t− 2

t− 1

3. Find f ′(a). In other words, no limit if possible!

a. f(x) =
4√

1− x

b. f(x) =
2t+ 1

t+ 3

c. f(x) = 3x2 − 4x+ 1

4. Sketch the graph of the derivative of the function below.

•
E

•
C

•
A

•
D

•
B

x

y

5. Assume the above is the derivative. Sketch the graph of the function.
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