Wiener Index Versus Maximum Degree in Trees

Miranca Fischermann

Lehrstuhl II für Mathematik, RWTH-Aachen, 52056 Aachen, Germany, fischerm@math2.rwth-aachen.de,

Arne Hoffmann

Lehrstuhl C für Mathematik, RWTH-Aachen, 52056 Aachen, Germany, hoffmann@mathc.rwth-aachen.de,

Dieter Rautenbach^1

Equipe Combinatoire, UFR 921, 175 rue de Chevaleret, 75013 Paris, France, rauten@math2.rwth-aachen.de

László Székely^2

Department of Mathematics, University of South Carolina, Columbia, SC 29208, USA, szekely@math.sc.edu and Lutz Volkmann,

Lehrstuhl II für Mathematik, RWTH-Aachen, 52056 Aachen, Germany, volkm@math2.rwth-aachen.de

Abstract. The Wiener index of a graph is the sum of all pairwise distances of vertices of the graph. In this paper we characterize the trees which minimize the Wiener index among all trees of given order and maximum degree and the trees which maximize the Wiener index among all trees of given order that have only vertices of two different degrees.

Keywords. Tree; Wiener Index; Average Distance; Degree; Valency

1 Terminology and Introduction

All graphs in this paper will be finite, simple and undirected and we will use standard graph-theoretical terminology. For a graph G = (V (G), E(G)), the order will be denoted by n(G) = |V (G)| and the neighbourhood of a vertex v ∈ V (G) will be denoted by N_G(v). The degree d_G(v) of a vertex v ∈ V (G) in the graph G is |N_G(v)|. A vertex of degree one is an endvertex. The maximum degree max_{v∈V (G)} d_G(v) of a graph G is denoted by Δ(G). The subgraph of G induced by a set X ⊆ V (G) is denoted by G[X].

The distance d_G(u, v) between two vertices u, v ∈ V (G) in the graph G is the minimum number of edges on a path in G from u to v or ∞ if no such path exists. The distance sum

1Corresponding author. Supported by a post-doctoral DONET grant. 2This research was supported in part by the NSF grant DMS 0072187.

σ_G(u) of G with respect to a vertex u ∈ V (G) is defined as σ_G(u) = ∑ v∈V (G) dG(u, v) and the distance sum σ(G) of G or Wiener index of G is defined as σ(G) = 1 2 ∑ u∈V (G) ∑ v∈V (G) d_G(u, v) = 1 2 ∑ u∈V (G) σ_G(u).

The average distance d̄(G) of a graph G is^{σ(G)}(_{n(G)2} ).

The Wiener index and the average distance rank among those graph-theoretical parameters that are of most interest to other sciences. In fact, it was the chemist H. Wiener who in 1947 proposed σ in [19] and [20] as a measure for the degree of molecular branching which seems to be related to many physical and chemical properties of molecules. There are numerous publications on the average distance d̄ and the Wiener index σ both in mathematical and chemical journals. See for example [1], [2], [7], [8], [9], [10], [12], [16], [18], and [21] for theoretical and [3], [6], [11] and [17] for algorithmical and computational aspects. A recent and very comprehensive survey about the Wiener index is [5].

Chemists are often interested in the Wiener index of certain trees which represent molecular structures. Entringer, Jackson and Snyder [9] proved that among all trees of a given order n the Wiener index is maximized by the path P_n and minimized by the star K_{1,n−1}. Since every atom has a certain valency, chemists are also often interested in graphs with restricted degrees=valencies. It is therefore not a really satisfactory answer to say that stars minimize the Wiener index, since their maximum degree grows arbitrarily. This motivates the central problem that we consider in this paper.

Problem 1.1 What trees minimize the Wiener index among all trees of given order n and maximum degree at most Δ?

Clearly Problem 1.1 is only interesting if the maximum degree is at least 3. We will settle Problem 1.1 in section two. Our answer to Problem 1.1 will lead us to trees which (with one possible exception) have only vertices of degrees 1 and Δ. For these we solve the following opposite problem in section three.

Problem 1.2 What trees maximize the Wiener index among all trees of given order n whose vertices are either endvertices or of maximum degree Δ?

Once again, this question is only interesting if the maximum degree is at least 3.

2 Trees with minimum Wiener Index

We define a class of trees which will be the extremal trees for Problem 1.1.

Definition 2.1 Let Δ ≥ 3 and R ∈ {Δ − 1, Δ}. For every n the family T (R, Δ) of trees has a unique member T of order n up to isomorphism which we now define together with a natural plane embedding.

Let M_0(R, Δ) = 1 and M_1(R, Δ) = 1 + R, and let M_k(R, Δ) = 1 + R + R(Δ − 1) + ... + R(Δ − 1)^{k−1} for k ≥ 2. Let

M_k(R, Δ) ≤ n < M_{k+1}(R, Δ) (1)

for some k ≥ 0. Let n − M_k(R, Δ) = m(Δ − 1) + r for some 0 ≤ r < Δ − 1, if k ≥ 1; and r = n − 1 for k = 0. Let T be the tree of order n embedded in the plane such that (see Figure 1)

(i) all vertices of T lie on some line R × {i} for 0 ≤ i ≤ k + 1,

(ii) there is a unique vertex on line R × {0} which has exactly min{n − 1, R} neighbours that lie on line R × {1},

(iii) for 1 ≤ j ≤ k − 1 every vertex on line R × {j} has a unique neighbour on line R × {j − 1} and Δ − 1 neighbours on line R × {j + 1},

(iv) if v_1, v_2, ..., v_{m+1} are the m + 1 leftmost vertices on line R × {k} such that v_i lies left of v_j for i < j, then each of v_1, v_2, ..., v_m has Δ − 1 neighbours on line R × {k + 1} and v_{m+1} has r neighbours on line R × {k + 1}.

R × {0} R × {1} R × {2} . . . . . . R × {k} v_1 v_2 ... ... v_m v_{m+1}

Figure 1

Our main result in this section is the following.

Theorem 2.2 Let T be a tree of order n and maximum degree at most Δ (Δ ≥ 3). Then σ(T ) ≤ σ(T^′) for all trees T^′ of order n and maximum degree at most Δ

In fact, Theorem 2.2 has been verified by a computer search for all chemical trees, i.e. trees of maximum degree 4, of order up to 21 in [15]. The trees in T (4, 4) represent alkanes which are called dendrimers and whose Wiener index has been studied in [4] and [13].

In the proof of Theorem 2.2 we may assume n > 1 + Δ by [9], i.e. k ≥ 1 in (1). In the proof of Theorem 2.2 we will consider the centroid of a tree. For some tree T and a vertex v ∈ V (T ), a branch of T at v is a maximal subtree of T that contains v as an endvertex. The weight bw(B) of a branch B is the number of edges in B and the branchweight bw(v) of v ∈ V (T ) is the maximum weight of a branch at v. The centroid C(T ) of a tree T is the set of vertices of T of minimum branchweight. We need the following properties of the centroid of a tree.

Theorem 2.3 (Jordan [14]) If T is a tree, then either C(T ) = {c} and bw(c) ≤^{n−1}_2 or C(T ) = {c_1, c_2}, c_1c_2 ∈ E(T ) and bw(c_1) = bw(c_2) =^n_2 .

Furthermore, we need the following property of the trees in T (R, Δ).

Lemma 2.4 Let T ∈ T (R, Δ) have order n and let M_k(R, Δ) < n < M_{k+1}(R, Δ) for some k ≥ 1. Let T^′ arise from the tree T_0 in T (R, Δ) of order M_k(R, Δ) by attaching n − M_k(R, Δ) endvertices that lie on the line R × {k + 1} to the vertices of T_0 that lie on the line R × {k}.

Then either σ(T ) < σ(T^′) or T and T^′ are isomorphic.

Proof: We assume that T^′ is such that it has minimum distance sum among all trees that satisfy the assumption of Lemma 2.4 and show that T and T^′ are isomorphic.

Let v ∈ V (T_0) ⊆ V (T^′). The vertex v lies on line R × {i} for some 0 ≤ i ≤ k. Let T_v denote the maximal subtree of T^′ that contains v and has only vertices on lines R × {j} for j ≥ i. We say that T_v is full (empty) if all vertices of T_v on line R × {k} have degree Δ (1, respectively).

Claim. Let v ∈ V (T_0) ⊆ V (T^′) lie on line R × {i} for some 0 ≤ i ≤ k − 1. Let v_1, v_2, ..., v_l be the neighbours of v on line R × {i + 1}. Then at most one of the trees T_{v1} , T_{v2} , ..., T_{vl} is neither full nor empty.

Proof of the Claim: We assume for contradiction that the claim does not hold for the vertex v ∈ V (T_0) ⊆ V (T^′) that lies on line R × {i} for some 0 ≤ i ≤ k − 1 and that i is maximum under this condition, i.e. the claim holds for all vertices on lines R × {j} for j > i. We may assume furthermore that T_{v1} and T_{v2} are neither full nor empty and that T_{v1} has at least as many vertices on line R × {k + 1} as T_{v2} . Let V_i denote the set of vertices of T_{vi} on line R × {k + 1} for i = 1, 2.

Let x and y be two vertices in V (T_{v1} ) or in V (T_{v2} ) that lie both on line R×{j} for some i + 2 ≤ j ≤ k. If T_x is full (empty) and T_y is not full (empty), then we assume that x lies left (right) of y. Thus, for ν = 1, 2 there is at most one vertex in V (T_{vν} ) on line R × {k} of degree ≠ 1, Δ and for two vertices x, y ∈ V (T_{vν} ) on line R × {k} we have d_T (x) ≥ d_T (y), if x lies left of y.

Let V_ν denote the vertices of T_{vν} on line R × {k + 1} for ν = 1, 2 and let p = min{(Δ − 1)^{k−i} − |V_1|, |V_2|}. Since T_{v1} and T_{v2} are neither full nor empty, we have 1 ≤ |V_2| ≤ |V_1| < (Δ−1)^{k−i} and hence p ≥ 1. For q = ⌈^p_{Δ−1} ⌉ let y_1, y_2, . . . , y_q (and z_1, z_2, . . . , z_q, respectively) be the rightmost (leftmost, respectively) q vertices in V (T_{v1} ) (V (T_{v2} )) on line R × {k}. Furthermore, let x_1, x_2, . . . , x_p be the p leftmost vertices in V_2 and let T^{′′} be the tree with vertex set V (T^′) and edge set (see Figure 2) (E(T^′) \ {x_jz_{⌈j/(Δ−1)⌉} | 1 ≤ j ≤ p}) ∪ {x_j y_{⌈j/(Δ−1)⌉} | 1 ≤ j ≤ p}.

v v_2 v_1 v v_2 v_1

Figure 2

Going from T^′ to T^{′′} the sum of the distances between all pairs of vertices in V (T ) \ {x_1, x_2, . . . , x_p} and for every 1 ≤ ν ≤ p the sum of the distances from x_ν to all vertices in (V (T ) \ (V_1 ∪ V_2)) ∪ {x_1, x_2, . . . , x_p} remain unchanged. This implies that

σ(T^′) − σ(T^{′′}) = ∑ x∈{x1,x2,...,xp} y∈V1∪V2\{x1,x2,...,xp} (d_T ′ (x, y) − d_T ′′ (x, y)).

The tree T^{′′}[V (T_{v1} ) ∪ {x_1, x_2, . . . , x_p}] contains a tree T^∗_{v2} ∼= T_{v2} as a subgraph such that {x_1, x_2, . . . , x_p} ⊆ V (T^∗_{v2} ). Let V^∗_1 = V_1 \ V (T^∗_{v2} ). Note that V^∗_1 ≠ ∅ and that V^∗_1 = V_1 if p = |V_2|. Thus, ∑ x∈{x1,x2,...,xp} y∈(V1\V ∗1 )∪V2\{x1,x2,...,xp} (d_T ′ (x, y) − d_T ′′ (x, y)) = 0

and σ(T^′) − σ(T^{′′}) = ∑ x∈{x1,x2,...,xp} y∈V ∗1 (d_T ′ (x, y) − d_T ′′ (x, y))

≥ ∑ x∈{x1,x2,...,xp} y∈V ∗1 (2(k + 1 − i) − 2(k − i)) > 0

which is a contradiction to the choice of T^′ and the claim is proved. □

If we now embed T^′ in the plane in the same way as T_{v1} and T_{v2} at the beginning of the proof of the claim, then it is easy to see that T and T^′ are isomorphic and the proof of Lemma 2.4 is complete. □ Our next theorem will imply Theorem 2.2. We need some more terminology. Let T be some tree and let u, v and w be vertices in T . We say that v separates u and w, if v lies on the unique path in T from u to w. Let v be some vertex of T . If C(T ) ≠ {v}, then let T_v denote the subtree of T that contains v and all vertices u of T such that v separates u from all vertices in the centroid C(T ) of T . If C(T ) = {v}, then let T_v = T .

Theorem 2.5 Let T be a tree of order n and maximum degree at most Δ (Δ ≥ 3). Let σ(T ) ≤ σ(T^′) for all trees T^′ of order n and maximum degree at most Δ.

Then T_v ∈ T (Δ − 1, Δ) if C(T ) ≠ {v} and T_v ∈ T (Δ, Δ) if C(T ) = {v} for all v ∈ V (T ). Proof: If n ≤ 1 + Δ, then Theorem 2.5 follows from the cited result of [9]. Hence we may assume n > 1 + Δ and k ≥ 1 in (1). We will prove Theorem 2.5 by induction on the maximum distance h(T_v) of v to an endvertex in T_v. If C(T ) ≠ {v}, then let R = Δ − 1 and if C(T ) = {v}, then let R = Δ. If h(T_v) ∈ {0, 1}, then the result is trivial. Now let h(T_v) ≥ 2.

Claim. Let P : v = x_1x_2...x_ν be a path in T_v such that x_1 ∈ C(T ), x_2 ∉ C(T ). Then d_T (x_j ) = Δ for all 1 ≤ j ≤ ν − 2.

Proof of the Claim: We assume that d_T (x_j ) < Δ for some 1 ≤ j ≤ ν − 2. Let V_{j+2} = V (T_{xj+2} ), V_{j+1} = V (T_{xj+1} ) \ V_{j+2} and V_j = V (T ) \ (V_{j+1} ∪ V_{j+2}). By the definition of the centroid and the tree T_v we have |V_j | > |V_{j+1}|. Let T^′ be the tree with vertex set V (T ) and edge set (E(T ) \ {x_{j+1}x_{j+2}}) ∪ {x_jx_{j+2}}. We have σ(T ) − σ(T^′) = |V_{j+2}|(|V_j | − |V_{j+1}|) > 0 which is a contradiction. This completes the proof of the claim. □ Case 1. There exist two endvertices l_1 and l_2 in T_v such that d_T (v, l_2) ≥ d_T (v, l_1) + 2.

Let l_1 (l_2) have minimum (maximum) distance d_1 (d_2) from v among all endvertices in T_v. By induction, the vertices l_1 and l_2 cannot lie in a proper subtree of T_v that does not contain v. Therefore, let v_1 and v_2 be two different neighbours of v in T_v such that v_i separates l_i and v for i = 1, 2. By induction, T_{vi} ∈ T (Δ − 1, Δ) for i = 1, 2. Let u be the neighbour of v_2 that separates l_2 and v_2. We assume that T_{v1} and T_{v2} are embedded in the plane similarly as in Definition 2.1 such that v_1 and v_2 lie on the line R × {0}, u lies on the line R × {1}, l_1 lies on the line R × {d_1 − 1}, l_2 lies on the line R × {d_2 − 1} and the vertices in V (T_{v1} ) and V (T_{v2} ) lie on the lines R × {j} for 0 ≤ j ≤ d_1 and 0 ≤ j ≤ d_2 − 1, respectively. Without loss of generality let l_2 be the vertex of T_{v2} lying rightmost on line R × {d_2 − 1}.

Let V_3 = V (T_{v2} ) \ V (T_u). By the definition of the centroid and of the tree T_v, we have that |V (T_u)| + |V_3| = |V (T_{v2} )| ≤ bw(v) ≤ bw(v_2) = |V (T ) \ V (T_{v2} )|.

First, we assume that |V (T_{v1} )| < |V (T_u)|. This implies that |V_3| < |V (T ) \ (V (T_{v1} ) ∪ V (T_{v2} ))|. Let T^′ be the tree with vertex set V (T ) and edge set E(T^′) = (E(T )\{v_2u, vv_1})∪ {uv, v_1v_2}. We obtain

σ(T ) − σ(T^′) = (|V (T_u)| − |V (T_{v1} )|) · (|V (T ) \ (V (T_{v1} ) ∪ V (T_{v2} ))| − |V_3|) > 0

which is a contradiction. Hence |V (T_{v1} )| ≥ |V (T_u)|. Since T_{v1} , T_{v2} ∈ T^′(Δ − 1, Δ), we have that 1 + d_2−3∑ i=0 (Δ − 1)^i ≤ |V (T_u)| ≤ |V (T_{v1} )| <

d_1∑ i=0 (Δ − 1)^i

which implies that d_1 > d_2 − 3. Since d_1 ≤ d_2 − 2, we obtain d = d_1 = d_2 − 2.

Analogously as in the proof of Lemma 2.4 we want to construct a new tree T^′ such that σ(T ) > σ(T^′). For i = 1, 2 let V_i be the set of vertices of T_{vi} on line R × {d − 1 + i}. Note, that T_{v1} − V_1 ∼= T_u − V_2. By the choice of l_2, we obtain

V_2 ⊆ V (T_u), |V_1| ≥ |V_2|, and |V_3| ≤ 1 + d−1∑ i=0 (Δ − 2)(Δ − 1)^i.

Let p = min{(Δ − 1)^d − |V_1|, |V_2|}. Since 1 ≤ |V_2| ≤ |V_1| < (Δ − 1)^d, we have p ≥ 1. For q = ⌈^p_{Δ−1} ⌉ let y_1, y_2,..., y_q (and z_1, z_2,..., z_q, respectively) be the rightmost (leftmost) q vertices of T_{v1} (T_{v2} ) on line R × {d − 1} (R × {d}). Furthermore, let x_1, x_2,..., x_p be the p leftmost vertices in V_2. Let T^′ be the tree with vertex set V (T ) and edge set E(T^′) = (E(T ) \ {x_j z_{⌈j/(Δ−1)⌉} | 1 ≤ j ≤ p}) ∪ {x_j y_{⌈j/(Δ−1)⌉} | 1 ≤ j ≤ p}. Going from T to T^′ the sum of the distances between all pairs of vertices in V (T ) \ {x_1, x_2, ..., x_p} and between all pairs of vertices in {x_1, x_2, ..., x_p} remain unchanged. This implies σ(T ) − σ(T^′) = ∑ x∈{x1,x2,...,xp} y∈V (T )\{x1,x2,...,xp} (d_T (x, y) − d_T ′ (x, y)).

For x ∈ {x_1, x_2, ..., x_p}, y ∈ V (T ) \ (V (T_{v1} ) ∪ V (T_{v2} )) and y^′ ∈ V_3 we have d_T (x, y) − d_T ′ (x, y) = 1 and d_T (x, y^′) − d_T ′ (x, y^′) = −1.

If {v} ≠ C(T ), then |V (T ) \ (V (T_{v1} ) ∪ V (T_{v2} ))| > |V (T ) \ V (T_v)| ≥ |V (T_v)| > |V_3| in view of the definition of the centroid and the tree T_v. If {v} = C(T ), then we obtain

|V (T ) \ (V (T_{v1} ) ∪ V (T_{v2} ))| ≥ 1 + d−1∑ i=0 (Δ − 2)(Δ − 1)^i ≥ |V_3|.

Thus, in both cases we obtain ∑ x∈{x1,x2,...,xp} y∈V (T )\(V (Tv1 )∪V (Tu)) (d_T (x, y) − d_T ′ (x, y)) = p · |V (T ) \ (V (T_{v1} ) ∪ V (T_{v2} ))| − p · |V_3| ≥ 0.

Now, it remains to consider ∑ x∈{x1,x2,...,xp} y∈V (Tv1 )∪V (Tu) (d_T (x, y) − d_T ′ (x, y)).

The tree T^′[V (T_{v1} ) ∪ {x_1, x_2, ..., x_p}] contains a tree T^∗_u ∼= T_u as a subgraph such that {x_1, x_2, ..., x_p} ⊆ V (T^∗_u ). Let V^∗_1 = V_1 \ V (T^∗_u ). Note that V^∗_1 ≠ ∅ and that V^∗_1 = V_1 if p = |V_2|. Thus, ∑ x∈{x1,x2,...,xp} y∈(V (Tv1 )∪V (Tu))\V ∗1 (d_T (x, y) − d_T ′ (x, y)) = 0

and ∑ x∈{x1,x2,...,xp} y∈V ∗1 (d_T (x, y) − d_T ′ (x, y)) ≥ p · |V^∗_1 | · ((2d + 1) − (2d − 2)) > 0.

Hence, we obtain σ(T ) − σ(T^′) ≥ ∑ x∈{x1,x2,...,xp} y∈V (Tv1 )∪V (Tu) (d_T (x, y) − d_T ′ (x, y)) = ∑ x∈{x1,x2,...,xp} y∈V ∗1 (d_T (x, y) − d_T ′ (x, y)) > 0.

which is a contradiction to the choice of T . This completes the proof in this case.

Case 2. The distance of any two endvertices in T_v from v differs by at most one.

Let M_k(R, Δ) ≤ |V (T_v)| < M_{k+1}(R, Δ) for some k ≥ 1. The above claim implies that the tree T arises from the tree T_0 in T (R, Δ) of order M_k(R, Δ) by attaching n − M_k(R, Δ) endvertices that lie on the line R×{k +1} to the vertices of T_0 that lie on the line R×{k}. By the Lemma 2.4, we obtain that desired result. This completes the proof in this case and the proof of the theorem is complete. □ Now we come to the proof of Theorem 2.2.

Proof of Theorem 2.2: If |C(T )| = 1, then Theorem 2.5 immediately implies Theorem 2.2. Now let C(T ) = {c_1, c_2}. By Theorem 2.3, the trees T_{c1} and T_{c2} both have exactly n 2 vertices and by Theorem 2.5, T_{c1} , T_{c2} ∈ T (Δ − 1, Δ). This implies that T_{c1} and T_{c2} are isomorphic. It follows that |V (T_{c1} )| = |V (T_{c2} )| = M_k(Δ − 1, Δ) for some k ≥ 0, otherwise

Lemma 2.4 would provide a tree, which is better than the optimal. This implies that T ∈ T (Δ, Δ) and the proof is complete. □ If T ∈ T (Δ, Δ) has order n = M_k(Δ, Δ) for some k ≥ 1, then a tedious but straightforward calculation yields

d̄(T ) = 2 · [(Δ − 1)^{2k}(kΔ(Δ − 2) − 2Δ + 1) + (Δ − 1)^k2Δ − 1] (Δ − 2) · [Δ(Δ − 1)^{2k} − (Δ + 2)(Δ − 1)^k + 2] = (1 + o(1)) · 2k (Δ → ∞)

= (1 + o(1)) · log_{Δ−1} 1 Δ ((Δ − 2)n + 2) (Δ → ∞).

At the end of this section we want to mention another extremal property of the trees in T (Δ, Δ). For a graph G let σ̃(G) = min{σ_G(v)|v ∈ V (G)}. The straightforward proof is left to the reader.

Proposition 2.6 Let T be a tree of order n and maximum degree Δ ≥ 3. If σ̃(T ) ≤ σ̃(T^′) for all trees T^′ of order n and maximum degree Δ, then T ∈ T (Δ, Δ).

3 Trees with maximum Wiener Index

A tree is a caterpillar if the deletion of its endvertices produces a path. A caterpillar of order n whose vertices are either endvertices or of degree Δ will be denoted by C(n, Δ) (note that n ≡ 2 mod (Δ − 1)). Let x(n, Δ) denote an endvertex of C(n, Δ) such that the neighbour of x(n, Δ) has at most one neighbour of degree Δ. The following theorem settles Problem 1.2.

Theorem 3.1 Let T be a tree of order n such that d_T (x) ∈ {1, Δ} for all x ∈ V (T ) and some Δ ≥ 3.

a) Let x ∈ V (T ) be such that σ_T (x) = max{σ_T (y)|y ∈ V (T )}. Then σ_T (x) ≤ σ_{C(n,Δ)}(x(n, Δ)) with equality if and only if there is an isomorphism between T and C(n, Δ) that maps x on x(n, Δ).

b) σ(T ) ≤ σ(C(n, Δ)) with equality if and only if T and C(n, Δ) are isomorphic.

Proof: a) The proof of this part is straightforward and we leave it to the reader.

b) We assume that T maximizes the Wiener index among all trees of order n whose vertices are either endvertices or of maximum degree. Furthermore, we assume that T is a counterexample of minimum order, i.e. T ≁= C(n, Δ) and the conclusion of the theorem holds for all orders < n.

This implies that there is a vertex x ∈ V (T ) of maximum degree such that for some k ≥ 3 the vertices y_1, y_2, ..., y_k are the neighbours of x of maximum degree. For 1 ≤ i ≤ k let V_i be the vertex set of the component of T [V (T ) \ {x}] that contains y_i and let T_i = T [V_i ∪ {x}]. We assume that for some 1 ≤ i ≤ k there is no isomorphism between T_i and C(n(T_i), Δ) that maps x on x(n(T_i), Δ). Let T^′ be a tree on the vertex set of T such that

T^′[V (T ) \ V_i] ∼= T [V (T ) \ V_i]

and there is an isomorphism between T^′_i = T^′[V_i ∪ {x}] and C(n(T_i), Δ) that maps x on x(n(T_i), Δ). We have σ(T ) = σ(T_i) + σ(T [V (T ) \ V_i]) + |V_i| · σ_{T [V (T )\Vi]}(x) + |V (T ) \ (V_i ∪ {x})| · σ_{Ti} (x) and σ(T^′) = σ(T^′_i ) + σ(T [V (T ) \ V_i]) + |V_i| · σ_{T [V (T )\Vi]}(x) + |V (T ) \ (V_i ∪ {x})| · σ_T ′_i (x).

Therefore

σ(T ) − σ(T^′) = σ(T_i) − σ(T^′_i ) + |V (T ) \ (V_i ∪ {x})| · (σ_{Ti} (x) − σ_T ′_i (x)).

If T_i ≁= C(n(T_i), Δ), then σ(T^′_i ) > σ(T_i), since T is a minimum counterexample. Furthermore, by part a), σ_T ′_i (x) > σ_{Ti} (x) and we have σ(T^′) > σ(T ) which is a contradiction. If T_i ∼= C(n(T_i), Δ), then σ(T^′_i ) = σ(T_i). Furthermore, by part a), σ_T ′_i (x) > σ_{Ti} (x) and we have σ(T^′) > σ(T ) which again is a contradiction.

Hence for all 1 ≤ i ≤ k there is an isomorphism between T_i and C(n(T_i), Δ) that maps x on x(n(T_i), Δ).

Now let z be an endvertex of T in V_2 such that the neighbour of z has at most one neighbour of maximum degree. Let the tree T^′ (see Figure 3 for an example of the construction) have vertex set V (T ) and edge set E(T^′) = (E(T ) \ {ay_1|a ∈ N_T (y_1) \ {x}}) ∪ {az|a ∈ N_T (y_1) \ {x}}. T z

x y_1 y_2

T^′ z

x y_1 y_2

Figure 3

In view of the structure of the trees C(n(T_i), Δ) it is now trivial to see that again σ(T^′) > σ(T ) which is a contradiction and the proof is complete. □

Acknowledgement. An earlier version of this paper contained Theorem 2.2 as a conjecture together with several partial results. Independently of us, F. Jelen and E. Triesch found a different proof for Theorem 2.2.

References

[1] D. Bonchev and O.E. Polansky, The Wiener number of graphs. I. General theory and changes due to graph operations, MATCH 21 (1986), 133 - 186.

[2] C.A. Barefoot, R.C. Entringer and L.A. Székely, Extremal values for ratios of distances in trees, Discrete Math. 80 (1997), 37 - 56.

[3] E.R Canfield, R.W. Robinson and D.H. Rouvray, Determination of the Wiener molecular branching index for the general tree, J. Comput. Chem. 6 (1985), 598 - 609.

[4] M.V. Duidea, Molecular Topology 21. Wiener Index of Dendrimers, Commun. Math.

Chem. (Match) 32 (1995), 71 - 83.

[5] A.A. Dobrynin, R. Entringer and I. Gutman, Wiener Index of Trees: Theory and Applications, manuscript.

[6] A.A. Dobrynin and I. Gutman, The Wiener index of trees and hexagonal graphs. (Russian), Diskretn. Anal. Issled. Oper., Ser. 2 5 2 (1998), 34 - 60.

[7] A.A. Dobrynin and V.A. Skorobogatov, Metric analysis of graphs, MATCH 23 (1988), 105 - 151.

[8] J.K. Doyle and J.E. Graver, Mean distance in a graph, Discrete Math. 17 (1977), 147 - 154.

[9] R.C. Entringer, D.E. Jackson and D.A. Snyder, Distance in graphs, Czechoslavak Math.

J. 26 (1976), 283 - 296.

[10] R.C. Entringer, A. Meir, J.W. Moon and L.A. Székely, On the Wiener index of trees from certain families, Austr. J. Comb. 10 (1994), 211–224.

[11] I. Gutman, A new method for the calculation of the Wiener number of acyclic molecules, J. Mol. Struct. 285 (1993), 137 - 142.

[12] I. Gutman, S.L. Lee, Y.L. Luo and Y.N. Yeh, Some recent results in the theory of the Wiener index, Indian J. Chem. 32A (1993), 651 - 661.

[13] I. Gutman, Y.N. Yeh, S.L. Lee and J.C. Chen, Wiener numbers of dendrimers, Commun. Math. Chem. (Match) 30 (1994), 103 - 115.

[14] C. Jordan, Sur les assemblages des lignes, J. Reine Angew. Math. 70 (1869), 185 - 190.

[15] M. Lepovic and I. Gutman, A Collective Property of Trees and Chemical Trees, J.

Chem. Inf. Comput. Sci. 38 (1998), 823 - 826.

[16] B. Mohar, Eigenvalues, diameter, and mean distance in graphs, Graphs and Comb. 7 (1991), 53 - 64

[17] B. Mohar and T. Pisanski, How to compute the Wiener index of a graph, J. Math.

Chem. 2 (1988), 267 - 277.

[18] J. Plesnik, On the sum of all distances in a graph or digraph, J. Graph Theory 8 (1984), 1 - 24

[19] H. Wiener, Structural determination of paraffin boiling points, J. Am. Chem. Soc. 69 (1947), 1 - 24.

[20] H. Wiener, Correlation of heats of isomerization, and differences in heats of vaporization of isomers, among the paraffin hydrocarbons, J. Am. Chem. Soc. 69 (1947), 2636 - 2638.

[21] B. Zelinka, Medians and peripherians of trees, Arch. Math. (Brno) 4 (1968), 87 - 95.