Double ond Triple Infegrals

gxercises

1. Evaluate each of the following integrals if
R=100,11 %[0, 1).

(a) [ (x* + %) d4

©) f/ (xy)*cosx® dd
R

(d) ]f In[{x+ D{y-+1)]dd
R

2. Evaluate each of the following integrals if
R=10,11x [0, 1].

) {a) f/ {x™y™) dx dy, where m, 1 > 0
R
() // {ax + by + ) dxdy
R

{c) // sin (x 4+ yydxdy
R

4 () // (x% + 2xy + po/%) dudy
R

3. Evaluate over the region R:

3

yx , 3

//y —ydvdr R0.2]x -1 1)
R

4. Evaluate over the region R:

y - —
//wdxd}, R0 1] x [-2,2].
R

5. Sketch the solid whose volume is given by:

1pl
/ /(S—x—-'y)dydx.
0 Jo

6. Sketch the solid whose volume is given by:

3 2
/ / (9 4 x2 + y*) dx dy.
0 0

7. Compute the volume of the region over the rectangle
[0, 13 x {0, 171 and under the graph of z = xy.

8. Compute the volume of the solid bounded by the xz
plane, the yz plane, the xy plane, the planes x = 1 gnd
» = 1, and the surface z = x2 + y*.

10. Compute the volume of the soiid bounded by the surface

11. Compute the volume of the solid bounded by the graph

9.

Let f be continuous on [, 5] and g continuous on
[e, d]. Show that

b d
| / / [FEg(dedy = | f Flx)ds| [ g(y)a’y}',
R a ) Jo N

where R = {a, b = [¢, d].

z=siny,theplanesx =L, x =0,y =0, andy = zrjz',
and the xy plane. '

7 = x* + ¥, the rectangle R = [0, [] x [1, 2], and the
“vertical sides” of R,

fl'f.fj:Let £ be continuous on R = [a, b] x [c, d]; for

13 /(Z'onsider the integral in 2(a) as a function of m and 1;
" that is,
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{15.>Let £: 10, 1] % [0, 13 — 2 be defined by

Ay
.

a<x <hc<y<d,define

Xy
F{x,y)=/ ] Flu, vy dvdu.

Show that 82 F/3x 8y = 82F /8y 9x = [(x, y). Use
this example to discuss the relationship between Fubini b
theorem and the equality of mixed partial derivaiives.

.

flm,n) = /fxmy"dxdy.
R

Tvaluate linyy, w00 F(m, 1)

/ﬁe\jl.,et:

i

e T
Hm, ny = / f cos nx sinmy dx dy.
o T o =T

Show that lity, pes e f(m, n) = 0.

1 X rational

S,y =

2y x irrational.

Show that the iterated integral fo { fg f(x, %) dy}
exists but that f is not integrable.

16. Express f f cosh xv dx 4y as a convergent sequencﬁ
where R = [0, 1] x [0, 1]. ‘
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p
{17. }Aithough Fubini’s theorem holds for most functions met yet
" in practice, we must still exercise some caution, This R

exercise gives a function for which it fails. By using a / X =3 dydy = _n

substitution involving the tangent function, show that o Jo (xT+07 4

, Why does this not contradict Theorem 3 or 32
I S - "\ :
LY aae T KIS' Let 1 be continuous, f > 0, on the rectangle R. If
o Jo GEip PE=T = [ f dA =0, prove that f = 0 on R.

5.3 The Double Integral Over More General Regions

Our goal In this sectien is twofold: First, we wish to define the double integral of 2
function f{x, y) over regions DD more general than rectangles; second, we want to
develop a technique for evaluating this type of integral. To'accomplish this, we shall
define three special types of subsets of the x ¥ piane, and then extend the notion of the
double integral to them.

Elementary Regions

Suppose we are given two contjnuous real-valued functions o la, b - R
and ¢y:fa, b] — R that satisfy ¢, (x) < ¢a(x) for all x € [a, b]. Let D be the set
of all points (x, y) such that x & {a, biand ¢i(x) = y < éy(x). This region D is said
to be y-simple. Figure 5.3.1 shows various examples of y-simple regions. The curves
and straight-line segments that bound the region together constitute the boundary of D,
denoted 4D, We use the phrase “y-simple” because the region is described in a relatively
simple way, using » as a function of x. '

We say that aregion D is x-simple if there are continuous functions 1y and ¥r; defined
on [e, d] such that D is the set of points (x, y) satisfying

ye {_C,dl and WJ(J’) Sx < wZ(.y)r

where 11( ) < ¥u(y) forally € [¢, d]. Again, the curves that bound the region D con-
stitute its boundary 4 0. Some examples of x-simple repions are shown in Figure 5.3.2.
In this situation, x is the distinguished variable, given as a function of y. Thus, the
phrase x-simple is appropriate.

Finally, a simple region is one that is both x- and y-simple; that is, a simple region
can be‘described as both an x-simple region and a y-simple region. An example of a
simple region is a unit disk (see Figure 5.3.3),
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figtire 8.3.1 Some y-simple
regions.
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