Short proof for a theorem of Pach, Spencer, and Tóth

László A. Székely^∗ Department of Mathematics, University of South Carolina,

Columbia, SC 29208

September 25, 2003

Abstract

Pach, Spencer, and Tóth showed that for a simple graph on n vertices and e edges, if e ≥ 4n, and the girth of the graph exceeds 2r (r > 0 integer), then cr(G) ≥ cr^{er+2}_{nr+1} . We give a simple new proof to this theorem.

A well-known result of Ajtai et al. [ACNS] and Leighton [L] shows that for a simple graph on n vertices and e edges, if e ≥ 4n, then cr(G) ≥ c^{e3}_{n2} , with c =^1_{64} . For the best current constant c, see [PT]. Answering a question of Miklós Simonovits, Pach, Spencer, and Tóth [PST] showed that for a simple graph on n vertices and e edges, if e ≥ 4n and the girth of the graph exceeds 2r (r > 0 is a fixed integer), then cr(G) ≥ c_r^{er+2}_{nr+1} . The aim of this note to give a very simple proof for this theorem. We also obtain an explicit constant for c_r. We prove that

cr(G) ≥

(1 − o(1))c r^22^{2r+3} · e^{r+2} n^{r+1} , (1)

where o(1) is for e/n → ∞. At the end of the paper we comment on how to make the lower bound even more explicit.

The proof reduces the theorem to the original result of Ajtai et al. [ACNS] and Leighton [L] through the embedding method. For comparison, the original proof of Pach, Spencer, and Tóth [PST] used the bisection width method.

Assume we have a simple graph G on n vertices and e edges, with crossing number cr(G) and girth > 2r. Consider a drawing of G realizing the crossing number, in which any two edges share at most one interior point, and no two edges with a common endpoint cross. (It is well-known that these assumptions can be made, see e.g. [S].) Let d̄ denote the average degree of G, i.e. d̄ = 2e/n.

∗The author was visiting the National Center for Biotechnology Information, NLM, NIH, with the support of the Oak Ridge Institute for Science and Education. This research was also supported in part by the NSF contracts Nr. 007 2187 and 0302307.

Next, following Pach, Spencer, and Tóth [PST], we define a graph G^′ with a drawing D^′ as follows. We split every vertex of G whose degree exceeds d̄ into vertices of degree at most d̄, as we describe. Let v be a vertex of G with degree d(v) = d > d̄, and let vw_1, vw_2, ..., vw_d be the edges incident to v, listed in clockwise order. Replace v by ⌈d/d̄⌉ new vertices, v_1, v_2, ..., v_{⌈d/}¯_{d⌉}, placed in clockwise order on a very small circle around v. Without introducing any new crossings, connect w_j to v_i if and only if d̄(i − 1) < j ≤ d̄i (1 ≤ j ≤ d, 1 ≤ i ≤ ⌈d/d̄⌉). Repeat this procedure for every vertex whose degree exceeds d̄, and denote the resulting graph by G^′ and the resulting drawing by D^′. Observe that the number of crossings is the same in D and D^′, cr(G^′) ≤ cr(G), and the girth of G^′ still exceeds 2r. For the number of vertices, |V (G^′)| ≤ ∑ v∈V (G)⌈d(v)/d̄⌉ ≤ n + ∑ v∈V (G) d(v)/d̄ = 2n. Every degree in G

′ is at most Δ = ⌊d̄⌋. Define a graph G^{′′} with V (G^{′′}) = V (G^′), and E(G^{′′}) = those pairs of vertices from V (G^′) whose distance in G is exactly r. By the girth assumption on G, G^{′′} is a simple graph with maximum degree at most Δ(Δ − 1)^{r−1}. (Such graph construction for crossing number purposes was first used by Pach and Sharir [PS].)

Next, following the of the embedding method (see [L], [SSSV]), we make a drawing D^{′′} of the graph G^{′′}, closely following the drawing D^′ of G^′. Note that vertices of G^{′′} are the same as the vertices of G^′, and keep them at the same location. Every edge f of G^{′′} is represented by a (unique) r-path in G^′. Draw the edge f by a curve “infinitesimally close” to this unique path. Do this for all edges to obtain the drawing D^{′′}.

Crossings of D^{′′} fall into two categories. A crossing of the first category arises from two crossing edges a, b of D^′, which are parts of paths of lengths r. Notice that the number of paths of lengths r containing a fixed edge a is at most r(Δ − 1)^{r−1}. Therefore, every crossing in D^′ corresponds to at most r^2(Δ − 1)^{2r−2} crossings of D^{′′} of the first category.

A crossing of the second category arises at vertices, which have the property that in their infinitesimally small neighborhoods paths of D^′ representing edges of D^{′′} cross. Fix a vertex v ∈ V (G^′). Easy calculation shows that v is a vertex of at most^1_2 (r + 1)Δ(Δ − 1)^{r−1} paths of length r in G^′. Therefore,

cr(G^{′′}) ≤ r^2(Δ − 1)^{2r−2}cr(G) + 2n

(_1 2 (r + 1)Δ(Δ − 1)^{r−1} 2 ) . (2)

Combining formula (13) and Theorem 5 from the paper of Erdős and Simonovits [ES], we obtain that |E(G^{′′})| ≥ (^1_2 − o(1)) ·^{er}_{nr−1} .

Applying to G^{′′} the result of Ajtai et al. [ACNS] and Leighton [L] quoted in the first sentence of the paper, we obtain |E(G^{′′})| ≤ (8 + o(1))^{1/r}n, or,

cr(G^{′′}) ≥ c (2n)^2 (( 1 2 − o(1) ) · e^r n^{r−1} )_3

. (3)

Comparing formulae (2) and (3), the claimed lower bound for cr(G) follows:

cr(G) ≥ cr(G^{′′}) r^2(Δ − 1)^{2r−2} − n 4 (1 + 1 r )^2Δ^2 ≥ (1 − o(1))c

r^22^{2r+3} · e^{r+2} n^{r+1} − (1 + 1 r )^2 e^2 n , where the error term with negative sign is little-oh of the main term.

If preferred, more explicit lower bounds can be obtained for |E(G^{′′})|, at the expense of having a smaller c_r. Also, this modified proof covers some linear size graphs. Fix any ϵ > 0, and construct a large subgraph H^′ of G^′, and also H^{′′} of G^{′′}, as follows. Throw out vertices of G^′ with degree <^{d̄}_{4+ϵ} , and iterate this for the resulting graphs. Throwing out at most 2n vertices, we lost at most 4e 4+ϵ edges, and therefore at least^{ϵe}_{4+ϵ} edges are left in some subgraph H^′. Since 1 2 |V (H^{′′})|d̄ ≥^{ϵe}_{4+ϵ} , we have |V (H^{′′})| ≥^{ϵn}_{4+ϵ} . H^{′′} is a large graph with large minimum degree, and therefore has many r-paths. Complete the argument as above.

The author is indebted to J. Pach and G. Tóth for their valuable suggestions.

References

[ACNS] M. Ajtai, V. Chvátal, M. Newborn, E. Szemerédi, Crossing-free subgraphs in: Theory and Practice of Combinatorics, Mathematical Studies Vol. 60, North-Holland, Amsterdam, 1982, 9–12.

[ES] P. Erdős, M. Simonovits, Compactness results in extremal graph theory Combinatorica 2 (1982), 275–288.

[L] F. T. Leighton, Complexity Issues in VLSI, MIT Press, Cambridge, MA, 1983.

[PS] J. Pach, M. Sharir, On the number of incidences between points and curves Combin. Probab. Comput. 7 (1998), 121–127.

[PST] J. Pach, J. Spencer, and G. Tóth, New bounds for crossing numbers Discrete and Computational Geometry 24 (2000), 623–644.

[PT] J. Pach, G. Tóth, Graphs drawn with few crossings per edge Combinatorica 17 (1997), 427–439.

[S] L. A. Székely, A successful concept for measuring non-planarity of graphs:

the crossing number, to appear in Discrete Math.

[SSSV] F. Shahrokhi, O. Sýkora, L. A. Székely, and I. Vrťo, Crossing numbers:

bounds and applications in: Intuitive Geometry, Bolyai Society Mathematical Studies 6, (I. Bárány and K. Böröczky, eds.), Akadémia Kiadó, Budapest, 1997, 179–206.