Erdős-Ko-Rado and Hilton-Milner type theorems for intersecting chains in posets

Péter L. Erdős^1 Mathematical Institute Hungarian Academy of Sciences Budapest, 1053 Hungary Ákos Seress2 Department of Mathematics The Ohio State University Columbus, OH 43210

László A. Székely^{1,3} Department of Mathematics University of South Carolina Columbia, SC 29208

Abstract

We prove Erdős-Ko-Rado and Hilton-Milner type theorems for t-intersecting k-chains in posets using the kernel method. These results are common generalizations of the original EKR and HM theorems, and our earlier results for intersecting k-chains in the Boolean algebra. For intersecting k-chains in the c-truncated Boolean algebra we also prove an exact EKR theorem (for all n) using the shift method. An application of the general theorem gives a similar result for t-intersecting chains if n is large enough.

1 Introduction

One of the basic results in extremal set theory is the Erdős-Ko-Rado (EKR) theorem [5]: if F is an intersecting family of k-element subsets of [n] = {1, 2, . . . , n} (i.e. every two members of F have at least one element in common) and n ≥ 2k then |F| ≤

�_{n−1} k−1 � and this bound is attained. A similar result holds for tintersecting k-element subsets (Wilson, [18]): if n ≥ (k − t + 1)(t + 1) and F is a t-intersecting family, then |F| ≤

�_{n−t} k−t � . Since k-subsets of [n] can be considered as length-k chains in the (total) order 1 < 2 < · · · < n; using this terminology, the EKR theorem is a result about intersecting k-chains in a special partially ordered set.

Let B^c_n denote the inclusion poset of the sets {X ⊂ [n] : c ≤ |X| ≤ n − c}. A k-chain in B^c_n is an L = (L_1, L_2, . . . , L_k) such that L_i ⊂ L_{i+1}, but L_i ≠ L_{i+1} for i = 1, 2, . . . , k − 1. Note that B^0_n is the Boolean algebra, while B^1_n is the truncated Boolean algebra where the empty set and the universe are eliminated. A family F of k-chains in B^c_n is t-intersecting if any two elements of F have at

1Research partially supported by Hungarian NSF Grant T 016358.

2Research partially supported by NSF Grant CCR-9503430 and by the Alexander von Humboldt Foundation.

3Research partially supported by NSF Grant DMS 9701211.

least t elements in common. A 1-intersecting family is simply called intersecting. In an earlier paper [6] we proved an EKR theorem for intersecting k-chains in B^c_n for c = 0, 1 and promised generalizations for general c and t-intersecting chains, and also a Hilton-Milner (HM) (see [13]) type theorem. We also promised a common generalization of the EKR theorem and our theorem. In this paper we deliver all these results.

The paper is organized as follows. Section 2 generalizes our earlier EKR result on intersecting k-chains for every c. The proof is based on the shifting technique [9], and in most parts it is applicable for general t as well. In Section 3 we prove EKR and HM theorems for t-intersecting chains in posets. The proofs utilize the kernel method [12] and therefore work from some threshold. These results likely have a number of applications, however, in this paper, we focus on B^c_n. Application of our general method to B^c_n are given in Section 4. It is worth mentioning that since the EKR theorem for t-intersecting chains does not hold for all possible n, k, c and t, the method of Section 2 alone is probably not appropriate to prove an exact EKR theorem for general t.

We give a brief account on the history of our problems. M. Simonovits and V. T. Sós proposed a research program on ”structured intersection theorems” [16, 17], which has developed a fairly large literature. They investigated the maximum number of graphs on n vertices such that any two intersect in a prescribed graph, e.g. a path or cycle. The following problem fits into their scheme: given a graph G, what is the maximum number of pairwise intersecting complete k-subgraphs? In this paper we study the latter problem if G is the comparability graph of a poset.

P. L. Erdős, Faigle, and Kern [4] pointed out that certain results of Deza, Frankl [3, Thm. 5.8] and Frankl, Füredi [10] on intersecting sequences of integers may be interpreted as results on intersecting families of chains in some partially ordered sets. They posed the problem of finding the largest number of pairwise intersecting k-chains in the truncated Boolean algebra B^c_n. Füredi solved this problem first, using the kernel method, for c = 0, 1 and n > 6k log k (personal communication). We solved the problem for c = 0, 1 and every n [6]. Ahlswede and Cai [1] also solved the problem for c = 0.

We refer to two good surveys on EKR type theorems: Deza and Frankl [3], Frankl [9].

We are indebted to Éva Czabarka for pointing out an errror in an earlier version of our paper.

2 Exact EKR theorem for intersecting chains

In this section we generalize our previous results in [6]: we prove an exact EKR theorem for intersecting k-chains in B^c_n for every meaningful value of n, c and k. Our earlier results covered only the cases c = 0 and 1. We give here a complete proof for c ≥ 1. We think the results about shifting t-intersecting chains may be interesting for their own sake.

2.1 Shifting families of chains in B^c_n

In this subsection we introduce the shifting of chains, a tool that we need to prove tight EKR theorems for intersecting chains in B^c_n. This method can be also useful in studying t-intersecting chains, therefore we present it in generality exceeding our needs.

We reduce the EKR problem to the examination of so-called compressed sets of chains and prove that compressed sets of chains satisfy a strong intersection property. This subsection is a more or less straightforward generalization of shifting in B_n [6]. Let’s start with some notations.

Definition. For c ≤ m_1 < m_2 < · · · < m_t ≤ n − c, let T^c_{n,k}(m_1, m_2, . . . , m_t) denote the set of those k-chains in B^c_n, which contain as elements the initial segments [m_1], [m_2], . . . , [m_t]. (We say that M ∈ B^c_n is an initial segment if M = [m] for some 1 ≤ m ≤ n or M = ∅.) Set T^c_{n,k}(m_1, m_2, . . . , m_t) = |T^c_{n,k}(m_1, m_2, . . . , m_t)|. Clearly T^c_{n,k}(m_1, m_2, . . . , m_t) is also the cardinality of the set of those k-chains in B^c_{n,k} which contain any specified subchain of length t with specified sizes m_1, m_2, . . . , m_t.

Let F be a family of pairwise t-intersecting k-chains from B^c_n and let 1 ≤ i < j ≤ n be integers. The (i, j) chain-shift S_{ij} (F) of the family F is defined as follows.

For every k-chain L = (L_1, . . . L_k) ∈ F, let S_{ij} (L) = (L^′_1, . . . , L^′_k) where

L^′_l = � L_l \ {j} ∪ {i} if j ∈ L_l and i ∉ L_l, L_l otherwise.

We say that L^′_l is the shift of L_l. Shifting preserves set containment, so S_{ij} (L) is a k-chain. The shifted family S_{ij} (F) is obtained by the following rule: replace every k-chain L ∈ F by S_{ij} (L) if and only if (1) S_{ij} (L) ≠ L and (2) S_{ij} (L) ∉ F.

It is clear from the definition that |S_{ij} (F)| = |F|. Moreover, shifting preserves the t-intersection property.

Lemma 2.1 If F is a t-intersecting family of k-chains in B^c_n then S_{ij} (F) is also t-intersecting.

Proof. Let L_1, L_2 ∈ S_{ij} (F); we have to prove that they contain t common elements. We distinguish three cases:

Case 1: L_1, L_2 ∈ F. In this case it is obvious that L_1 and L_2 t-intersect. Case 2: L_1, L_2 ∉ F. In this case, there are L_3, L_4 ∈ F such that L_1 = S_{ij} (L_3) and L_2 = S_{ij} (L_4). Let {M_1, M_2, . . . , M_t} ⊂ L_3 ∩ L_4. Then the shift of M_i (which may be M_i itself) is a common element of L_1 and L_2 for i = 1, 2, . . . , t. Note that the shifts of the M_i’s are distinct, since they make a t-chain which is shifted into a t-chain.

Case 3: L_1 ∉ F and L_2 ∈ F. Then let L_3 ∈ F such that L_1 = S_{ij} (L_3). There may be two reasons why L_2 was not replaced. If L_2 = S_{ij} (L_2) then let {M_1, M_2, . . . , M_t} ⊂ L_2 ∩ L_3. The shift of M_s (s = 1, 2, . . . , t) is itself (since L_2 = S_{ij} (L_2)) so M_s ∈ L_2 ∩ S_{ij} (L_3) = L_2 ∩ L_1 as well.

The other reason is that L_2 ≠ S_{ij} (L_2) but S_{ij} (L_2) ∈ F. In this subcase, let {M_1, M_2, . . . , M_t} ⊂ L_3 ∩ S_{ij} (L_2). It is impossible that j ∈ M_s and i ∉ M_s since M_s is the shift of some element of L_2. Also, it is impossible that i ∈ M_s and j ∉ M_s because there is some K ∈ L_3 such that j ∈ K and i ∉ K (because S_{ij} (L_3) ≠ L_3) and one of K, M_s must contain the other. So M_s (s = 1, 2, . . . , t) is a set containing either both of i, j or neither of i, j. In either case, from M_s ∈ S_{ij} (L_2) we have M_s ∈ L_2 so M_s ∈ L_1 ∩ L_2. 2

We say that the family F of t-intersecting k-chains is compressed if F is invariant for all chain-shift operations S_{ij} , 1 ≤ i < j ≤ n. By Lemma 2.1, for any intersecting family F, repeated applications of chain-shifts result in a compressed family of the same size.

Compressed families satisfy a strong intersection property.

Lemma 2.2 Let F be a compressed family of t-intersecting k-chains. Then for any L_1, L_2 ∈ F, there are at least t initial segments in their intersection L_1 ∩L_2.

Proof. Suppose that the lemma is not true and let L_1 ∈ F be a minimal counterexample in the sense that

(i) there exists L_2 ∈ F such that L_1 ∩ L_2 contains fewer than t initial segments

(ii) � L∈L_1 � x∈L x is minimal among all L_1 satisfying (i).

Take a set M ∈ L_1 ∩ L_2 which is not an initial segment. Since M is not an initial segment, there exist 1 ≤ i < j ≤ n such that i ∉ M and j ∈ M. Then S_{ij} (L_1) ≠ L_1, so S_{ij} (L_1) is not a counterexample. Therefore, there exist t initial segments {K_1, K_2, . . . , K_t} ⊂ S_{ij} (L_1) ∩ L_2. It is impossible that j ∈ K_s and i ∉ K_s since K_s is an initial segment (s = 1, 2, . . . , t). Also, it is impossible that i ∈ K_s and j ∉ K_s because K_s, M ∈ L_2 and so one of them must contain the other. So K_s is a set containing both of i, j or neither of i, j. In either case K_s ∈ L_1 (s = 1, 2, . . . , t), and {K_1, K_2, . . . , K_t} ⊂ L_1 ∩ L_2, a contradiction. 2

2.2 Exact EKR theorems for B^c_n

We give a tight upper bound for the number of intersecting k-chains in B^c_n, which works for all n and c, using the shift method. This method, however, fails to give characterization of the extremes. The case c = 0 were already proved by shifting in our previous paper [6] and we omit it here. The proof of cases c ≥ 1 is a generalization of the original shifting proof of the case c = 1, but it is described in the language of injections instead of estimates.

Recall that for c ≤ m ≤ n−c, T^c_{n,k}(m) denotes the set of those k-chains in B^c_n, which contain as element the initial segment [m], and that T^c_{n,k}(m) = |T^c_{n,k}(m)|. Clearly T^c_{n,k}(m) is also the cardinality of the set of those k-chains in B^c_{n,k} which contain any specified subchain of length 1 with specified sizes m.

We prove a slightly stronger result which is more appropriate for induction:

Theorem 2.1 Let c ≥ 1 and let F be a family of intersecting k-chains in B^c_n. Then |F| ≤ T^c_{n,k}(c), and there is an injection ϕ : F → T^c_{n,k}(c) such that every chain L = (L_1, L_2, . . . , L_k) ∈ F and its image ϕ(L) = H = (H_1, H_2, . . . , H_k) ∈ T^c_{n,k}(c) satisfy |L_k| ≥ |H_k|. (1)

Proof. We use induction on n and k. If k = 1 or n = 2c then |F| ≤ 1 and it is trivial to check that the theorem holds. These simple facts are the base cases of the induction. Assume the hypothesis for n^′ < n and k^′ ≤ k, and also for n^′ = n and k^′ < k. We may assume that F, a family of intersecting k-chains in B^c_n, is already compressed. We distinguish two cases:

Case 1: For all L ∈ F, n − c /∈ L_1. Define

F_i = {L ∈ F : L_{i+1} \ L_i = {n − c}}, (i = 1, 2, . . . , k − 1) (2) F_k = {L ∈ F : |L_k| = n − c and n − c /∈ L_k}, (3)

F_0 = F − k� j=1 F_j. (4)

We use the shorthand notation I(n, k) = T^c_{n,k}(c). Similarly define

I(n, k)_i = {H ∈ I(n, k) : H_{i+1} \ H_i = {n − c}}, (i = 1, 2, . . . , k − 1) I(n, k)_k = {H ∈ I(n, k) : |H_k| = n − c and n − c ∉ H_k},

I(n, k)_0 = I(n, k) − k� j=1 I(n, k)_j .

Deleting n − c from each element of each chain of F_0 we obtain a family F^′_0 of intersecting k-chains in B^c_{n−1} on the underlying set ^[n] = [n] \ {n − c}. We obtain the family I(n, k)^′_0 similarly. Now it is clear that I(n, k)^′_0 coincides with I(n − 1, k) on the underlying set ^[n]. Applying our inductive hypothesis, there exists an injection ϕ^′_0 : F^′_0 → I(n, k)^′_0 not increasing the size of the k^{th} elements of the chains.

This injection can be lifted to a suitable injection ϕ_0 : F_0 → I(n, k)_0 the following way. Assume that L_j is the first element of L ∈ F_0 which contains the number (n − c) (j ∈ {2, . . . , k}, or such a j does not exist at all). Assume that the deletion of (n − c) turns L into L^′ ∈ F^′_0. If ϕ^′_0(L^′) = (H^′_1, H^′_2, . . . , H^′_k), then define

ϕ_0(L) = (H^′_1, . . . , H^′_{j−1}, H^′_j ∪ {n − c}, . . . , H^′_k ∪ {n − c}),

if such a j existed, and ϕ_0(L) = ϕ^′_0(L^′) otherwise. Now the inequality (1) obviously holds for the map ϕ_0.

Deleting n − c from every set in every chain in F_i for i = 1, 2, . . . , k − 1, we obtain a family F^′_i of intersecting (k − 1)-chains in B^c_{n−1} on the underlying set ^[n]. We similarly obtain I(n, k)^′_i, which coincides with I(n − 1, k − 1)_i for every i. By the inductive hypothesis, there exist injections ϕ^′_i : F^′_i → I(n, k)^′_i with property (1). These injections can be lifted to suitable injections ϕ_i (i = 1, 2, . . . , k − 1) from F_i into I(n, k)_i the following way. We know that L_{i+1} is the first element of L ∈ F_i which contains the number (n − c). Assume that the deletion of (n − c) turns L into L^′ ∈ F^′_i . If ϕ^′_i(L^′) = (H^′_1, H^′_2, . . . , H^′_{k−1}), then define ϕ_i(L) = (H^′_1, . . . , H^′_i, H^′_i ∪ {n − c}, . . . , H^′_{k−1} ∪ {n − c}).

Now the inequality (1) obviously holds for the map ϕ_i.

Finally, define the family of chains F^′_k by deleting the largest set L_k from every chain in F_k. (Remember that for all L ∈ F_k, |L_k| = n − c.) We obtain the family I_k(n, k)^′ similarly, by deleting the k^{th} element of every chain in I_k(n, k). Observe that F^′_k is a family of intersecting (k−1)-chains in B^c_{n−1} on the underlying set ^[n], since the sets that we dropped are not initial segments in the original underlying set [n]. Furthermore, I(n, k)^′_k coincides with I(n − 1, k − 1) on the underlying set ^[n]. Therefore, by hypothesis, there exists an injection ϕ^∗_k : F^′_k → I(n, k)^′_k = I(n − 1, k − 1) satisfying inequality (1).

Now we lift ϕ^∗_k into a suitable ϕ_k : F_k → I(n, k)_k by a greedy procedure. By the inductive hypothesis, we have a map ϕ^∗_k : F^′_k → I(n, k)^′_k, which for every L^′ ∈ F^′_k assigns a ϕ^∗_k(L^′) = H ∈ I(n, k)^′_k, such that |L_{k−1}| ≥ |H_{k−1}|. We want to define an injection ϕ_k : F_k → I(n, k)_k such that (ϕ_k(L))^′ = ϕ^∗_k(L^′). Such a definition is possible if any L^′ has at most as many pre-images under^′ than ϕ^∗_k(L^′). This is the case, since the number of pre-images of L^′ under^′ is at most � n − 1 − |L_{k−1}| n − c − |L_{k−1}| � , (5)

and the number of pre-images of ϕ^∗_k(L^′) under^′ is exactly � n − 1 − |H_{k−1}| n − c − |H_{k−1}| � . (6)

It is easy to see, that (6) is at least as big as (5), since |L_{k−1}| ≥ |H_{k−1}|.

Finally, ϕ = ϕ_0 ∪ (

�_k

i=1 ϕ_i) is an appropriate injection from F into T^c_{n,k}(c), satisfying (1). The reason is that the ϕ_i’s were such injections by construction, and their ranges are disjoint.

Case 2: There exists a chain L ∈ F such that n − c ∈ L_1. We claim that L_k = [n − c] and this is the only initial segment in L. Since each L_i contains n − c and |L_i| ≤ n − c, [n − c] is the only initial segment which may occur in L. On the other hand, by Lemma 2.2, L contains at least one initial segment, proving our claim. Note that the inequality

|F| ≤ T^c_{n,k}(c) (7)

is sufficient to finish the proof of Case 2 since, by Lemma 2.2, for every L^′ ∈ F, [n − c] ∈ L^′. Therefore any injection ϕ : F → T^c_{n,k}(c) would be suitable. But this inequality clearly holds since the dual of F is a subset of T^c_{n,k}(c). 2 3 Results for chains of posets

In this section we prove EKR and HM theorems for chains of posets. The basic technique is the kernel method introduced by Hajnal and Rothschild [12]. The limitation of this method is that it works just from some threshold.

3.1 Review of sunflowers

In this subsection we review facts about sunflowers that we use in the kernel method. A set system {A_1, A_2, . . . , A_m} is called a sunflower or delta-system, if A_i ∩ A_j =

�_m l=1 A_l for all 1 ≤ i < j ≤ m. The sets A_i are called the petals and �_m

l=1 A_l is called the kernel of the sunflower.

We say that a set system is of rank k, if |H| ≤ k for all H ∈ H; and H is t-intersecting, if |H_1 ∩ H_2| ≥ t for all H_1, H_2 ∈ H. For t ≥ 1, we say that H is non-trivially t-intersecting, if it is t-intersecting, and | � H| < t. We say that

H is critically t-intersecting, if it is t-intersecting, and deleting any x ∈ H from any H ∈ H, the resulting set system H \ {H} ∪ {H \ {x}} is not t-intersecting.

Estimates in the kernel method are usually based on the following simple observation.

Lemma 3.1 Let H be a critically t-intersecting system (t ≥ 1) of rank k. Then H does not contain a sunflower with k + 1 petals.

Proof. Indeed, if {H_1, H_2, . . . , H_{k+1}} is a sunflower in H, then any H ∈ H must intersect the kernel K of the sunflower in at least t elements, since a ≤ k-element set cannot intersect each of the k + 1 disjoint sets H_1 \ K, H_2 \ K,. . . , H_{k+1} \ K. Hence the deletion of H_1 \ K from H_1 (if H_1 ≠ K) results a t-intersecting set system, contradicting the minimality of H. 2

We will also need the Erdős-Rado theorem [7]:

Lemma 3.2 For every i and l, there exists a number f(i, l), such that any family of f(i, l) sets of size i each, contains a sunflower with l petals. 2

3.2 EKR and HM theorems for chains in posets

Throughout Subsection 3.2, let us be given a fixed k and a sequence of posets P_n. A t-chain L in P_n is a strict chain of elements L = (x_1 < x_2 < · · · < x_t). For a given t-chain L = (x_1 < x_2 < · · · < x_t), let T_{n,k}(x_1, x_2, . . . , x_t) denote the set of k-chains in P_n which contain L as a subset. Define T_{n,k}(x_1, x_2, . . . , x_t) = |T_{n,k}(x_1, x_2, . . . , x_t)|. Sometimes we write T instead of T_{n,k}, when it does not cause ambiguity. Also define r_t(n) = max T_{n,k}(x_1, x_2, . . . , x_t), where the maximum is taken for t-chains x_1 < x_2 < · · · < x_t in P_n. It follows from the definition that r_i(n) ≥ r_{i+1}(n). (8)

A family F of k-chains in P_n is t-intersecting, if any two k-chains of F share at least t elements of the poset.

Theorem 3.1 For fixed 1 ≤ t < k, and a sequence of posets P_n, let us be given a family F_n of t-intersecting k-chains in P_n. Assume that

lim_{n→∞} r_{t+1}(n)/r_t(n) = 0. (9)

Then, for n sufficiently large, |F_n| ≤ r_t(n), and equality implies that the elements of F_n share a t-subchain.

Proof. Let us be given a family F_n of t-intersecting k-chains. We reduce F_n to a critically t-intersecting family H as follows: we repeatedly delete an element x_i of a chain L if the chain L \ {x_i} still intersects all other chains in at least t elements. We neglect the possible multiplicities with which chains arise. We write H = H_t ∪ H_{t+1} ∪ · · · ∪ H_k, where H_i contains the i-element chains from H. If H_t ≠ ∅, then H = H_t, and H_t is contained by every L ∈ F_n, hence |F_n| ≤ r_t(n).

If H_t = ∅, we argue the following way. By Lemmas 3.1 and 3.2 we have |H_i| ≤ f(i, k + 1), and F has at most r_i(n) chains containing any element of H_i.

Combining these observations with (8) and (9), we obtain |F_n| ≤

�_k

i=t+1 f(i, k+

1)r_i(n) = O(r_{t+1}(n)) = o(r_t(n)). 2

Note that for the poset 1 < 2 < · · · < n, we have r_t(n) =

�_{n−t} k−t � . We get back the original EKR theorem for n large enough, with the kernel method proof [12].

For a t-chain X ⊂ P_n and y /∈ X , let T (X , y) denote the number of k-chains which contain X and y. For a t-chain X and a k-chain L in P_n, such that |X ∪ L| = k + 1, let y^∗_L ∈ L \ X such that T (X , y^∗_L) minimize T (X , y_L) for the elements y ∈ L \ X , and set

τ(X , L) = � y∈L\X , y≠y^∗_L

T (X , y). (10)

Also define M_τ (n) = max_{X ,L} τ(X , L), (11) and M^∗_τ (n) = max_{X ,L:}

τ(X ,L)=M_τ (n)

T (X , y^∗_L). (12)

Now the following Hilton-Milner type theorem holds:

Theorem 3.2 For fixed 1 ≤ t < k, and a sequence of posets P_n, let us be given a maximum sized family F_n of non-trivially t-intersecting k-chains in P_n. Assume further that lim_{n→∞} r_{t+2}(n)/M^∗_τ (n) = 0. (13)

Then, for n sufficiently large, F_n has one of the following two descriptions:

(i) there exists a t-chain X and a (k + 1 − t)-chain Y, such that X ∩ Y = ∅; and F_n is the following set of k-chains:

{L : X ⊆ L and L ∩ Y ≠ ∅} ∪ {L : Y ⊆ L and |L ∩ X | = t − 1}, (14)

where the second set of chains is non-empty;

(ii) there exists a (t + 2)-chain Z, and F_n is the following set of k-chains:

{L : |L ∩ Z| ≥ t + 1}, (15)

and | � L∈F_n L ∩ Z| ≤ t − 1.

Proof. We reduce F_n to a critically t-intersecting family H = H_t∪H_{t+1}∪· · ·∪H_k as we did in the proof of Theorem 3.1. Note that H_t = ∅ by assumption.

First we observe that X and L that defines M^∗_τ (n) in (12), provides for a feasible X and Y = L \ X in (14), yielding a construction for non-trivially tintersecting k-chains. Inclusion-exclusion shows that this construction has at least M_τ (n) + M^∗_τ (n) − O(r_{t+2}(n)) (16)

k-chains, and so has the maximum sized F_n.

We partition F_n = F^′ ∪ F^{′′}, where

F^′ = {L ∈ F : ∃H ∈ H_i such that H ⊂ L for some i ≥ t + 2}, F^{′′} = F_n \ F^′.

First we estimate |F^′|. By Lemmas 3.1 and 3.2 we have |H_i| ≤ f(i, k + 1), and F_n has at most r_i(n) chains containing any element of H_i. Using (8),

|F^′| ≤ k� i=t+2

f(i, k + 1)r_i(n) = O(r_{t+2}(n)). (17)

We distinguish cases.

Case 1: Either |H_{t+1}| = 2 or there exist H_1, H_2, H_3 ∈ H_{t+1}, such that |H_1 ∩ H_2 ∩ H_3| = t.

It easily follows that H_{t+1} is a sunflower with kernel X = � H_{t+1} of size t.

We have |H_{t+1}| ≤ k+1−t, otherwise for every L ∈ F_n, X ⊂ L, contradicting our assumption.

If |H_{t+1}| = k + 1 − t, then any L ∈ F_n not containing X , contains Y = � H_{t+1} \ � H_{t+1}. It is easy to see that H_{t+2} = · · · = H_{k−1} = ∅, and H ∈ H_k implies |H ∩ X | = t − 1 and |H ∩ Y| = k + 1 − t. X and Y are chains, since they are contained in some k-chains, and X ∩ Y = ∅ (by definition). We are in the situation described in Part (i) of the Theorem.

If |H_{t+1}| = l < k + 1 − t, then any L ∈ F_n not containing X , contains {y_1, . . . , y_l} = � H_{t+1} \ � H_{t+1}. Also |L ∩ X | ≤ t − 1, and hence equal to t − 1, since otherwise L cannot t-intersect the members of H_{t+1}. Hence X and L are chains, and |X ∪L| = k+1. Therefore X and L were considered in the definition of M_τ (n) in (11). Using (10), (11), and (17), respectively, we have

|F^{′′}| ≤ l� i=1 T (X , y_i) ≤ M_τ (n),

|F^′| = O(r_{t+2}(n)).

Our F_n has at most |F^′| + |F^{′′}| ≤ M_τ (n) + O(r_{t+2}(n)) k-chains, and hence is short of optimum by (16) and (13).

Case 2: |H_{t+1}| ≥ 3 and for all distinct H_1, H_2, H_3 ∈ H_{t+1}, we have |H_1 ∩ H_2 ∩ H_3| < t.

We fix H_1, H_2, H_3 ∈ H_{t+1}. It is not difficult to see that |H_1 ∩ H_2 ∩ H_3| = t − 1 and |H_1 ∪ H_2 ∪ H_3| = t + 2. We show that the choice Z = H_1 ∪ H_2 ∪ H_3 is appropriate to exhibit that we are in Part (ii) of the Theorem. For any H ∈ H, |H ∩ Z| ≥ t + 1, otherwise H cannot intersect all of H_1, H_2, H_3 in at least t elements. We use that H is critically t-intersecting. Assume that for some H^′ ∈ H, H^′ \ Z ≠ ∅. Then H^′ can be changed to H^{′′} = Z ∩ H^′, keeping the t-intersection property, and contradicting the criticality. Similarly, assume that for some H^′ ∈ H, |H^′ ∩ Z| = t + 2. Then any element of H^′ can be deleted, keeping the t-intersection property, and contradicting the criticality. The last claim to prove is that Z is a chain. Note that H_1, H_2, H_3 were chains, and any two elements of Z are contained by some H_i. Case 3: H_{t+1} = ∅.

In this case F_n = F^′, and its size is estimated by (17). By (16) and (13), the optimal choice for Part (i) in the theorem beats this size for n large enough. Case 4: |H_{t+1}| = 1.

Then H_{t+1} = {H}. For any y_1 ∈ H, define X = H \ {y_1}. From here the situation is identical with the |H_{t+1}| = l < k + 1 − t subcase of Case 1. 2

Note that for the poset 1 < 2 < · · · < n, we have r_{t+2}(n) =

�_{n−t−2}

k−t−2 � , T (X , y) =

�_{n−t−1}

k−t−1 � , τ(X , L) = (k − t)

�_{n−t−1}

k−t−1 � , and M^∗_τ (n) =

�_{n−t−1}

k−t−1 � , and

(13) holds. Therefore we get back the old t-intersecting Hilton-Milner theorem (Hilton and Milner, [13] for t = 1 and Frankl [8]), for n large enough.

We also remark, that the previous proof may generalize for a much more general situation: it uses only the fact, that chains with length at most k in a poset form a down-ideal. Therefore Theorem 3.2 has close connection to the Chvátal conjecture (see, for example, Miklós, [15]). We shall return to this issue in a forthcoming paper.

4 t-intersecting chains in B^c_n

In this section we apply the general results we just proved for EKR and Hilton- Milner type theorems to t-intersecting k-chains in B^c_n for n large enough.

We show an example below to point out that the t-intersecting EKR theorem in B^c_n will not hold for all values of n, k, t, i.e. the largest family is not all chains containing a particular t-chain. This is much like the case of the ordinary tintersecting EKR theorem, and therefore we may expect a t-intersecting EKR theorem in B^c_n for large values of n only. Hence we may not expect the use of shifting and have to use the kernel method.

Take a system F of (n−3)-intersecting (n−1)-chains (i.e. maximal chains) in B^1_n. We have |T^1_{n,n−3}(1, 2, . . . , n − 3)| = O(1). On the other hand, if F contains the chain ([1], [2], . . . , [n − 1]) and the chains ([1], [2], . . . , [i − 1], [i − 1] ∪ {i + 1}, [i + 1], . . . , [n − 1]) for all i = 1, 2, . . . , n − 1, then F is (n − 3)-intersecting and |F| = n.

4.1 Technicalities on Stirling numbers and B^c_n

This subsection will characterize which t-chains in B^c_n are contained by the largest number of k-chains. This characterization in Theorem 4.1 will be obtained from a sequence of lemmas.

For a chain L = (L_1, L_2, . . . , L_k) in B^c_n, we define its dual by L^∗ = ([n] \ L_k, . . . , [n] \ L_1). For a family of k-chains F, define F^∗ = {L^∗ : L ∈ F}. If F was t-intersecting, then so is F^∗. Clearly, |T^c_{n,k}(m_1, m_2, . . . , m_t)^∗| = |T^c_{n,k}(n − m_t, n − m_{t−1}, . . . , n − m_1)|. Hence we have

Lemma 4.1 T^c_{n,k}(m_1, m_2, . . . , m_t) = T^c_{n,k}(n − m_t, n − m_{t−1}, . . . , n − m_1). 2

Lemma 4.2 Observe that there is a bijection

T^c_{n,k}(m_1, m_2, . . . , m_1 + t − 2, m_t) ←→ T^c_{n−t+2,k−t+2}(m_1, m_t − t + 2).

Proof. (L_1, . . . , L_k) → (L_1 \ [m_1 + 1, m_1 + t − 2], . . . , L_k \ [m_1 + 1, m_1 + t − 2]), and the chain becomes shorter by (t − 2). 2

Each chain L = (L_1, . . . , L_k) defines an ordered partition [n] = L_1 ∪ (L_2 \ L_1) ∪ · · · ∪ (L_k \ L_{k−1}) ∪ ([n] \ L_k). For c ≥ 1, all parts are non-empty, and L corresponds to a surjection from [n] to [k + 1]. This hints that we have to deal with Stirling numbers of the second kind. Let S(n, k) denote the Stirling number of the second kind. We need the basic recurrence

S(n, k) = S(n − 1, k − 1) + kS(n − 1, k). (18)

The following results are easy exercises:

T^1_{n,k} = (k + 1)!S(n, k + 1), (19)

where T^1_{n,k} denotes the number of all k-chains in B^1_n; and for t ≥ 2 using (18) we obtain

T^0_{n,k}(0, 1, . . . , t − 2, n) = (k − t + 1)!S(n − t + 2, k − t + 1) (20)

T^0_{n,k}(n) = (k − 1)!S(n, k − 1) + k!S(n, k) = (k − 1)!S(n + 1, k). (21) We slightly generalize the notation T^c_{n,k} and T^c_{n,k} to T^{c1,c2}_{n,k} and T^{c1,c2}_{n,k} , by allowing chains whose smallest element is at least c_1 and whose largest element is at most n − c_2 by size.

Lemma 4.3 For all n, k, c_1 ≤ c_2, and c_1 ≤ m ≤ n − c_2, we have T^{c1,c2}_{n,k} (m) ≤ T^{c1,c2}_{n,k} (c_1).

Proof. Let us be given any sequence c_1 = l_1 < l_2 < · · · < l_i ≤ m < l_{i+1} < · · · < l_k ≤ n − c_2. We claim that the number of chains in T^{c1,c2}_{n,k} (c_1) with |L_j| = l_j is at least as large as the number of chains in T^{c1,c2}_{n,k} (m) with |L^′_j | = l_j + m − l_i for j ≤ i and |L^′_j| = l_j for j ≥ i + 1. Routine calculations show that the number of the first type of chains is

(n − c_1)!

(l_2 − l_1)!(l_3 − l_2)! · · · (l_k − l_{k−1})!(n − l_k)!,

and the number of chains of the second type is

m!(n − m)!

(l_1 + m − l_i)!(l_2 − l_1)! · · · (l_i − l_{i−1})!(l_{i+1} − m)!(l_{i+2} − l_{i+1})! · · · (l_k − l_{k−1})!(n − l_k)! . Hence our claim boils down to proving

(n − c_1)!(c_1 + m − l_i)!(l_{i+1} − m)! ≥ m!(n − m)!(l_{i+1} − l_i)!. (22)

Either c_1 + m ≥ l_{i+1} or c_1 + m < l_{i+1}. In the first case (22) is equivalent to � n m � c_1 + m − l_i

m − l_i � ≥ � n c_1 � l_{i+1} − l_i m − l_i � . This inequality holds termwise. In the other case (22) is equivalent to

(n − c_1)_{n−c1−m} ≥ (n − m)_{n−li+1} (l_{i+1} − l_i)_{li+1−c1−m}.

It is easy to see that (n−c_1)_{n−c1−m} = (n−c_1)_{n−li+1} (l_{i+1} −c_1)_{li+1−c1−m}. Finally, n−c_1 ≥ n−m and therefore (n−c_1)_{n−li+1} ≥ (n−m)_{n−li+1} ; l_{i+1} −c_1 ≥ l_{i+1} −l_i, and therefore (l_{i+1} − c_1)_{li+1−c1−m} ≥ (l_{i+1} − l_i)_{li+1−c1−m}.

Using the claim we may partition T^{c1,c2}_{n,k} (c_1) and T^{c1,c2}_{n,k} (m) such that we have bijection between the sets of classes and the classes in T^{c1,c2}_{n,k} (c_1) are at least as big as the corresponding classes. 2

Lemma 4.4 Assume 2 ≤ t ≤ k − 1. For c ≥ 2

T^c_{n,k}(c, c + 1, . . . , c + t − 2, n − c) ≤ T^c_{n,k}(c, c + 1, . . . , c + t − 1),

for c = 1 equality holds, and for c = 0 the inequality turns over.

Proof. Assume c ≥ 2. Observe that the RHS counts surjections from [n − c − t + 1] to [k − t + 1], such that the size of the pre-image of (k − t + 1) is at least c. The LHS counts surjections from [n − 2c − t + 2] to [k − t + 1]. There is an injection from the second set of surjections into the first set of surjections: extend the function to the points n − 2c − t + 3, n − 2c − t + 4, . . . , n − c − t + 1 with value k − t + 1.

For c = 1 the two sets of surjections described above are identical. For c = 0 the RHS is S(n − t + 1, k − t) · (k − t)! + S(n − t + 1, k − t + 1) · (k − t + 1)!, the LHS is S(n − t + 2, k − t + 1) · (k − t + 1)!. Due to the recurrence S(n − t + 2, k − t + 1) = S(n − t + 1, k − t) + (k − t + 1)S(n − t + 1, k − t + 1) we have the inequality claimed. 2

Theorem 4.1 For all c ≥ 1, n, k, c, t and m_1, . . . , m_t holds

T^c_{n,k}(m_1, m_2, . . . , m_t) ≤ T^c_{n,k}(c, c + 1, . . . , c + t − 1).

For 1 ≤ t < k and n ≥ k + 2c − 1 equality holds if and only if m_i = c + i − 1 for i = 1, 2, . . . , t or m_i = n − c − t + i for i = 1, 2, . . . , t, or c = 1, t ≥ 2 and m_i = c + i − 1 for i = 1, 2, . . . , j and m_i = n − c − t + i for i = j + 1, . . . , t for some j.

For c = 0, the case t ≤ 1 is like above. For c = 0, for all t ≥ 2, n, k and m_1, . . . , m_t holds

T^0_{n,k}(m_1, m_2, . . . , m_t) ≤ T^0_{n,k}(0, 1, . . . , t − 2, n).

For 2 ≤ t < k and n ≥ k + 1 equality holds if and only if m_i = c + i − 1 for i = 1, 2, . . . , j and m_i = n − c − t + i for i = j + 1, . . . , t for some 1 ≤ j < t.

Proof. We focus on the proof of the inequality and leave the characterization of equalities as an exercise to the Reader. The dual extremities are explained by Lemma 4.1.

Given a sequence m_1, m_2, . . . , m_t, using Lemma 4.3 with c_1 = c_2 = 1 shows that T^c_{n,k}(m_1, m_2, . . . , m_t) does not decrease when we change m_i for m_{i−1} + 1 or m_{i+1} − 1 for any i = 2, 3, . . . , t − 1. Iterating this estimate yields

T^c_{n,k}(m_1, m_2, . . . , m_t) ≤ T^c_{n,k}(m_1, m_1 + 1, . . . , m_1 + t − 2, m_t).

Lemma 4.2 yields that the latter is equal to T^c_{n−t+2,k−t+2}(m_1, m_t − t + 2). Another application of Lemma 4.3 shows that T^c_{n−t+2,k−t+2}(m_1, m_t − t + 2) is maximized if m_1, m_t − t + 2 are the smallest and largest set sizes allowed to be in a chain, or are the smallest two or largest two consecutive set sizes allowed to be in a chain. Transforming this result back by Lemma 4.2, we see that the maximum size arising in one of the expressions compared in Lemma 4.1. Hence Lemma 4.1 finishes the proof. 2

4.2 Asymptotic results for B^c_n

In this subsection we prove asymptotic EKR and Hilton-Milner theorems for B^c_n.

For fixed k, we have the following asymptotics ([2], p. 293):

S(n, k) ∼ k^n/k!. (23)

Using (23), it is easy to prove the following lemma:

Lemma 4.5 Assume that k is fixed and c = O(n/ log n). Then almost all, i.e. (1 − o(1))S(n, k)k! ordered partitions of n elements into k non-empty parts have the property, that all classes have sizes at least c.

Proof. The number of ordered partitions not having the required property is at most k c−1� i=1 � n i � S(n − i, k − 1)(k − 1)!. (24)

In order to estimate (24), note that S(n − i, k − 1)(k − 1)! = O((k − 1)^n) and that

�_n 1 � + ... +

�_n c−1 � < �_{n+c} c−1 � by the identity

�_n k=0 �_{m+k} k � = �_{m+n+1} n � . In view of (23), one has to verify that

�_{n+c} c−1 � (k − 1)^n = o(k^n). We estimate

�_{n+c} c−1 � by (^{(n+c)e}_{c−1} )^{c−1}. Since (^{(n+c)e}_{c−1} )^{c−1} is an increasing function in c, we just have to check (^{(n+c)e}_{c−1} )^{c−1}(k − 1)^n = o(k^n) for c =^{c′n}_{log n} , which is an easy exercise. 2

Given a sequence c ≤ m_1 < m_2 < · · · < m_t ≤ n − c, let g_1 ≥ g_2 ≥ · · · ≥ g_{t+1} denote the sequence m_1, m_2 − m_1, m_3 − m_2, . . . , m_t − m_{t−1}, n − m_t after sorting. We refer to these numbers as gaps.

Lemma 4.6 Assume that 1 ≤ t ≤ k − 2 are fixed, 1 ≤ c ≤ n/ log n, and (g_1 − g_2) → ∞. Then

T^c_{n,k}(m_1, m_2, . . . , m_t) ∼ (k + 1 − t)^{g1} . (25)

Proof. Observe that T^c_{n,k}(m_1, m_2, . . . , m_t) = � a1+a2+···+at+1=k−t ai≥0

T^{c,1}_{m1,a1} · T^1_{m2−m1,a2} · · · T^1_{mt−mt−1,at} · T^{1,c}_{n−mt,at+1} , (26)

where T^{c1,c2}_{n,k} and T^c_{n,k} count all chains in the respective truncated Boolean algebra. These T ’s count ordered partitions. It is easy to see that T^1_{u,v} = S(u, v + 1)(v + 1)! and hence T^1_{u,v} ∼ (v + 1)^u for any fixed v by (23). The first and last factors cannot be expressed explicitely, since in them a certain class has size at least c. If m_1 = g_1 then, in particular, m_1 ≥ n/(t + 1) and by Lemma 4.5, T^{c,1}_{m1,a1} ∼ (a_1 + 1)^{m1} . If m_1 < g_1 then we use the upper estimate T^{c,1}_{m1,a1} ≤ T^1_{m1,a1} . The term T^{1,c}_{n−mt,at+1} is handled similarly.

Working out asymptotic formula for a finite sum like (26), only the dominant term counts, if there is a single dominant term. A single dominant term is achieved when the largest possible base meets the largest possible exponent. 2

Theorem 4.2 Assume that F is a maximum size family of t-intersecting kchains in B^c_n. Then, for fixed 1 ≤ t < k and (n − c) sufficiently large, F consists of all k-chains containing a specific t-chain M_1, M_2, . . . , M_t, such that |M_i| = m_i, and m_1, m_2, . . . , m_t maximizes T^c_{n,k}(m_1, m_2, . . . , m_t), as described in Theorem 4.1.

Proof. For (n − c) large, the application of Theorem 3.1 is possible, since Theorem 4.1 explicitly gives the size of r_t(n). We have to check that condition (9) from Theorem 3.1 holds. For c ≥ 1, we have r_{t+1}(n) = T^c_{n,k}(c, c+1, . . . , c+t), r_t(n) = T^c_{n,k}(c, c + 1, . . . , c + t − 1), and r_{t+1}(n)/r_t(n) < 1/(n − c − t + 1), since there are n − c − t + 1 ways to choose a (c + t)-element set containing [c + t − 1]. For c = 0, Theorem 4.1 yields r_{t+1}(n) = T^0_{n,k}(0, 1, . . . , t − 1, n), r_t(n) = T^0_{n,k}(0, 1, . . . , t − 2, n). For t ≥ 2, r_{t+1}(n)/r_t(n) < 1/(n − t + 2), since there are n − t + 2 ways to choose a (t − 1)-element set containing [t − 2]. For t = 1, r_2(n) = T^0_{n,k}(0, n) = (k − 1)!S(n, k − 1) and r_1(n) = T^0_{n,k}(n) = (k − 1)!S(n, k − 1) + k!S(n, k), from Theorem 4.1 and (20), (21). By (23), S(n, k−1) = o(S(n, k)) as n goes to infinity. It implies lim_{n→∞} r_2(n)/r_1(n) = 0, and hence condition (9) from Theorem 3.1 holds. (We note that the extreme cases for c = 0, t = 1 were already characterized for all n in our previous paper [6].) 2

Theorem 4.3 For fixed 1 ≤ t ≤ k −3, n large, and c ≤ n/ log n, any maximum sized family of non-trivially t-intersecting k-chains in B^c_n is described by (15) in Part (ii) of Theorem 3.2, where the sizes of Z are

(c, c + 1, . . . , c + t + 1) or (n − c − t − 1, . . . , n − c)

for c ≥ 2; and the sizes of Z are

(c, c + 1, . . . , c + i, n − c − t + i, . . . , n − c − 1, n − c)

for c = 0, 1, with any 0 ≤ i < t.

Proof. We treat here only the case c ≥ 2, and leave c = 0, 1 to the Reader. First we show that condition (13) of Theorem 3.2 holds. We have

r_{t+2}(n) = T^c_{n,k}(c, c + 1, . . . , c + t + 1) ∼ (k − t − 1)^{n−c−t−1}

by Theorem 4.1 and Lemma 4.6. An X , L pair defining M_τ (n) must have the property, that the sizes of its elements are within O(1) distance either from c or from (n − c). Hence M^∗_τ (n) ≥ (k − t)^{n−c−O(1)}, and (13) holds.

Looking at possible extremal families of type (i) or (ii) from Theorem 3.2, one realizes that they decompose to a union of constant number of terms of families T^{c1,c2}_{u,v} (m_1, ..., m_s). Lemma 4.6 applies to each of these families.

It is not difficult to see that the best candidates to realize Part (i) of Theorem 3.2 are X = {[c], . . . , [c + t − 1]} and Y = {[c + t], . . . , [k + c]}, while the best candidate to realize Part (ii) is Z as given above. The reason is that the family of t-intersecting k-chains F_n that they define beats gapwise all other constructions of the respective type. Finally, we have to decide if |F_n(X , Y)| or |F_n(Z)| is bigger. Using Lemma 4.6, we obtain

|F_n(Z)| ∼ (t + 1)(k − t)^{n−t−c−1} + (k − t)^{n−t−c} = (k + 1)(k − t)^{n−t−c−1},

|F_n(X , Y)| ∼

k+1−t�

i=1 (k − t)^{n+1−c−t−i}.

|F_n(Z)| wins. 2

References

1. R. Ahlswede, N. Cai, Incomparability and intersection properties of Boolean interval lattices and chain posets, Europ. J. Comb. 17 (1996), 677–687.

2. L. Comtet, Advanced Combinatorics, Reidel, Boston, Ma., 1974.

3. M. Deza, P. Frankl, Erdős-Ko-Rado theorem – 22 years later, SIAM J. Alg.

Disc. Methods 4 (1983), 419–431.

4. P. L. Erdős, U. Faigle, W. Kern, A group-theoretic setting for some intersecting Sperner families, Combinatorics, Probability and Computing 1 (1992), 323–334.

5. P. Erdős, C. Ko, R. Rado, Intersection theorems for systems of finite sets, Quart. J. Math. Oxford Ser. 2 12 (1961), 313–318.

6. P. L. Erdős, Á. Seress, L. A. Székely, On intersecting chains in Boolean algebras, Combinatorics, Probability and Computing 3 (1994), pp. 57–62.

7. P. Erdős, R. Rado, A combinatorial theorem, J. London. Math. Soc. 25 (1950), pp. 249–255.

8. P. Frankl, On intersecting families of finite sets, J. Combin. Theory Ser. A 24 (1978), 146–161.

9. P. Frankl, The shifting technique in extremal set theory, in: Combinatorial Surveys (C. Whitehead, Ed.), Cambridge Univ. Press, London/New York, 1987, 81–110.

10. P. Frankl, Z. Füredi, The Erdős-Ko-Rado theorem for integer sequences, SIAM J. Alg. Disc. Methods 1 (1980), 376–381.

11. Z. Füredi, Turán type problems, in: Surveys in Combinatorics (Proc. of the 13th British Combinatorial Conference, A. D. Keedwell, Ed.), Cambridge Univ. Press, London Math. Soc. Lecture Note Series 166 (1991), 253–300.

12. A. Hajnal, B. Rothschild, A generalization of the Erdős-Ko-Rado theorem on finite set systems, J. Combin. Theory Ser. A 15 (1973), 359–362.

13. A. J. W. Hilton, E. C. Milner, Some intersection theorems for systems of finite sets, Quart. J. Math. Oxford (2) 18 (1967), 369–384.

14. L. Lovász, Combinatorial Problems and Exercises, Akadémiai Kiadó, Budapest and North-Holland, Amsterdam, 1977.

15. D. Miklós, Great intersecting families of edges in hereditary hypergraphs, Discrete Math 48 (1984), 95–99.

16. M. Simonovits, V. T. Sós, Intersection theorems for graphs, in: Problèmes Combinatoires et Theorie des Graphes, Coll. Internat. C.N.R.S. 260 (1976), 389–391.

17. M. Simonovits, V. T. Sós, Intersection theorems for graphs II, in: Combinatorics, Coll. Math. Soc. J. Bolyai 18 (1978), 1017–1030.

18. R. M. Wilson: The exact bound in the Erdős-Ko-Rado theorem, Combinatorica 4 (1984), 247-257.