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Quiz 2, September 1, 2022
Prove that a non-Abelian group must have at least five distinct elements.

Answer:

• Let G be a group.

• Notice that the identity element commutes with every element of G.

• Notice that if a is an element of G, then a commutes with a and a commutes with the
inverse of a.

• Notice that if a and b are elements of G which do not commute, then ab 6= id.
(Indeed, if ab = id, then multiply both sides of the equation on the left by the inverse of a

to see that b is equal to the inverse of a. However, a and the inverse of a commute but a and
b do not commute.)

• Notice that if a and b are elements of G which do not commute, then ab 6= a.
(Indeed, if ab = a, then multiply both sides of the equation on the left by the inverse of a

to see that b = id. However a and id do commute, but a and b do not commute.)

• Notice that if a and b are elements of G which do not commute, then ab 6= b.
(Indeed, if ab = b, then multiply both sides of the equation on the right by the inverse of

b to see that a = id. However b and id do commute, but b and a do not commute.)

• Now we are ready to write the proof. If a and b are elements of the group G with ab 6= ba,
then a, b, ab, ba, and id are FIVE different elements of G.


