The Integral Thecrems of Vector Analysis

provides a seeming contradiction; because the cat is dropped from a resting position,
it has zero angular momentum at the beginning of the fall and hence, according to _
a basic law of physics called conservation of angular momentum, the cat has zero -
angular momentum throughout the duration of its fall.> Amazingly, the cat has effectively
changed its angular position while maintaining zero angular momentum! :
The exact process by which this occurs is subtle; intuitive reasoning can lead one
astray and, as we have indicated, many false explanations have been offered throughout -
the history of trying to solve this mystery.® Recently, new and interesting insights have
been discovered using geometric methods that, in fact, are related to curvature (see :'-f'
Section 7.7).4 ;
The way that curvature and geometry are related to the falling cat phenomenon is E
not easy to explain in full detail, but we can explain a similar phenomenon that is easy
to understand. Interestingly, Stokes’ theorem is the key to understanding these types of o
phenomena,

exercises
3
1. Let § be the portion of the plane 2x + 3y + z = 5 lying 2. Let & be the portion of the surface z = x? + 32 fying
beiween the points (—1, 1, 4), (2, 1, ~2),(2, 3, —%), and between the points (0, 0, 0), {2, 0, 4), (0, 2, 4), and
{—1,3,2). Find parameterizations for both the surface § (2.2, 8. Find parameterizations for both the surface §
and its boundary 35. Be sure that their respective and its boundary 4S. Be sure that their respective
orientations are compatibie with Stokes’ theorem. orjentations are compatible with Stokes’ theorem,

In Exercises 3 to 6, verify Stokes’ theovem for the given surface S and houndary 35, and vector, ﬁe!ds F.

3. S={mpa 4+l =1 220 6. Sasin(3),and F = 22 + xj + 7k

(oriented as a graph)

8 = ((x,p) 1 x> 437 =1}
F=xi+ypjt+zk

7. Let C be the closed, piscewise smooth curve formed by p
traveling in straight lines between the points (0, §, 0,
(2,0,43,(3,2,6),(1, 2, 2), and back to the origin, in

4. Sasin{l),and F = yi+zj + xk that order. (Thus the surface S lying interior to C is o
_ e 1 W22 contained in the plane z = 2x.) Use Stokes’ theorem fo
o S=lynia=loxToyh 220) evaluate the integral:
{oriented as a graph)
85 = {(x,y) 12’ + 0 =1
F=zi+xj+ (2zx 4+ 2xp)k f(z cos x) dx + (x*yz) dy + (yz) dz
c

*We saw an instance of the law of conservation of angular momentum in Section 4.1, Exercise 26/

? Another favorite faflacious argument, showing that a cat cannof turn itself over(?), is this: “Accept from,
physics that angular momentum is the moment of inertia times angular velocity [motnents of incrti_a-'
are discussed in Section 6.3]. But the angular momentum of the cat is zero, so the angular veiﬂd'i_ty_‘
must also be zero. Because angular velocity is the rate of change of the angular position, the angular
position is constant. Thus, the cat cannot turn itself over” What is wrong? This argument ignoresthe.
fact that the cat changes its shape, and bence its moment of inertia, during the fall.

“See T. R. Kane and M. Scher, “A Dynamical Explanation of the Falling Cat Phenomenon,” nf. [ Sofids.
Struct., 5 (1969): 663—670. See also R. Montgomery, “Isoholonotric Problems and Some Applications,” |
Commun. Math. Phys., 128 (1990): 565-592; R. Montgomery, “How Much Does a Rigid Body Rotate?
A Berry’s Phase from the 18" Century” 4m. J Phys., 59 (1991b): 394-398, See also ] E. Marsden
and I. Ostrowski, “Symmerries in Motion: Geometric Foundations of Motien Control,” Nonfinear 56
ence Today (1998}, http://link springer-ny.com; R. Batierman, “Falling Cats, Parallel Parking, and £0-
tarized Light” Philos. Soc, Arch. (2002); http://philsci-archive pitt. edufdocuments/d1sk0/0(}/0[}/05/83
hittp:/fwww.its.caltech.edw/~mleok/falling_cats htrn, and references therein.




8. Let C be the closed, piecewise smooth curve formed by
traveling in straight lines between the points (0, 0, 0),
(2,1, 5), (1, 1, 3), and back to the origin, in that order,
Use Stokes’ theorem to evaluate the integral;

f (eyz)dx + (xy)dy + (x) dz
o

9. Redo Exercise 9 of Section 7.6 using Stokes’ theorem,
10. Redo Exercise 10 of Section 7.6 using Stokes’ theorem.

11. Verify Stokes’ theorem for the upper hemisphere

z2=1/1—=x2 -2 z > 0, and the radial vector field
Fx, y, 2} = xi+ yj + zk.

12. Let § be a surface with boundary 45, and suppose E is
an electric field that is perpendicutar to 35, Show that
the induced magnetic flux across § is constant in time,
(HINT: Use Faraday’s law.) '

13, Let § be the capped cylindrical surface shown in
- Figure 8.2.13. § is the union of two surfaces, S and 5,

where §) is the set of (x, v, z) with x? + y=,
0=z =<1, and 8 is the set of (x, y, z) with
x2 + 32z = =1z =1 8etFlx, p,2) =
(22 + 225 + i + (Pyx + 1) + 2402k Compute
JIs(V % F) - dS. (HINT: Stokes® theorem Rolds for this
surface. }

figure 8.2.13 The capped cyiinder is the
union of § and &,

14, Let ¢ consist of straight lines joining (1, 0, 0), (0, 1, 0},
and (0, 0, 1) and let § be the triangle with these vertices,
Verify Stokes’ theorem directly with
F = yzi + xzj + xyk.

15. Evaluate the integral JI5(¥ > F) . d8, where § is the
portion of the surface of a sphere defined by

e

8.2 Stoies Theorem ¢ 451 -

x2 42 +z8 = landx +y 4z 2> 1, and where
F=rx(i+j+%),r=xi+yp+zk

16. Show that the caleulation in Exercise 15 can be
simplified by observing that JosFedr= | os Fodr for
any other surface £. By picking T appropriately,
JJ5(V > F) - S may be easy to compute. Show that this
Is the case if  is taken to be the portion of the plane
X -+ y+z =1 inside the circle 45,

I7. Calculate the surface integral SISV x F)-dS, where §
15 the hemisphere xz—{-yz-i-z2 =1,x >0, and
F = 3 - 33},

18. Find [[(V x F) - g8, where § is the ellipsoid

x2 43?1222 = 10 and F is the vector field
F = (sinxy)i + ej — yzk.

19. LetF=yi — xj + 237k, Evaluate
ffS(V x F)-ndA, where § is the surface defined by
x? + 12 +zzwI,z_<_0.

28. A hot-air balloon has the truncated spherical shape
shewn in Figure 8.2.14. The hot gases escape through
the porous envelope with a velocity vector field

Vix,y,2) =V x ®{x, y, 2)
where D(x,y,2) = —yi+xj.

F R = 5, compute the volume fiow rate of the gases
through the surface,

z

figure 8.2.34 A hot-arr balloon.

21. Prove that Faraday’s faw implies V x E = —3H/ar.

22. Let $be a surface and let F be perpendicular o the
tangent to the boundary of §. Show that

/f(v x F)dS = 0.
N

What does this mean physically if F is an electric field?

4y
H
i
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23, Consider two surfaces S}, Sy with the same boundary
a8, Describe with sketches how S; and 8> must be
oriented to ensure ihat

f (VxF)-dS:f (V x F)-dS.
S| &

24. For a surface § and a fixed vector v, prove that

Z/fv-ndS: (v xr)-ds,
S a8

where r(x, y, z) = (x, y, z).

25

by

Argue informally that if § is a closed surface, then

/f(VxF)-dSmD
5

(see Exercise 23). {A closed surface is one that forms
the boundary of a region in space; thus, for example, a
sphere is a closed surface.)

26, IfC is a closed curve that is the boundary of a surface S,
and f and g are C? functions, show that

(a) fng-dSm/](foVg}-dS
C
A

() / (fVg+gVf)-ds=0
C

27. {a) ¥ Cis aclosed curve that is the boundary of a
surface S, and v s a constant vector, show that

fv-a’s"—w().
c

(b) Show that this is true even if C is not the boundary
of a surface §.
28. Show that®: D — B2, D =10, 7] x [0, 2],
B(p, ) == {cos & sin ¢, sind sin ¢, cos ¢), which
parameirizes the unit sphere, takes the boundary of
D to half of a great circie on §.

29, Verify Theorem 6 for the helicoid
B{r, 0} = (rcosd, rsing, 6), (r, 6) € [0, 1] x {0, 7/2),
and the vector field F(x, y, z) = (z, x, »).

30. Prove Theorem 4.

31, Let F == x2i+ (2xy - x)j + zk. Let C be the circle
2 + % = 1 and § the disc x? + y% < 1 within the
plane z = §.

32.

[ #%]
Lad

(a) Determine the fhux of F out of S.
(b) Determine the circulation of F around C.

(¢) Find the flux of V x F. Verify Stokes’ theorern
direcily in this case.

Let S be a surface with boundary 35, and suppose that § - 2
is an electric field that is perpendicular to 45. Use X
Faraday's law to show that the induced magnetic flux
across § is constant in time.

Integrate V x F, F = (3y, —xz, —yz*) over the portion
of the surface 2z = x2 + y¥* below the plane z = 2, boty
directly and by using Stokes’ theorem.

34. Ampére’s law states that if the electric current density is

35,

36.

described by a vector field J and the induced magnetic
field 1s H, then the circulation of H around the boundary
C of a surface S equals the integral of J over § (i, the”
total current crossing 5. See Figure 8.2.15. Show that -
this is implied by the steady-state Maxwell equation
VxH=J

Current [ = flux
of J

figure 8.2.18 Ampére’s law.

Faraday’s law relates the {ine integral of the electric field:
around a loop C to the surface integral of the rate of
change of the magnetic field over a surface § with
boundary C. Regarding the equation V x E = —dH/3¢
as the basic equation, Faraday’s law is 2 consequence of
Stokes’ theorem, as we have seen in Example 4. g

Suppose we are given electric and magnetic fields:
in space that satisfy V x E = —3H/8¢, Suppose C 15,
the boundary of the Mibius band shown in Figures 7.0.3
and 7.6.4. Because the Mdbius band cannot be orientel)
Stokes’ theorem does not apply. What becomes of - . -
Faraday’s law? What do you guess f cE-ds equals? . 8

(a} If in spherical coordinates, we write s

e =ail+ Bi+yk, finde, f,aud y.

(b} Find simitar formutas for eg and eg.




