Erdős on Unit Distances and the Szemerédi–Trotter Theorems

László A. Székely^∗, University of South Carolina

This is a concise review that attempts to show the vast influence of the work of Paul Erdős in a narrow area, the combinatorics of unit distances in geometry. This review tries to follow the history of the problems and cover the latest and strongest results, but cannot be complete. Excellent sources of further information are the book of Pach and Agarwal [47], and Chapter 17 in the Handbook of Combinatorics written by Erdős and Purdy [27]. Exercises in a book being written by Babai and Frankl [2] also cover many variants of the coloration problems that I discuss.

1 Coloring IR^n

E. Nelson and J. R. Isbell, and independently Erdős and H. Hadwiger, posed the following problem: what is the minimum number of colors needed to color the points of IR^n if points at unit distance apart must receive different colors? This number is called the chromatic number of IR^n, and is denoted by χ(IR^n). This is exactly the chromatic number of the following graph, which is called the unit distance graph: V = IR^n and join two vertices if their distance is one.

For n = 2, there has been no improvement on the estimates 4 ≤ χ(IR^2) ≤ 7 [36, 44]. We reproduce here the Moser spindle, a configuration of 7 points in the plane, with the property, that any 3 of the 7 points include 2 points at unit distance apart. The Moser spindle is evidence that the chromatic number of the plane is at least four.

∗The research of the author was supported in part by the NSF contract DMS 970 1211. The author is indebted to Éva Czabarka for her help in writing this paper.

Fig. 1 : The Moser spindle. All eleven segments shown are of unit length.

I also show here two doubly periodic colorations of the plane. Points in a region are colored with the number assigned to the region, boundary points are colored with the color of any of their neighboring regions.

Fig. 2 : A good 7 coloration of the plane. The diameter of a hexagon is slightly less than 1.

There is no improvement on the lower bound 5 ≤ χ(IR^3) [39] either. However, D. Coulson [15] proved χ(IR^3) ≤ 18, and recently announced χ(IR^3) ≤ 15.

Fig. 3 : Another good 7 coloration of the plane. The diagonal of a square is 1.

It is not difficult to come up with an exponential upper bound for χ(IR^n). The best known upper bound, (3 + o(1))^n, is due to Larman and Rogers [39]. They also showed that if there is a sphere packing in IR^n of density (2^{−.5} +o(1))^n as conjectured, then χ(IR^n) < (2^{1.5} + o(1))^n.

2 Critical configurations in IR^n

To set a good lower bound for the chromatic number of a graph is a notoriously hard problem. D. G. Larman and C. A. Rogers [39] generalized the Moser spindle into a configurational principle. They looked at the inequality χ(G) ≥ |V (G)| α(G) , (1)

i.e. the chromatic number of a graph G is at least the number of vertices divided by the independence number. This led them to the following definition: a set of M points makes an (M, D)-critical configuration in IR^n if any D + 1 of the M points contain some two points at unit distance apart. (Multiple points are allowed. Clearly any distance d can play the role of the unit distance. In this case we say that the configuration is critical for the distance d.) Obviously, the existence of an (M, D)-critical configuration in IR^n implies χ(IR^n) ≥ M/D. All lower bounds for χ(IR^n) that I know of come in this way. However, Larman and Rogers [39] (based on earlier work of Hadwiger [35] and D. E. Raiskii [51]) proved a much stronger theorem:

If there exists an (M, D)-critical configuration in IR^n (n ≥ 2), then in any partition of IR^n into fewer than M/D classes, one class exhibits all positive real numbers as distances between some of its points.

For n = 2, the best known (M, D)-critical configuration is the Moser spindle yielding M/D = 3.5. Although there is no improvement on the upper bound χ(IR^2) ≤ 7, it is remarkable that Stechkin [51], D. R. Woodall [62], and A. Soifer

[52, 53], found “better and better” partitions of the plane into six sets, such that none of the six sets exhibits all positive real numbers as distances between some of its points. In view of the cited theorem of Larman and Rogers, this means that there is no (M, D)-critical configuration in the plane with M/D > 6.

Larman and Rogers paid much attention to constructing good critical configurations in low dimensions, and many of the critical configurations that they discovered are still the best ones in the respective dimensions. I repeat here those constructions.

The half-cube is a (16, 2)-critical configuration with critical distance √ 2 in IR^5, its points are the 0-1 vectors of length 5 with even sum. The 56 vertices 7-dimensional Gosset polytope can be obtained by putting signs in all the 8 ways to the characteristic vectors of the lines of the Fano plane. This is an (56, 4)-critical configuration with critical distance 2 in IR^7.

The Moser–Raiskii spindle is an (n^2 + 2n − 1, n)-critical configuration with critical distance 1 in IR^n. This is an n-dimensional generalization of the Moser spindle, its construction is the following. Take a regular simplex in IR^n with side 1, specify one of its vertices, the top of the simplex, and reflect the point into the opposite face to obtain the bottom point. The resulting (n + 2) vertices, including the bottom, make a needle. Take n needles whose bottoms coincide, and whose tops make a regular simplex of side 1. Take the common bottom with multiplicity (n − 1).

The half-cube spindle and the special Gosset spindle can be defined by a further generalization of the spindle construction. Let us be given a C (M, D)- critical configuration in IR^n with critical distance d, such that C is on a sphere of radius r. If r ≤ 2d/ √ 5, then S, the spindle of C, is an (M^2 + 2DM − D^2, DM)- critical configuration in IR^{n+1} with critical distance d. The description is as follows. Add a top and a bottom to C in IR^{n+1}, such that both the bottom and the top are distance d apart from all vertices of C, and the top and the bottom are mirror images of each other with respect to the center of the sphere containing C. An (M +2)-vertex configuration is obtained, that we call a needle. Take now M needles whose bottoms coincide, and whose tops make a copy of C. Take the tops with multiplicity D, the bottom in common with multiplicity D(M − D), and all other vertices of the M needles with multiplicity one. This is the spindle S.

If r = 2d/ √ 5, then T , the special spindle of C, is an (M + 2D, D)-critical configuration with critical distance d in IR^{n+1}. Add a top and a bottom to C, such that their distance from all vertices in C is d, and in addition, the distance of the top and the bottom is also d. Take the top and the bottom with multiplicity D, and all other points of C with multiplicity one to obtain the special spindle T of C.

Now the half-cube spindle is the spindle of the 5-dimensional halfcube, and the special Gosset spindle is the special spindle of the 7-dimensional Gosset polytope.They give the best critical configurations that we know in IR^6 and IR^8.

Larman and Rogers in an appendix of their paper [39] cite an unpublisehed lemma of Erdős and Vera Sós. This lemma applied in a new context an observation of Zsigmond Nagy [46] and proved tight bounds on it. The configuration of Erdős and Vera Sós is the following. Consider in IR^{n+1} all 0-1 vectors with exactly three 1’s, so M = (_{n+1} 3 ) . This configuration is on a hyperplane and therefore admits distance preserving embedding in IR^n. Regarding this as a critical configuration for distance 2, they showed D = { n + 1 if n + 1 ≡ 0 mod 4,

n if n + 1 ≡ 1 mod 4, n − 1 if n + 1 ≡ 2 or 3 mod 4.

This configuration gave a quadratic lower bound for χ(IR^n). Erdős conjectured that χ(IR^n) grows exponentially in n. This conjecture was verified by P. Frankl and R. M. Wilson [31], who proved a strong intersection theorem for set systems, which actually generalizes the lemma of Erdős and Sós. Using this theorem, P. Frankl and R. M. Wilson exhibited in IR^n, in particular among its 0-1 vectors, an (M, D)-critical configuration with M/D ≥ (1.2 + o(1))^n.

The Frankl–Wilson construction is the following: take any prime p < n/2 and consider in IR^{n+1} all 0-1 vectors with exactly 2p−1 1’s, so M =

(_{n+1} 2p−1 ) . Regarding this as a critical configuration for distance √ 2p, they showed D ≤ (_{n+1} p−1 ) . This configuration is on a hyperplane again, and therefore admits distance preserving embedding in IR^n. Note that the Nagy–Erdős–T. Sós construction is a special case for p = 2, giving slightly improved bounds on D in this special case.

This Frankl–Wilson intersection theorem and construction is also the basis of two other breakthrough results. One is the best constructive lower bound for the Ramsey number R(k, k) given in the same paper. The other is an unexpected counterexample to the Borsuk conjecture by J. Kahn and G. Kalai [38], who observed that the Borsuk problem can be “translated” by a surprising transformation into a critical distance problem. Recently A. M. Raigorodskii [49, 50] made a stronger counterexample to the Borsuk conjecture, which already works in 561 dimensions, and had an (M, D)-critical configuration in IR^n with M/D ≥ (1.236 + o(1))^n. This configuration, however, did not beat the old ones in low dimension.

3 The measurable chromatic number

One cannot apply (1) directly to the unit distance graph in IR^n. However, a substitute can be found if we restrict our interest to colorations of IR^n with Lebesgue measurable color classes. Let the measurable chromatic number of

IR^n, χ^m(IR^n), denote the least number of colors of a good coloration using Lebesgue measurable color classes. Clearly χ(IR^n) ≤ χ^m(IR^n). Let us define a substitute for the independence number as

m_1(IR^n) = sup_{X⊆Bn(r)} lim sup_{r→∞} λ(X ∩ B_n(r)) λ(B_n(r)) , (2)

where λ is the n-dimensional Lebesgue measure, B_n(r) is the ball of radius r around the origin in IR^n, and X is a Lebesgue measurable subset of IR^n, such that no two points of X are at unit distance apart. Then we have χ^m(IR^n) ≥ 1/m_1(IR^n). A section was devoted to m_1(IR^2) in the problem collection of W. Moser [45].

The study of χ^m(IR^n) started with K. J. Falconer’s proof [28] of χ^m(IR^n) ≥ n + 3. Note that in particular χ^m(IR^2) ≥ 5. It is obvious that m_1(IR^n) ≤ D/M, if an (M, D)-critical configuration exists in IR^n. For n = 2, the best lower bound is 0.2293 ≤ m_1(IR^2). The construction is just a slight modification of packing disks of radius 1/2 into the vertices of a triangular lattice with edge length 2. Namely, the construction packs tortoises of diameter 1 into the vertices of a triangular lattice with edge length slightly less than 2. A tortoise is the union of a regular hexagon of diameter 1 and a disc centered at the midpoint of the hexagon with radius slightly less than .5. H. T. Croft [16] attributes this construction to L. Moser.

Fig. 4 : A tortoise.

Erdős conjectured that m_1(IR^2) < .25. If this conjecture is true, it gives a new proof for χ^m(IR^2) ≥ 5. It is easy to see that for any finite subgraph G of the unit distance graph of the plane on n vertices, α(G)/n ≥ m_1(IR^2). Therefore Erdős also asked how small α(G)/n can be for such graphs.

For large n, I do not know of lower bounds to m_1(IR^n) better than the reciprocal of the best upper bound for χ^m(IR^n) (which is always the best known upper bound for χ(IR^n) as well). I proved m_1(IR^2) ≤ 12/43, m_1(IR^3) ≤ 7/37, m_1(IR^4) ≤ 9/70 in my thesis [58]. Later in joint work with Wormald [60] we introduced a configurational principle to estimate m_1. Using a computer search for configurations we estimated m_1 for n ≤ 24. We obtained e.g. χ^m(IR^{24}) ≥ 933 (only χ(IR^{24}) ≥ 178 is known), and χ^m(IR^4) ≥ 8 (improving the Falconer bound). I give more details in the next Section. Even for n = 2, 3, 4, a tiny improvement was achieved on m_1. Larman and Rogers, and even earlier L. Moser [39], conjectured that m_1(IR^n) ≤ 2^{−n}. This would imply χ^m(IR^n) ≥ 2^n.

The table below, following [39] and [60], summarizes the best lower bounds for the chromatic number and the measurable chromatic number in low dimensions. The fourth column gives the value of (M, D) for the best known configuration, while the fifth columns describes the configuration.

n = χ(R^n) ≥ χ^m(R^n) ≥ (M, D) Configuration 2 4 5 (7,2) Moser spindle 3 5 6 (14,3) Moser–Raiskii spindle 4 6 8 (23,4) Moser–Raiskii spindle 5 8 11 (16,2) Half-cube 6 10 15 (316,32) Half-cube spindle 7 14 19 (56,4) 7-dimensional Gosset polytope 8 16 30 (64,4) Special Gosset spindle 9 16 35 (64,4) Special Gosset spindle 10 19 45 (165,9) Erdős–T. Sós configuration 11 19 56 (220,12) Erdős–T. Sós configuration 12 24 70 (286,12) Erdős–T. Sós configuration 13 31 84 (364,12) Erdős–T. Sós configuration 14 35 102 (455,13 ) Erdős–T. Sós configuration 15 37 119 ((_{16} 5 ) , (_{16} 2 )) Frankl–Wilson configuration 16 67 148 ((_{17} 5 ) , (_{17} 2 )) Frankl–Wilson configuration 17 56 174 ((_{18} 5 ) , (_{18} 2 )) Frankl–Wilson configuration 18 68 194 ((_{19} 5 ) , (_{19} 2 )) Frankl–Wilson configuration 19 82 263 ((_{20} 5 ) , (_{20} 2 )) Frankl–Wilson configuration 20 97 315 ((_{21} 5 ) , (_{21} 2 )) Frankl–Wilson configuration 21 114 374 (

(_{22} 5 ) , (_{22} 2 ) ) Frankl–Wilson configuration 22 133 526 ((_{23} 5 ) , (_{23} 2 )) Frankl–Wilson configuration 23 154 754 ((_{24} 5 ) , (_{24} 2 )) Frankl–Wilson configuration 24 178 933 ((_{25} 5 ) , (_{25} 2 )) Frankl–Wilson configuration

A theorem of Erdős and N. G. de Bruijn [9] asserts that if an infinite graph has finite chromatic number, then its chromatic number is the maximum chromatic number of its finite subgraphs. This result depends on the Axiom of Choice. Under this theorem, the value of χ(IR^n) is achieved by a finite subgraph of the unit distance graph. This is not necessarily true for χ^m(IR^n), although nobody has an example with χ(IR^n) ≠ χ^m(IR^n).

4 Problems related to the chromatic number of IR^n

The first type of generalization that I consider here allows more than one distances. Define the H-distance graph with V = IR^n and join two vertices if their distance belongs to a set H. Denote the corresponding chromatic numbers by χ_H and χ^m_H , and the analogue of the independence number by m_H , if X is an independent set in the H-distance graph in (2).

Just for n = 2, Erdős asked about the behavior of f(k) = max_{|H|=k} χ_H (IR^2). He knew that f(k)/k > c √ log k, but nothing better is known. The related question on the independence number is inf_{|H|=k} m_H (IR^2). For k = 2, I proved that inf_{|H|=2} m_H (IR^2) ≤ m_{{1,}^√_{3}}(IR^2) ≤ 2/11, and also proved that if a/b > 1.401, then m_{{a,b}}(IR^2) ≤ 1/4 [57], by averaging an inclusion-exclusion formula over the group of rotations.

Combining some sieve optimizing arguments from [60] with my original paper [57], the general theorem is the following:

Let P_1, P_2, ..., P_n be a configuration of n points in the plane. Let H denote a finite set of positive numbers, and h = min H. Using the notations p = |{(i, j) : i < j, |P_iP_j | < h/2, |P_iP_j | /∈ H}| and q = |{(i, j) : i < j, |P_iP_j | ≥ h/2, |P_iP_j | /∈ H}|, one has m_H (IR^2) ≤ (^{t+12} )_{tn−p−q/2} , where t = ⌈^{2p+q}_n ⌉.

Now the the upper bound m_{{a,b}} < (IR^2) ≤ 1/4 claimed above follows from the existence of the following configurations:

Fig. 5 : Configuration providing upper bound for m_{{a,b}} if^1_2^√5 + 2^√3 ≥^b_a ≥^1_4^{(√}13 +^√15^) .

Fig. 6 : Configuration providing upper bound for m_{{a,b}} if^b_a ≥^1_2^√5 + 2^√3.

Unfortunately, I was never able to find a configuration bounding m_{{a,b,c}} for independent a, b, c in a non-trivial way using this configurational principle.

These problems turn even harder if H is infinite. I conjectured in my very first paper [56] that if H is not bounded from above, then m_H (IR^2) = 0. Erdős liked this conjecture and made it known. This conjecture was proved first by Y. Katznelson and B. Weiss [33], then by K. J. Falconer and J. M. Marstrand [30], and subsequently a generalization was proved by J. Bourgain [7].

A well-known theorem of Steinhaus asserts that if X is a set of positive Lebesgue measure in IR^n, then there is an ϵ > 0 such that any translate of the set X to a distance at most ϵ intersects the set X. Therefore, if inf H = 0, then m_H (IR^2) = 0. I made the following “continuity conjecture”: if inf H = 0, then lim_{δ→0} m_{H∩(δ,∞)}(IR^2) = 0. This conjecture was proved by Falconer [29].

A second type of analogue is the following. Change the vertex set from IR^n to a subset of IR^n. In particular, much attention have been paid to the sphere S^{n−1} of radius 1 in IR^n.

Consider H = [α, 2] for 0 < α < 2 and the distance graph that H defines on S^{n−1}. This graph, the Borsuk graph, was introduced and studied by Erdős and A. Hajnal [25]. It follows from Borsuk’s Theorem [6] (and in fact, is equivalent to it), that χ_H (S^{n−1}) ≥ n + 1. Combining this with the Erdős–de Bruijn Theorem [9] on the chromatic number of infinite graphs, one obtains one of the earliest constructions for finite graphs with high chromatic number and high odd girth.

Erdős and R. L. Graham conjectured, that the chromatic number is already large if one uses only the single distance α instead of the whole H. This was proved by Lovász [42], who showed that for any √ 2(n + 1)/n < α < 2 (i.e.

when α exceeds the side length of the regular simplex inscribed the sphere), n ≤ χ_α(S^{n−1}) ≤ n + 1, and for every n ≥ 2 showed the existence of infinitely many α’s with χ_α(S^{n−1}) = n + 1. Lovász did not use critical configurations, he used his topological framework providing lower bounds for the chromatic numbers of graphs. This framework was actually developed in order to set a tight lower bound for the chromatic number of the Kneser graph, which is the “discrete analogue” of the Borsuk graph [41]. For a smaller α, Frankl and Wilson gave exponential lower bound for χ_α(S^{n−1}) [31].

The measurable analogue of the independence number generalizes for spheres as well. Let m^{(n−1)}_H (r) denote the supremum of the independence ratios m^{(n−1)} H (r) = sup X⊆S^{n−1}(r) λ(X) λ(S^{n−1}(r)) , (3)

where λ is the (n − 1)-dimensional Lebesgue measure, S^{n−1}(r) is the sphere of radius r around the origin in IR^n, and X is a Lebesgue measurable subset of S^{n−1}(r) such that no two points of X have a distance belonging to H. N. C. Wormald and I [60] discovered a recursive formula to give upper bounds on m^{(n)}_H (r) and used this technique for r = ∞ to give upper bounds to m_1(IR^n) and lower bounds to χ^m(IR^n). Our configurational principle is the following:

Let P_1, P_2, ..., P_m denote a point configuration on S^{n−1}(r). Define Σ = ∑ i<j |PiPj | /∈H m^{(n−2)} H ( |P_iP_j | √ 1 − (|P_iP_j |/2r)^2 ) ,

with m^{(n−2)}_H (0) = 1. Then, with t = ⌈^{2Σ}_M ⌉, m^{(n−1)} H (r) ≤ (_{t+1} 2 ) tM − Σ .

Another well-studied problem is, how heavily the chromatic number of the plane depends on subgraphs of the unit distance graph having small girth. Erdős asked if there is any triangle-free subgraph of the unit distance graph in IR^2 which is not 3-colorable. N. C. Wormald [63] showed the existence of such a graph on 6448 vertices, later P. O’Donnell [17] on 56, finally K. B. Chilakamarri [11] on 47 vertices. Recently O’Donnell [18] announced the construction of arbitrary large girth subgraphs of the unit distance graph in IR^2 which are not 3-colorable.

5 The problem of distinct distances and unit distances

Erdős says [23] “My most striking contribution to geometry is, no doubt, my problem on the number of distinct distances”. This was the following pair of problems, posed in 1946 [20] : what is f(n), the maximum number of unit distances among n points in the plane; and what is g(n), the minimum number of distinct distances among n points in the plane? Erdős offered USD 500 for the magnitude of any of these functions. It is clear that f(n)g(n) ≥ ( n 2 ) . (4)

Erdős showed [20] that n^{1+c/ log log n} < f(n) and conjectured that this was about the true magnitude of f(n). He proved that f(n) is at most cn^{3/2}. S. Józsa and E. Szemerédi [37] improved this bound to o(n^{3/2}), J. Beck and J. Spencer [5] further improved the bound to n^{1.44...}. Finally, Spencer, Szemerédi, and Trotter [54] achieved the best known bound, cn^{4/3}.

Erdős showed [20] that g(n) < cn/ √ log n by considering the lattice points in a large disk, and conjectured that this was about the true magnitude of g(n). Erdős showed the lower bound g(n) > √ n, L. Moser [43] showed n^{2/3}, F. R.

K. Chung [12] showed n^{5/7}, Beck [4] showed n^{58/81−ϵ}, finally Chung, Szemerédi and Trotter [13] showed n^{4/5}/(log n)^c. As they remarked, they did not prove the existence of a single point from which so many distinct distances start. For this modified problem the best known result was cn^{3/4} by K. Clarkson, H. Edelsbrunner, L. Guibas, M. Sharir and E. Welzl [14]. The problem of distinct distances has already been studied in Minkowski spaces [55].

The following result on crossing numbers of graphs was conjectured by Erdős and R. K. Guy [24, 34], and later independently proved by F. T. Leighton [40], and M. Ajtai, V. Chvátal, M. Newborn and E. Szemerédi [1]:

Any simple graph on n vertices and m ≥ 4n edges requires at least .01m^3/n^2 crossings if drawn on the plane.

I gave simple and transparent proofs [59] for f(n) < cn^{4/3} and g(n) > cn^{4/5} using this theorem. For the latter estimation, I find cn^{4/5} distinct distances starting from a particular point. Unfortunately, my method cannot give a better upper bound on f(n), since Erdős, D. Hickerson and J. Pach [26] gave cn^{4/3} unit distances among n points on a sphere of radius 1/ √ 2. Any direct application of my method to the plane would work on the sphere as well.

My method also gave a simple and transparent proof to the following Szemerédi–Trotter theorem [61, 3] on incidences:

For n points and l lines in the Euclidean plane, such that n < l^2 and l < n^2, the number of incidences among the points and lines is at most c(nl)^{2/3}.

This theorem, originally conjectured by Erdős and Purdy [22], is a fundamental result in discrete and combinatorial geometry. It is known to be tight in its whole range [3, 47]. Other proofs for this theorem are in [14, 32]. An important, frequently used corollary of the theorem is the following:

Given n points and l lines in the Euclidean plane, such that for some 2 ≤ k ≤ √ n, every line is incident to at least k of the points. Then l ≤ cn^2/k^3.

It is worth noting that J. Beck, who proved a somewhat weaker result than this, used the weaker result to resolve a number of open problems in combinatorial geometry [3].

D. de Caen and I [10] proved the following stronger theorem: the number of 3-paths in the incidence bipartite graph of such n points and l lines is at most cnl. This theorem implies the Szemerédi–Trotter theorem on incidences through Atkinson’s inequality. D. de Caen and I made an even stronger conjecture, that the number of 6-cycles in the incidence bipartite graph is at most nl. E. Moorehouse offered USD 50 for a counterexample to this conjecture.

It is a curious fact why the Szemerédi–Trotter theorem on incidences does hold. For an affine geometry over a finite field the theorem badly fails if we count incidences among all lines and all points. For which fields does the Szemerédi– Trotter theorem on incidences hold? In particular, Elekes asked if it holds in the complex geometry. Recently, G. Elekes and Csaba Tóth [19] gave a positive answer to this question. Their proof gave step-by-step a complex analogue of the original proof of Szemerédi and Trotter [61].

Functions f(n) and g(n) can be investigated in dimension d > 2 as well. For d = 3 the best bounds are cn^{4/3} log log n < f_3(n) by Erdős [21] and f_3(n) < n^{3/2+o(1)} by Clarkson et al. [14]. It follows from (4) that g_3(n) ≥ n^{1/2−o(1)}. According to the Lenz construction, f_d(n) > cn^2 for d ≥ 4. Recently Braß [8] determined f_4(n) exactly in dimension d = 4.

For estimating g_d(n) in higher dimension d, Erdős [20] had the upper bound: g_d(n) ≤ cn^{2/d}. The best current lower bound is cn^{1d−1 −o(1)} ≤ g_d(n), as d is fixed and n → ∞. This lower bound is sketched in [47] p. 197, using g_3(n) ≥ n^{1/2−o(1)} from [14] as base case for an inductive proof.

The Szemerédi–Trotter theorem has variants for other curves than straight lines, in this case the degree of freedom of the curve family determines the exponent, see J. Pach and M. Sharir [48].

References

[1] M. Ajtai, V. Chvátal, M. Newborn, E. Szemerédi, Crossing-free subgraphs, Annals of Discrete Mathematics 12 (1982), 9–12.

[2] L. Babai, P. Frankl, Linear Algebra Methods in Combinatorics, Part 1, Department of Computer Science, The University of Chicago, Preliminary Version 2, September 1992.

[3] J. Beck, On the lattice property of the plane and some problems of Dirac, Motzkin, and Erdős in combinatorial geometry, Combinatorica 3 (1983), 281–297.

[4] J. Beck, Different distances, preprint.

[5] J. Beck, J. Spencer, Unit distances, J. Combinatorial Theory A 37(1984), 231–238.

[6] K. Borsuk, Drei Sätze über die n-dimensionale euklidische Sphäre, Fund.

Math. 20 (1933), 177–190.

[7] J. Bourgain, A Szemerédi-type theorem for sets of positive density in IR^n, Israel J. Math 54(1986), 307–316.

[8] P. Braß, On the maximum number of unit distances among n points in dimension four, Intuitive geometry (Budapest, 1995), 277–290, Bolyai Soc. Math. Stud., 6, János Bolyai Math. Soc., Budapest, 1997.

[9] N. G. de Bruijn, P. Erdős, A colour problem for infinite graphs and a problem the theory of relations, Nederl. Akad. Wetensch. Proc. Ser. A 54 (1951), 369–373.

[10] D. de Caen and L. A. Székely, On dense bipartite graphs of girth eight and upper bounds for certain configurations in planar point-line systems, J. Combin. Theory Ser. A. 77(1997), 268–278.

[11] K. B. Chilakamarri, A 4-chromatic unit-distance graph with no triangles, Geombinatorics 4 (1995), no. 3, 64–76.

[12] F. R. K. Chung, On the number of different distances determined by n points in the plane, J. Combinatorial Theory A 36(1984), 342–354.

[13] F. R. K. Chung, E. Szemerédi, W. T. Trotter, The number of different distances determined by a set of points in the Euclidean plane, Discrete Comp. Geometry 7 (1992), 1–11.

[14] K. Clarkson, H. Edelsbrunner, L. Guibas, M. Sharir, E. Welzl, Combinatorial complexity bounds for arrangements of curves and spheres, Discrete Comp. Geometry 5(1990), 99–160.

[15] D. Coulson, An 18-colouring of 3-space omitting distance one, Discrete Math. 170(1997), 241–247.

[16] H. T. Croft, Incidence incidents, Eureka (Cambridge), 30 (1967), 22–26.

[17] P. O’Donnell, A triangle-free 4-chromatic graph in the plane, Geombinatorics 4 (1994), no. 1, 23–29.

[18] P. O’Donnell, A high girth 4-chromatic unit distance graph in the plane, talk at the Thirtieth Southeastern International Conference on Combinatorics, Graph Theory and Computing, Boca Raton, Florida, March 1999.

[19] G. Elekes and C. Tóth, A Szemerédi–Trotter theorem on the complex plane, in preparation.

[20] P. Erdős, On sets of distances of n points, Amer. Math. Monthly 53(1946), 248–250.

[21] P. Erdős, On sets of distances of n points in Euclidean space, Magyar Tudományos Akadémia Matematikai Kutató Intézet Közleményei 7 (1960), 165–169.

[22] P. Erdős, Problems and results in combinatorial geometry, Ann. New York Acad. Sci. 440 (1985), 1–11.

[23] P. Erdős, On some of my favourite theorems, Combinatorics, Paul Erdős is Eighty (Volume 2), Bolyai Society Mathematical Studies 2, Budapest, János Bolyai Mathematical Society, 1996, 97–132.

[24] P. Erdős, R. K. Guy, Crossing number problems, American Mathematical Monthly 80 (1973), 52–58.

[25] P. Erdős, A. Hajnal, On the chromatic number of graphs and set systems, Acta Math. Acad. Sci. Hung. 17 (1966), 61–99.

[26] P. Erdős, D. Hickerson, and J. Pach, A problem of Leo Moser about repeated distances on the sphere, American Mathematical Monthly 96 (1989), 569–575.

[27] P. Erdős, G. Purdy, Extremal problems in combinatorial geometry, Handbook of Combinatorics, eds. R. L. Graham, M. Grötschel, L. Lovász, M.I.T. Press and North-Holland Co., Vol. 1, 1995, 809–874.

[28] K. J. Falconer, The realization of distances in measurable subsets covering IR^n, J. Combin. Theory A 31 (1981), 187–189.

[29] K. J. Falconer, The realization of small distances in plane sets of positive measure, Bull. London Math. Soc. 18(1986), 471–474.

[30] K. J. Falconer, J. M. Marstrand, Plane sets of positive density at infinity contain all large distances, Bull. London Math. Soc. 18(1986), 475–477.

[31] P. Frankl, R. M. Wilson, Intersection theorems with geometric consequences, Combinatorica 1(4) 1981, 357–368.

[32] Z. Füredi, J. Pach, Traces of finite sets: extremal problems and geometric applications, in: Extremal Problems for Finite Sets, Visegrád, 1991, Bolyai Society Mathematical Studies, Vol. 3, Bolyai Society, Budapest, 1995, 239– 270.

[33] H. Fürstenberg, Y. Katznelson, B. Weiss, Ergodic theory and configurations in sets of positive density, in: Mathematics of Ramsey Theory, J. Nešetřil, V. Rödl, eds., Algorithms and Combinatorics 5, Springer Verlag, 1990, 184–198.

[34] R. K. Guy, Crossing numbers of graphs, in: Graph Theory and its Applications, Lecture Notes in Mathematics Vol. 303, Springer Verlag, 1972, 111–124.

[35] H. Hadwiger, Ein Überdeckungsatz für den Euklideschen Raum, Portugaliae Math. 4 (1944), 140–144.

[36] H. Hadwiger, Ungelöste Probleme No. 40, Elemente der Math 16 (1961), 103–104.

[37] S. Józsa, E. Szemerédi, The number of unit distances on the plane, in:

Infinite and Finite Sets, Coll. Math. Soc. J. Bolyai 10(1973), 939–950.

[38] J. Kahn, G. Kalai, A counterexample to Borsuk’s conjecture, Bull. Amer.

Math. Soc. (N.S.) 29 (1993), no. 1, 60–62.

[39] D. G. Larman, C. A. Rogers, The realization of distances within sets in Euclidean space, Mathematika 19 (1972), 1–24.

[40] F. T. Leighton, Complexity Issues in VLSI, M.I.T. Press, Cambridge, Ma., 1983.

[41] L. Lovász, Kneser’s conjecture, chromatic number, and homotopy, J. Combin. Theory A 25 (1978), 319–324.

[42] L. Lovász, Self-dual polytopes and the chromatic number of distance graphs on the sphere, Acta Sci. Math. (Szeged) 45 (1983), no. 1-4, 317–323.

[43] L. Moser, On the different distances determined by n points, Amer. Math.

Monthly 59 (1952), 85–91.

[44] L. Moser and W. Moser, Solution to problem 10, Canad. Math. Bull. 4 (1961), 187–189.

[45] W. Moser, Research problems in discrete geometry (mimeographed), 1981.

[46] Z. Nagy, A certain constructive estimate of the Ramsey number, Mat.

Lapok 23 (1972), 301–302 (1974) (in Hungarian).

[47] J. Pach, P. K. Agarwal, Combinatorial Geometry, John Wiley & Sons Inc., New York, N. Y., 1995.

[48] J. Pach and M. Sharir, On the number of incidences between points and curves, Combin. Probab. Comput. 7 (1998), no. 1, 121–127.

[49] A. M. Raigorodskii, On the dimension in Borsuk’s problem, Russian Mathematical Surveys 52(6) (1997), 1324–1325.

[50] A. M. Raigorodskii, An estimate in Borsuk’s problem, Russian Mathematical Surveys 54(2) (1999).

[51] D. E. Raiskii, The realization of all distances in a decomposition of IR^n into n + 1 parts, Mat. Zametki 7 (1970), 319–323. (In English translation Math. Notes 7 (1970), 194–196.

[52] A. Soifer, Six-realizable set X_6, Geombinatorics 3 (1994), no. 4, 140–146.

[53] A. Soifer, A six-coloring of the plane, J. Combin. Theory Ser. A 61 (1992), no. 2, 292–294.

[54] J. Spencer, E. Szemerédi, W. T. Trotter, Unit distances in the Euclidean plane, in: Graph Theory and Combinatorics (B. Bollobás, ed.), Academic Press, London, 1984, 293–308.

[55] K. J. Swanepoel, Cardinalities of k-distance sets in Minkowski spaces, Discrete Math. 197/198 (1999), 759–767.

[56] L. A. Székely, Remarks on the chromatic number of geometric graphs, in:

Graphs and Other Topics (ed. M. Fiedler), Teubner-Texte zur Mathematik, Band 59, Leipzig, l983, 312–315.

[57] L. A. Székely, Measurable chromatic number of geometric graphs and sets without some distances in Euclidean space, Combinatorica 4(1984), 213– 218.

[58] L. A. Székely, Analytic Methods in Combinatorics, Candidate’s Thesis, Hungarian Academy of Sciences, 1985 (in Hungarian).

[59] L. A. Székely, Crossing numbers and hard Erdős problems in discrete geometry, Combinatorics, Probability, and Computing 6(1997), 353–358.

[60] L. A. Székely and N. C. Wormald, Bounds on the measurable chromatic number of R^n, Discrete Math. 75(1989), 343–372. (Also published as: Bounds on the measurable chromatic number of IR^n, in: Graph Theory and Combinatorics 1988, Proceedings of the Cambridge Combinatorial Conference in Honour of Paul Erdős, ed. B. Bollobás, Annals of Discrete Mathematics 43, North-Holland, 1989, 343–372.)

[61] E. Szemerédi, W. T. Trotter, Extremal problems in discrete geometry, Combinatorica 3(1983), 381–392.

[62] D. R. Woodall, Distances realized by sets covering the plane, J. Comb.

Theory A 14 (1973) 187–200.

[63] N. Wormald, A 4-chromatic graph with a special plane drawing, J. Austral.

Math. Soc. Ser. A 28 (1979), no. 1, 1–8.