MATH 546, HOMEWORK SOLUTIONS, SPRING 2023

(1) Recall the group S, = Sym({1,...,n}), where S, is the set of invertible func-
tions from {1,...,n} to {1,...,n}. The operation in S, is function compo-
sition.

(a) Take n = 3. Let ¢ and 7 be the following elements of S3:
o(l)=2, o(2)=1, o(3)=3, and
t(1)=2, 1(2)=3, (3)=1.
(i) How many distinct elements' of S3 can be written in the form
G'ot/?

1 23

312

there are at most six elements of S3 of the form 6 0t/ because we

may always insist that i € {0,1} and j € {0,1,2}. We have not yet
demonstrated that these six functions are distinct. But they in fact

Answer: We see that 62 =id, 12 = ( ) ,and T° =id. Thus,

are:
i|j c'o1/
oo/ (13 3)
ol11(331)
01215 13)]
1ol 3)
()
121G 3 )

We see that there are six different functions of the form c't/. The
group S3 only has six elements; thus every element of S3 can be
written in the form o't/

e f is an element of S3, then one relatively convenient way to record f is in the form

(st sty i)

If one uses this notation, then

o (1 23 4 oo (1 23
{21 3) M *={2 3 1)

1
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(i) Can To o be written in the form ¢’ 0 t/?

Answer: We saw already that the answer is yes. We can also
compute

too= (1 2 3) _go2
“\3 2 1) )

(ii1) Record the multiplication table for the smallest subgroup of S3
which contains T and ©. Put your entries in the form ¢’ ot/ when-
ever this makes sense.

Answer: Here is the multiplication table for S3.

| [id] |7 ]| o |ot|or?]
id||id|] t]|1] o] ot]or?
T t || id |ot’] o | ot
2@ ][id|] T |ot|o?] o
6|l o lot|ot?|id]| t | 72
ot ||[ot|ot?| o | 2] id | =
o’ ||ot?| o |[ot| © [ | id

Apparently I have started to write 6T to mean Go71
Notice that the multiplication table for S5 is the same as the multi-
plication table for D3 in problem 10. (Each p from problem 10 is
written as T in the present problem.)

(b) Take n = 4. Let ¢ and 7 be the following elements” of Sq:

6(1)=3, o(2)=2, o(3)=1, o(4)=4, and
t(1)=2, 1(2)=3, t(3)=4, (4 =1.

(1) How many distinct elements of S4 can be written in the form

clot/?

) 1 2 3 4
. 2 _ 2 _
Answer: We see that 6 =id, T~ = (3 41 2),
\4 1 2 3

elements of S4 of the form 6 0T/ because we may always insist
that i € {0,1} and j € {0,1,2,3}. We have not yet demonstrated

= (1 23 4>, and t = id. Thus, there are at most eight

2In the notation of footnote 1,

o_(1 23 4 g oo (1234
“\3 21 4) ™ "= 2 3 4 1)
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that these eight functions are distinct. But they in fact are:

i G'ot/

ol (133 3)
o333 7)
0120551 3)
031133
ol (331 4)
13
2| (3 53 )
{333 1)

We see that there are eight different functions of the form ¢'t/.
(ii) Can T oG be written in the form 6’ 0 1/?

1 2 3 4
4 3 2 1
(i11) Record the multiplication table for the smallest subgroup of S4

which contains T and ©. Put your entries in the form ¢’ ot/ when-

Answer: We compute ToG = =coT.

ever this makes sense.

Answer: Let G be the smallest subgroup of S4 which contains T
and 6. We learned in (i) and (ii) that G consists of the eight distinct
functions 6't/, where i € {0,1} and j € {0,1,2,3}. It is now easy
to calculate that the multiplication table for G is

| [id]t|7? |7 ]| o]ot]|or"|or]
id[[id]~]|®]" 2] o1’

6 | ot [ot? ot
T t || ]id]|or’| o | ot |ot?
2@ [P®]id| 1t |ot?|or’] oot
PP ]id] |2 ]|ot|ot?|or’]| o
clloc|lot|ot?|o®|id]| = | |7

ot || ot|ot?|ot®| o || id]| ©t | 7?
ot?|lot? ot | o ot | T | ] id ]| =«
ot |lot| o |ot|ot?| = [ 2 | 77 | id

Notice that the multiplication table for this problem is the same as the
multiplication table for D4 in Example (11f) from page 9 of the Lecture
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Notes. (Each p from the Lecture Notes is written as T in the present
problem.)
(c) Take n = 4. Let ¢ and 7 be the following elements of Sy:

o(l)=2, o(2)=1, o(3)=3, o(4)=4, and
t(1)=2, 1(2)=3, (3)=4, 1(4)=1.
(i) How many distinct elements of S4 can be written in the form
G6lot/?
Answer: Again 8.
(i) Can To o be written in the form ¢’ 0 t/?

Answer: No.

(iii) Prove that the smallest subgroup of S4 which contains T and G is
all of S4.
Let H be the smallest subgroup of S4 which contains ¢ = (12)
and T = (1234). We show that all six transpositions (i) are in H.
Every element of S4 is a product of transpositions.
Keep in mind that (1234)~! = (1432).
Observe that

(23)(12)(23) = (13)
The proof is complete.
(2) Consider the following sets S with binary operation . Which pairs (S, *)
form a group? If (S, *) is not a group, which axioms fail?
(a) Let S be the set of integers Z and let a xb = ab.

Answer: No (S, ) is not a group. The identity element of S is 1. How-
ever, the only elements of S with an inverse are 1 and —1.
(b) Let S be the set of integers Z and let a * b = max{a,b}.

Answer: No (S, ) is not a group. There is no identity element. (If one
thinks that ag is an identity element of S, then agp — 1 € S, but (a9 — 1) *
ao = ap. Hence b x ag is not equal to b for all b in S.)
Of course, then S also does not have inverses.

(c) Let S be the set of integers Z and letaxb = a — b.

Answer: No (S, %) is not a group. The operation * does not associate.
Indeed,

(1x2)%3=(1-2)—3=—4but1x(2+3)=1-(2-3)=1+1=2.
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(d) Let S be the set of integers Z and a b = |ab|.

Answer: No (S,x%) is not a group. There is no identity element. (If
one thinks that ag is an identity element of S, then 1 = ag* 1 = |ag| and
—1=ap*x(—1)=]|—ao| = lao
no sense.

; thus, 1 = —1. Of course, that makes

Also S does not have inverses.
(e) Let S be the set of positive real numbers R™ and a x b = ab.

Answer: Yes, (S, *) is a group.
(f) Let S be the set of non-zero rational numbers Q \ {0} and a b = ab.

Answer: Yes, (S, *) is a group.
(3) Prove that multiplication of 2 x 2 matrices satisfies the associative law.

Answer: Let

[a a b b c c
A= 11 12 7 B— 11 12 , and C = 11 12 .

|a21 ax b1 by €21 €22
We compute

[b11 b2 [enr ez

A(BC)=A
(BC) <,b21 bzz} |:C21 szD

_ {011 alZ] {b11€11+b12621 biicrz +b12622}

ay1  axn| [bacii+bnen bacia+buncexn

_ |:all(bllcll +bipe21) +an(barern +bncar)  air(bricia +biacan) +an(bacrn +bxncexn)
axi(biycrr +bicar) +an(bacir +banca)  ax(biiciz +biaen) +an(bacia +bxncen)

and
ajp  az| |bn b2
AB)C = C
(AB) <[a21 azz} |:h2] b22})
_ |:al]bll+alzb2I 011b12+a|2522} {Cn 6‘12}

az1byy +axnby  anbia+anbn| |21

_ [(allbn +apbar)crr + (anbia +apbn)ear  (aibiy +apbar)ciz + (anbia +apbn)en
(a21b11 +anbar)crr + (aa1bia +anbin)car  (a21biy +axnbar)ciz + (a21b12 +anbn)exn

Observe that A(BC) = (AB)C.
(4) Is the group GL,(R) an Abelian group? Give a proof or counterexample.

Recall that GL,(R) is the group of invertible n X n matrices under multipli-
cation.

Answer: No GL,(R) is not an Abelian group for n > 2. In particular, if

1 1 Zyx(n-2) 1 0 Zix(n-2)
A= 0 1 Zix(n-2) and B= 1 1 Zixn-2) |
Z( Z(

n—2)x1 Zn—2)x1 | o2 n—2)x1 Zn—2)x1 | 2

then

2 1 Zx(n-2) 1 1 Zix(n-2)
AB = 1 1 Z x(n—2) and BA = 1 2 Z x(n—2) )

n—2)x1 Z(n72)><1 ‘ ) n—2)x1 Z(an)xl ‘ I

where Z, ., is p X g matrix of zeros and [, is the (n—2) x (n—2) identity
matrix. Observe that AB # BA and A and B both are invertible matrices.
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(5) Write a multiplication table for the following set of matrices over Q:
1 0 -1 0 1 0 -1 0
1:[0 1}, A:[O l], B:[O _1}, and C:{O _l]

Answer:

Q| = |~

QO & | ~|| ~
S| O ~| 2| 2>
>~ Q|| =
~| | QA

Notice that this {I,A,B,C} is a subgroup® of GL(Q) because the multi-
plication table shows that {I,A, B,C} is closed under matrix multiplication
and that the inverse of every element of {I,A,B,C} is actually in {I,A,B,C}.

The group {I,A,B,C} is easy to recognize. The group has four ele-
ments. Every element squares to the identity and the product of any two
non-identity elements is the third non-identity element. Every group of this
4 Klein four group appears in

the class lectures at the end of Example 11 on the bottom of page 9.
(6) Let G={x € R |0 < xand x # 1}. Define a*b = a"™?, for a and b in G.
Prove that (G, %) is an Abelian group.

form is called a Klein four group. “Another

Answer:

e We first show that (G, ) is closed. Take a and b in G. We must show that

Inb i5 a positive real number which

is not equal to 1. The real number a is positive, so a™? is a real number.

a*bisin G. That is, we must show that a

The real number a is positive, so a = ¢* and a!"? = ¢?!"> The graph of
y = ¢ is ABOVE the x-axis for all x. Thus a!™” is a positive real number.
We prove that a™™? £ 1 by contradiction. If a™? = 1, then take In of both
sides to learn that Inblna =1In1 =0; hence Inb =0 orlna =0; thatisb =1
or a = 1. But a and b are both in G; so neither is 1. This is a contradiction.
We conclude that a™™” # 1. We have shown that if @ and b are in G, then
axbisinG.

e We already saw that x commutes. Indeed, if a,b € G, then

b — elnalnb — elnblna — blna —bxa.

axb=a"
3Recall that if H is a subset of the group (G, ) and H is a group with the same operation * as
G, then H is a subgroup of G. To test that a (non-empty) subset H of G is a subgroup it suffices to
verify that H is closed and that the inverse of every element of H in G is actually an element of H.
Indeed, the operation * associates on all of G, so it associates on the subset H. Also, the closure
properties of H ensure that the identity element of G is actually in H.
4 put quotation marks around the word another because the groups are exactly the same. The
one on this page is the matrix representation of the one in the class notes.
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e The real number e is the identity element of G. Indeed,

axe=d" =4 = ¢

for all a in G. We already saw that exa = axe.

) S B, L.,
e If a € G, then the inverse of a is ema. First we observe that eha is indeed

an element of G. Well, a is positive and not 1; so Ina is a real number which

18 not zero. Thus, ﬁ is a real number which is not zero and e is a positive

real number which is not 1. Now we calculate

1
IR C) R
We already saw that * commutes so we need no check that ema xa = e.
e We show that x associates. Take a, b, c in G. Observe that
ax (bxc) =ax(b™) = ax (M) = (")) _ (nblnc)
_ elna(lnblnc) _ e(lnalnb)lnc _ (a*b)lnc _ (a*b) £cC.

Remark. In Homework problem 83 you will prove that the group (G, ) is
a disguised version of a very familiar group!

(7) Let S =R\ {—1}. Define x by axb =a+ b+ ab, for a and b in S. Prove
that (S, %) is a group.
Answer:
e We first show that (S, *) is closed. Take a and b in S. It is clear that ax b
is a real number. We must show that axb = —1. We argue by contradiction.
Ifaxb=—1,thena+b+ab=—1;s0ab+a-+b-+1=0. In other words,

(a+1)(b+1)=0and a = —1 or b = —1. Neither of these outcomes is
possible. Thus axb = —1 and a*b is indeed in S.

e We notice that * commutes!
e Observe that 0 is the identity element of (S, %) because
ax0=a+0+a(0) =a.

We need not check that 0 x a = a because we already observed that ax b =

bxa forall aand b in S.

e We observe that x associates. Indeed, if a, b, c are in S, then
ax(bxc)=ax*(b+c+bc)=a+ (b+c+bc)+alb+c+bc)=(a+b+ab)+c+(a+b+ab)c

=axb+c+(axb)c= (axb)x*c.

e Let a be an element of S. We observe that the inverse of a is ﬁ First of
all, we notice that the proposed inverse is a Real number because a # —1.
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We also notice that % =# —1 because 0 # —1. Thus, the proposed inverse
is an actual element of (S, *). Finally, we verify that

—a —a —a ala+1)—a—a* 0
ax =a-+ +a = = =0.
a+1 a+1 a+1 a+1 a+1

Remark. In Homework problem 78 you will prove that the group (S, *) is

a disguised version of a very familiar group!

(8) Prove that a non-Abelian group must have at least five distinct elements.
Answer:
e Let G be a group.
e Notice that the identity element commutes with every element of G.

e Notice that if a is an element of G, then ¢ commutes with ¢ and a com-
mutes with the inverse of a.

e Notice that if ¢ and b are elements of G which do not commute, then
ab # id.

(Indeed, if ab = id, then multiply both sides of the equation on the left by
the inverse of a to see that b is equal to the inverse of a. However, a and the
inverse of a commute but ¢ and » do not commute.)

e Notice that if a and b are elements of G which do not commute, then
ab # a.

(Indeed, if ab = a, then multiply both sides of the equation on the left by
the inverse of a to see that b = id. However a and 1d do commute, but ¢ and
b do not commute.)

e Notice that if ¢ and b are elements of G which do not commute, then
ab # b.

(Indeed, if ab = b, then multiply both sides of the equation on the right
by the inverse of b to see that a = id. However » and id do commute, but b
and a do not commute.)

e Now we are ready to write the proof. If a and b are elements of the group
G with ab # ba, then a, b, ab, ba, and id are FIVE different elements of G.

(9) Let G be a group and let a, b be elements of G. Suppose (ab)? = a’>b?. Prove
that a and b commute.

Answer: We are given
abab = aabb.

Multiply both sides of the equation on the left by the inverse of a and mul-
tiply both sides of the equation on the right by the inverse of b to obtain
ba = ab.
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(10) Is the group of complex numbers {1,—1,i,—i}, under multiplication, a
Klein 4-group?

Answer: The above group (which we usually call Uy) is NOT a Klein four
group. In a Klein 4 group every element squares to the identity element.
The identity element of Uy is 1. The elements i and —i both square to —1,
which is not the identity element.

The group Uy is a cyclic group generated by either i or —i.

(11) Let p be rotation counterclockwise by 120° fixing the origin. Let ¢ be
reflection of the xy plane across the x axis. Let D3 be the smallest subgroup
of the group of rigid motions which contains p and G.

(a) List the elements of Dj.

(b) Find the multiplication table for Ds.

(c) Describe the action of each element of Ds.

(d) Show thatif T € D3, then ©(T) =T, where T is the triangle with vertices

(1,0), (=1,%3), and (—1, ).

Answer: Notice that T is the equilateral triangle (each side has length v/3)
with vertices

P=¢° —1
Q—e% = cos & 3 +zs1n23”:—%+z\/7§, and
R=e7 =cosi® +zsm4§‘:—%—i\/7§.

Observe that

op(P)=0(Q) =R, op(Q)=0(R)=Q, and  op(R) = o(P) =P

So op is reflection across the line connecting the origin and Q. (If that
discussion is not sufficiently convincing to you then recall that that rotation

counterclockwise by 0 is the linear transformation {x} > 0989 —sm 9} [ ]
y sin® cosO
and reflection of the xy-plane across the line through the origin with angle
cos20 sin20 } [x] Use these for-
sin20 —cos20| |y|’

mulas and various Trig identities to verify the claims.)
Once we are confident that 6p is a reflection, then we know that

0 is the linear transformation [ﬂ — [

(op)(op) =id.

Multiply both sides on the the left by ¢ (which is the inverse of ¢) and on
the right by p? (which is the inverse of p) to obtain

pG = Gp°>.



MATH 546, HOMEWORK, SPRING 2023

It is now clear that D3 has at most 6 elements; namely, 6/p* with j € {0,1}
and k € {0,1,2}. We show that these six names are distinct functions by
showing that they do six different rigid motions to 7':

| element | action |

id identity

p rotation by 120 degrees

p? rotation by 240 degrees

c reflection across the x-axis

op reflection across the line which joins Q to the origin
op? reflection across the line which joins R to the origin

Here is the multiplication table for Ds.

> o [op |op?
c | op |op?
2l o | op
2l o
2

_ [idf[p[p
id d | p | p
p |l p [P [id]|op
p> | id | p |op|op
| o loplop?|id | p | p
op | oplop’| o | p> | id | p
op’llop?’| o |[op| p | p7 | id

2

(12) Suppose H and K are subgroups of the group G. Is the intersection H N K
always a subgroup of G? If so, prove the statement. If not, give an example.

Answer: Yes, the intersection of H and K is a subgroup of G. We need only
show that H N K is non-empty, is closed under the operation of G, and if g
is in H N K, then the inverse of g in G is also in H N K.

Let * denote the operation in G.

Well, if g and g’ are in HN K, then g and g’ are in H and H is closed; so
g+g € H. Similarly g and g’ are in K and K is closed; so g x g’ € K. Thus
gxg e HNK.

Let g be in HNK, let g1 be the inverse of g in G. The hypothesis that H
is a subgroup of G ensures that g; is in H. Similarly, the hypothesis that H
is a subgroup of G ensures that g; is in K. Thus, gj i1sin HNK.

(13) Suppose H and K are subgroups of the group G. Is the union H UK a always
subgroup of G? If so, is prove the statement. If not, give an example.

Answer: The union of H and K is not always a subgroup of G. Consider
the Klein four group of problem 5, call it G. The subgroup (A) is equal to
{I,A} and the subgroup (B) is equal to {/, B}. However the union

(A)U(B) ={1,A,B}

is not a group because {/,A, B} is not closed under multiplication. Indeed,
AB=C¢{l,A,B}
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(14) Let G be the group of rational numbers, under addition, and let H and K be
subgroups of G. Prove that if H # {0} and K # {0}, then HNK # {0}.

Answer: The hypotheses guarantee that there are positive intgers a, b, c,d
with h =7 € H and k = 5 € K. Observe that

cbh=h+---+h and adk=k+---+k
——— —

cb times ad times

are both equal to ac, which is a non-zero element of H N K.

(15) Let G be a group, and let a € G. The set C(a) = {x € G | xa = ax} of all
elements of G that commute with a is called the centralizer of a.
(a) Prove that C(a) is a subgroup of G.

Answer: The identity element of G is in C(a).
We show that C(a) is closed. If x and y are elements of C(a), then

(xy)a = x(ya) = x(ay) = (xa)y = (ax)y = a(xy);

hence xy € C(a).
We show that if x € C(a), then the inverse of x in G is also in C(a). If
x € C(a), then xa = ax multiply both sides of the equation on the left
by x~! and multiply both sides of the equation on the right by a~! to
obtain ax~! = x~!a; hence x~! is in C(a).

(b) Prove that (a) C C(a).

Answer: This is obvious because a commutes with a; so a € C(a), but
C(a) is a group and (a) is the smallest subgroup of G which contains a;
so all of (a) must be included in C(a).

(c) Find the centralizer of p in Djy.

Answer: The centralizer of p in Dy is (p). (Look at the multiplication
table in the class notes if necessary.)
(d) Find the centralizer of p2 in Dy.

Answer: The centralizer of p2 in Dy is Dy4. (Look at the multiplication
table in the class notes if necessary.)
(e) Find the centralizer in GL,(R) of the matrix

thif

Answer: The centralizer of {1 1} in GLy(R) is

1 o

a,beRanda;ﬁO}.
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Indeed each element from the proposed answer is in GL,(R) and com-

mut 'thll'
utes with | |:

BIERE
FIBRES]

>,thenad—bd7é()and

Furthermore, if {a b] isin C (
c d

o e =Ll ]

Thus, ad — bc # 0 and

a+c b+d| |a a+b
c d | |c c+d

Thus,
ad—bc#0, a+c=a, b+d=a+b, c=c, and d=d+c.

Thus,a #0,¢c=0,a=d.
(16) Find 6 subgroups of D in addition to D4 and {id}.

Answer: The subgroups (p?), (cp), (op?), (op?), all have order 2. The
subgroups (p) and (p?,6) both have order 4. The subgroup (p) is cyclic.
The subgroup (p?,) is not cyclic.

(17) Let Ug be the group of complex numbers which satisfy x3 = 1. Find two
subgroups of Us in addition to {id} and Us.

Answer: The subgroup (i) has order 4. The subgroup (—1) has order 2.
(18) Let G be the group Uy, which consists of all complex numbers z such that

2=1.

(a) What is the order of each element of G?

Answer:
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element | order

WO | W[\ O|[O|W|\O|O|—

(b) Which elements of G are generators of all of G. (Recall that the element
g in the group G generates G, if (g) = G.)

Answer: Each of the elements e(2™)/9_ ¢(41)/9  o(81i)/9 ,(10m0)/9 ,(14mi)/9
and (167)/9 i5 a generator of G. These elements all have order 9. The
other elements of G have order 1 or 3.

(c) Which elements g of G can be written in the form 4> for some h € G?

Answer: Every element of G can be written as 4” for some /4 in G:

g€G | =h*forsomehecG
1 (1)? ,
o(2mi) /9 ( (10m0) /9)
o(4mi)/9 ( L(2m) /9) .
(679 (e(12ni)/9>2
o(80) /9 ( 4mi) /9) 2
£(10mi)/9 (e(l4m')/9)2
o(12m0)/9 <e(6ni)/9) >
o(1470)/9 (e(l6m')/9)2
(167 /9 <e(8m’)/9> .

(d) Which elements g of G can be written in the form 3 for some h € G?

Answer: The elements 1, ¢(©™)/9 and ¢12%)/9 can be written in the
form /3 for some & € G; but no other element of g can be written in this
form.
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heG 5

1 1
e(2mi)/9 | ,(6mi)/9
€(4m’)/9 e(lZni) 9
6(671',[) 9 1
eBm)/9 | ,(6mi)/9
(10mi) /9 | ,(121i) /9
e(lZTci) 9 1
e(l41ti) 9 e(67ti)/9
L(1670)/9 | (1270) /9

(19) Let H be a subgroup of the integers under addition. Prove that H is a cyclic

group.
Answer: If H = {0}, then H is clearly cyclic. Henceforth, we assume that
H is not {0}. In this case, H has some non-zero element % in it. The inverse
of h, which is —h is also in H. Thus, A has a positive element in it. Let &g
be the smallest positive element in H. We claim that H = (hgp). If h is any
element of H, then (by the division algorithm) 4 = ahy + b for integers5 a
and b with 0 < b < hy — 1. Notice that & € H and ahg are both in H; hence
b is in H. We chose hg to be the smallest positive integer in H. We see that
b < hy. We conclude that b is not positive; that is, b must be zero. Hence
h= aho and H = <h0>

(20) Find three subgroups of D4 of order 4. (A subgroup of order 4 is a subgroup

with 4 elements.)

Answer: The subgroups

{p,p?,p%id}, {p?0,0p%id}, and {op,op’,p?id}

of D4 have order 4. The first subgroup is equal to the rotation group Roty.
The second group was introduced in class as a copy of the Klein 4-group
in Dy4. The third group is the centralizer of 6p in D4. This is easy to check
using the multiplication table for Dj.

(21) Let g be an element of the group G and let

S={neZ|g"=id}.

(In other words, S is the set of integers n such that g" is equal to the identity
of G.) Prove that S is a subgroup of (Z,+).

SRemember that ahy means ho + - - - + hy if a is positive; ahg means 0 if a is zero; and ahg means
———

a times

(=ho)+ -+ (—ho) if a is negative. Keep in mind that the ambient group is the group of integers

a times

under addition.
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(22) Consider g = {(1) (I)} in the group GL,(C). What is the set S (as in (0.0.1))

for g?

(23) Consider g = cos % +isin % in the unit circle group U. What is the set §
(asin (0.0.1)) for g?

(24) Let (G,*) be a group and let H = {g € G | g*g* g = id}. Calculate H for
G = D4, G = D3, and G = Us. (Recall that Ug is the set of complex numbers
which are sixth roots of 1.)

(25) Let G be a group. Suppose that g2 is equal to the identity element of G for
all g in G. Prove that G is an Abelian group.

(26) Let G be a finite group with an even number of elements. Prove that there
must exist an element g of G with g not the identity element, but g> equal to
the identity element.

(27) Find an example of a group G and elements a and b in G such that a and b
each have finite order, but ab does not. (The element a of the group G has
finite order if there exists a positive integer n with a" equal to the identity
element. If a does not have finite order, then a has infinite order.)

Answer: | have three answers.

Answer 1. Let ¢ be the group of rigid motions of the plane with operation
composition. Let ¢ be reflection across the x-axis and p be rotation fixing
the origin by 1-radian. Notice that ¢ has order two and p has infinite order.
Notice also that 6p is a reflection; so op has order two. Thus, ¢ and cp
each have order two, but 6(op) = p has infinite order.

Answer 2. Let ¢ be the group of rigid motions of the plane with opera-
tion composition; let /1 and ¢, be parallel lines in the plane; and let 6; be
reflection across ¢;. Observe that 6; and 6, have order two; but 6;6; is
translation which has infinite order.

Answer 3. Let G be the group GL(2,R), A = [_01 (l)] and B = {_()1 _11]

Calculate A has order 2; B has order 4, but AB = E) ﬂ has infinite order.

Indeed, (AB)" = / '}_] ff "J , where the f’s are the Fibonacci numbers:
n n+

fO - 05 fl - la fn+2 :fn‘|‘fn+1 foro S n.
(28) Let G = D4 and let H be the subgroup of G which is generated by . List
the left cosets of H in G.

Answer: The left cosets of H in G are:
idH = {id,c}, pH={p,0p’}, p*H={p*0p’}, and p°H={p? op}.

(29) Let G = Uy and let H be the subgroup of G which is generated by u?, where

U = COoS %ﬁ +isin %’t. List the left cosets of H in G.



MATH 546, HOMEWORK, SPRING 2023

Answer: The left cosets of H in G are
idH = {id,u3,u6}, uH = {u,u4,u7}, and u’H = {uz,us,ug}.

(30) Let G be the group (Rz, +), which consists of all column vectors with two
real entries, under the operation of addition, and let H be the subgroup of

G which consists of all elements of the form [Z} , for some real number a.

Notice that each element of G corresponds in a natural way to a point in the
xy-plane. Describe the left cosets of H in G.

Answer: The left cosets of H in G are

(1)

We partition the xy-plane into lines parallel to the line y = x. The coset

{8} + H is the line with slope 1 which passes through “(b,0)”. (In my

geometric description, I am identifying the vector [bza] with the point

(a+ b,b) which sits on the usual xy-plane.)

(31) Let G be a group. The set Z(G) = {x € G | xg = gx for all g € G} of all
elements that commute with every other element of G is called the center of
G.
(a) Prove that Z(G) is a subgroup of G.

(b) Show that Z(G) = ) C(a).
acG
(c) Find the center of Ds.

(d) Find the center of Dy.
(e) Find the center of GL,(RR).

(32) Let G be a cyclic group. Let a and b be elements of G such that a # g for
any g € G and b # g2 for any g € G. Prove that ab is equal to g for some
g € G. What happens if the hypothesis that G is a cyclic group is removed?
Is the statement still true? If so, prove it. If not, find a counterexample.
Recall that the group G is cyclic if there is an element 4 in G such that every
element of G has the form A" for some integer n.

(33) Let a and b be elements of a group G. Suppose that @ and b both have finite
order that the orders of a and b are relatively prime. Suppose further that
ab = ba. Prove that the order of ab is equal to the order of a times the order
of b. Recall that the order of a group element a is the least positive integer
n with a" equal to the identity element.

Answer: Let n be the order of a and m be the order of b. Use the hypothesis
that @ and b commute to see that

(ab)"™ = (ab)(ab) - (ab) = a™b™ = (a")"(b")" = id.

~
nm times
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Now we must show that nm is the smallest positive power which sends ab
to the identity. Suppose the order of ab is c¢. The elements a and b commute;
hence

a‘b’ = (ab) =id;
thus,
a“=>b"“e(ayn(b).

The order of a¢ divides the order of (a), which is n. The order of a“ also
divides the order of (b), which is m. Hence, the order of a“ is a common
divisor of n and m. On the other hand, the greatest common divisor of m
and n is 1. Thus a“ has order 1; in other words, a“ is equal to the identity
and n divides c.
In a similar manner, b~ ¢ (which equals a°) is also the identity; hence b°
is equal to the identity; so m divides c.
The numbers n and m are relatively prime and both numbers divide c. It
follows that c is at least as large as nm.
(34) True or False. If true, prove it. If false, give a counterexample. Let G be a
group and let H be the subset H = {g € G | g> =id}. Then H is a subgroup
of G.
(35) (a) Compute the left and right cosets of H = () in G = Ds.
(b) Is ghg~! in H for all g € G and h in H, where H and G are as given in
(a)?
(c) Compute the left and right cosets of H = (p) in G = Ds.
(d) Is ghg™' in H for all g € G and & in H, where H and G are as given in

(c)?

Answer:
(a) The left cosets of (c) in D are {id,c}, {p,op?}, and {p?,op}.

The right cosets of (G in D3 are {id,c}, {p,op}, and {p?,cp?}.
(b) No, pop™! = pop*> =op ¢ H.
(c) The left and right cosets of (p) in D3 are {id,p,p?} and {c,0p,cp?}
(d) Yes. It is obvious that gHg~! € H, when g € H. We check the three
elements of G which are not in H:

cHo ™!

= {cido,0pc,op’c} = {id,p*,p} =H,

opH(op)~' = {(op)id(p*c), (cp)p(p*0), (op)p*(p*c)} = {id,p*,p} = H,

op”H(op?) ! = {(op?)id(po), (op*)p(po), (op*)p*(po)} = {id,p?,p} = H,
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(36) (a) Suppose that H is a subgroup of the group G with the property that
ghg™'in H for all g € G and h in H. Let a, b, and ¢ be elements of G
with aH = bH, prove that acH = bcH.

(b) Suppose that H is a subgroup of the group G and that a, b, and ¢ be
elements of G with aH = bH. Must acH = bcH? Prove or give a
counterexample.

Answer: (36a) We are told that aHH = bH. It follows that a = bh for some
hin H. Therefore,

acH = bhcH = be(c ™ he)hH .

The element ¢! hc is in H by hypothesis; hence (¢ ~'hc)h € H and be(c™ ' he)hH =
bcH. We conclude that acH = bcH.

(36b) Let G = D3, H = (6), a=1id, b = 6, and ¢ = op.

Observe that aH = bH (that is id H = 6H),

acH = idopH = {op,opc)} = {op,p?},

and
bcH = oopH = pH = {p,pc} = {p,op*}.
In particular, aH = bH; however, acH # bcH.
(37) Let G be (C\ {0}, x). Describe the left cosets of the subgroup H in G
where
(a) H=U4
(b) H={ru| ris a positive real number and u € Uy }.

Answer:

(37a) For each positive real number r and each angle 8 with 0 <8 < 7, the

left coset reieU4 consists of four points: re', ireie, —re®, and —ire®®.

(37b) For each 6 with 0 < 6 < %, the coset ¢ H consists of four rays emi-
nating from the origin: one ray makes the angle 0 with the positive x-axis,
one ray makes the angle 0 with the positive y-axis, one ray makes the an-
gle O with the negative x-axis, and the final ray makes the angle 0 with the
negative y-axis.

Here is a solution to Questions 3.11 and 3.12 from the class notes.
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(38) Suppose that H is a subgroup of the group G and ghg ™! isin H forall g € G

andhc H.

(a) Let h; be an arbitrary element of H and g be an arbitrary element of
G. Prove that there exists an element & of H with h; = ghg™!. (It is
possible to give a proof which works for infinite groups as well as finite
groups.)

(b) Leta,b,c, and d be elements of G with aH = bH and cH = dH. Prove
that acH = bdH.

(c) Let S be the set of cosets S = {aH | a € G} of H in G. Problem 38b
shows that the operation on S given by (aH) * (bH) = abH is a well-
defined function. Prove that S is a group. (If you are looking for this
somewhere, S is usually written as g and S 1s called the “quotient group
of G mod H”, or the “factor group of G mod H”. BY THE WAY: § is
not a subset of anything; we have to verify all of the axioms for group.
Fortunately, this is very easy.)

Answer: (38a) Let /) be an arbitrary element of H and g be an arbitrary
element of G. The hypothesis guarantees that » = g~ 'h g € H. Observe

that

ghe ' =g(g ' mg)g ' =h.

(38b) The cosets aH and bH are equal; so there is an element 2 € H with
a = bhy; and the cosets cH and dH are equal; so there is an element hy € H
with ¢ = dh,. Thus,

acH = bhicH = bc(cflhlc)H.
The ambient hypothesis ensures that ¢~ ¢ € H. It follows that
acH = bcH = bdhy)H = bdH.

(38c) The identity element of S is id H because if aH is any element of S,
then idH xaH =idaH = aH and aH xidH = aidH = aH.

The operation in S is closed: if @ and b are elements of G, then aH and
bH are elements of H and aH * bH is equal to abH which is an element of
S.

The operation in S associates: if a, b, and ¢ are elements of G, then aH,
bH and cH are elements of S and

(aH «bH)xcH = (abH ) *cH = ((ab)c)*H = (a(bc))*xH = (aH)* (bcH) = aH % (bH xcH).

The inverse of aH is a~'H where a~! is the inverse in G of the element
aof G.
(39) (a) If G 1s an Abelian group and H is a subgroup of G, then prove that
ghg~lisin H forallg € Gand h € H.
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(b) If G is a finite group with 2n elements and H is a subgroup of G with n
elements, then prove that ghg ! isin H forall g € Gand h € H.

(c) If G is a group and H is a subgroup of the center of G, then prove that
ghg'isin H for all g € G and h € H. (The word center is defined in
Problem 31.)

For future reference, a subgroup H of a group G is called a normal subgroup

if ghg 'isin H forallge Gand h € H.

Answer: Assertion (39a) is easy. If g € G, h € H, and G is Abelian, then
ghg ' =hgg ' =h cH.

Assertion (39c) is just as easy as (39a). We are given g € G and h € H.
We are told that each element of H commutes with every element of G.
Once again, ghg™' =hgg™ ' =h e H.

Assertion (39b) is more subtle. We argue by contradiction. Suppose
g € Gandh € H with ghg~! & H. One consequence of our hypothesis (that
ghg™! ¢ H) is that g ¢ H. But there are exactly two left cosets of H in G.
They are H and gH. Thus, G =H UgH.

We have assumed that ghg™' & H. It follows that ghg~! € gH. In other
words, there is an element i; € H with ghg~! = gh;. Observe that the most
recent equation forces hg~! = h; and hflh = g. This is a contradiction

because g ¢ H and iy 'his in H.

(40) Work out some examples of % as described in problem 38c.

(a) Let G = D4 and H = (p). Problem 39c tells us that it is legal to create
g. What is this group? How many elements does it have? What is
the multiplication table? Do you believe that this multiplication makes
sense?

(b) Let G = D4 and H = (p?). Problem 39b tells us that it is legal to create
IQ{. What is this group? How many elements does it have? What is
the multiplication table? Do you believe that this multiplication makes
sense?

(¢c) Let G =7 and H = 57Z. Problem 39a tells us that it is legal to create
%. What is this group? How many elements does it have? What is the
addition table? Do you believe that this addition makes sense? (Notice
that the elements of this g look like a 4+ H because the operation in G
is called 4. Furthermore, the operation in g is also called +; that is,

(a+H)+(b+H)=a+b+H.)

Answer: (40a) The group % has two elements: id*(p) and 6 * (p). The

group % is the cyclic group of order two. The multiplication table is
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|

| id«{p) [ o (p) |

id*(p)

id*(p)

o (p)

o (p)

c*(p)

id«(p)

Dy

(40b) The group <p§‘> has four elements: id*(p?), ¢ (p?),

p * (p?). The group is a Klein 4-group.
| | id«(p?) [ o*(p*) [op{
i id+(p?) | ox(p <
ox(p?) | id*(p?
op+(p?) | p+(p”
px(p®) [op(p
(40c) The group % is the cyclic group with five elements. The operation
table is

~—
Q

=)
*

~|~—
oo
x | *
A~
o O
[\

~ |~ |~

\®|

)| ox(p

| [0+5Z [1+5Z[2+5Z | 3+5Z | 4+5Z]
0+5Z [ 0+5Z| 1+5Z | 2+52 | 3+5Z | 4+5Z
1452 || 1452 | 2+5Z | 3+5Z | 4+5Z | 0+5Z
2452 | 2+5Z | 3+5Z |4+52| 0+5Z | 1+5Z
3452 | 3+524+5Z | 0+5Z | 1+5Z | 2+5Z
4457 || 4+52 | 0+5Z | 1452 | 2+52 | 3+5Z

(41) Prove that if N is a normal subgroup of the group G, and H is any subgroup
of G, then H NN is a normal subgroup of H. The word normal is defined in
problem 39.

Answer: The intersection of the two subgroups H and N of G is a subgroup
of G by HW 11. It follows that H NN is a subgroup of G and also a subgroup
of H. We will show that H NN is a normal subgroup of H. That is, we will
show that if 7 € H and x € HN N, then hxh~! is in H N N. Of course, this
is obvious. Indeed, A, x, and A~ ! are in H and H is a group; so hxh~—! is in
H. Also, N is a normal subgroup of G, n € N and h € H C G. It follows
that inh~! € N. We have shown that hnh~! is in H and Anh~! is in N. We
conclude that hinh~'is in HNN.

(42) Let G be a finite group, and let n be a divisor of |G|. Prove that if H is the
only subgroup of G of order n , then H must be normal in G . (The symbol
|G| means the number of elements in the group G. It is often read as the
order of G.)

Answer: Let g be a fixed, but arbitrary, element of G. Observe that gHg ™!

is a subgroup of G of order n. The hypothesis ensures that H is the only
subgroup of G of order n. It follows that gHg™' = H. Indeed, gHg ! = H
for all g € G; therefore H is a normal subgroup of G.
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(43) Let H and K be normal subgroups of of the group G such that H N K = (id)
Prove that hk =kh forallh € H and k € K .

(44) Prove that <(ZXZ)> is an infinite cyclic group. Recall that the direct product
of Z with Z is the group of ordered pairs (a,b), where a and b are integers.
The operation is coordinate wise addition: (a,b) + (¢,d) = (a+c¢,b+d),
for integers a, b, ¢, and d. (For a more sophisticated solution to this problem
than you are able to give now, see problem 71.)

(45) Prove that % is an infinite cyclic group. (For a more sophisticated solu-
tion to this problem than you are able to give now, see problem 72.)

(46) Prove that <(ZXZ)> is not a cyclic group.

(47) Compute the group
L l

<
<( 2))
(For a more sophisticated solution to this problem than you are able to give

now, see problem 73.)

(48) Compute the group
Z Z

[OReRCN
(3,2))
(49) Find all cyclic subgroups of %.

Answer: The group % is cyclic of order 8. We proved that every subgroup
of a cylic group is cyclic. We also proved that a cyclic group of order n has
exactly one subgroup for each divisor d of n. Indeed if g has order n, then
(g"/4) is the subgroup of (g) of order d. The group < > has four subgroups.
Each of the subgroups is cyclic.

The subgroup generated by 1 + (8) has order 8 and is equal to %.

The subgroup generated by 2 + (8) has order 4 and is equal to

{2+(8),4+(8),6+(8),0+(8)}.
The subgroup generated by 4 + (8) has order 2 and is equal to
{4+(8),0+(8)}.

The subgroup generated by 0+ (8) has order 1 and is equal to

{0+(8)}
(50) Give a subgroup diagram of %.
The group % is cyclic of order 60 generated by the coset 1+ (60). We
proved that every subgroup of a cylic group is cyclic. We also proved that
a cyclic group of order n has exactly one subgroup for each divisor d of n.

Indeed, if g has order n, then (g"/“) is the subgroup of (g) of order d. The
group gy > has twelve subgroups; one for each divisor 1,2,3,4,5,6,10,12,
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15,20,30,60 of 60. Each of the subgroups is cyclic. I found the following

picture on the internet at
https://tex.stackexchange.com/questions/585941/using-tikzpicture-how-can-
i-sketch-the-lattice-of-divisors-of-60

60
/N
20 12 30
X XN
4 10 6 15
N X X
2 5 3

\1/

The picture represents the lattice of divisors of 60. There is a line between
two divisors a and b (with a < b) provided a divides b (with g prime). The

same picture describes the lattice of subgroups of % where a represents the

subgroup of % generated by the coset a + (60). There is a line between
two divisors a and b (with a < b) provided a divides b (with g prime).
The line between a and b indicates that the subgroup of % generated by
b+ (60) is a subgroup of the subgroup of % generated by a + (60).

(51) Find the cyclic subgroup of (C\ {0}, x) generated by ﬁ%ﬁ

(52) Find the order of the cyclic subgroup of (C\ {0}, x) generated by .

(53) Find all cyclic subgroups of % X %.

(54) Define ¢ : (C\ {0}, x) — (R\ {0}, x) by @(a+bi) = a® 4 b*. Prove that ¢
is a homomorphism.

Answer: Let a+ bi and ¢+ di be non-zero complex numbers with a, b, c,d
real. We compute that

Q(a+Dbi)p(c+di) = (a2 + bz) (02 + dz)

o((a+bi)(c+di)) = ¢((ac — bd) + i(ad + bc)) = (ac — bd)* + (ad + bc)?
= a*c* —2abcd + b*d* + a*d® + 2abcd + b*d*
= PP+ PP+ PP = PP+ dP) + PP+ d?)
= (a> + b)) (* 4 d?).
We get the same answer both times. We conclude that ¢ is a homomor-

phism.
(55) Which of the following are homomorphisms?

(@) ¢: (R\ {0}, x) = GLy(R) defined by ¢(a) = [g (1)]
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Answer: This ¢ is a homomorphism. If a and b are non-zero real num-
bers, then

ofar) = 7]

o= U -2 9]

(b) @: (R, +) — GL,(R) defined by d¢(a) = [1 a}

and

01
Answer: This ¢ is a homomorphism. If @ and b are real numbers, then

ofa+b)=y “77]

o) =g 1|15 1| =16 77|

(©) ¢:Matrys(R) — (R, +) defined by ¢ < {‘c’ Z} ) —a,

Recall that Maty > (R) is the Abelian group of 2 x 2 matrices with real
number entries. The operation in Mat, x> (R) is matrix addition.

and

Answer: This ¢ is a homomorphism. If

ca e ]

are matrices with real entries, then

o[ 5+ Lo A =o(fets oi]) =ane
o[ a]) o (ls 7]) -

(d) @:GLy(R) — (R\ {0}, x) defined byq)q‘cl ZD = ab.

Answer: This ¢ is not a homomorphism. For example, if

11 10
A:{2 0} and B:[O 11,

then A and B are in GL,(R), but
@(AB) = 9(A) = 1; however (A)o(B) = 1(0) = 0.

Notice that @(B) is not even an element of the target of ¢. The question
does not even make sense!
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(e) ¢:GLy(R) — (R,+) defined by ¢ ([a Z]) =a+d

Answer: This @ is not a homomorphism. For example, if

1 0
a=s=y 4.

then A and B are in GL,(R), but
Q(AB) = ¢(A) = 2; however @(A) +@(B) =2+2 =4.

() ¢: GLy(R) — (R\ {0}, x )deﬁnedbyq)([a ZD — ad — be.

Answer: This ¢ is a homomorphism. The determinant of a product is
the product of the determinants. If the matrices are both invertible then
their determinants are non-zero.

We can check this by hand. Take

A:[Z Z} and B:LZ ﬂ

from GL,(RR). Observe that

o ([0 1))
= (ae+bg)(cf +dh) — (af +bh)(ce+dg)
=ae(cf+dh)—af(ce+dg)+bg(cf+dh) —bh(ce+dg)
=aedh—afdg+bgcf — bhce
= ad(eh— fg) —bc(eh— f3)
= (ad —bc)(eh— fg) = ¢(A)0(B).
Are you small?

(56) Let 9 : G{ — G and 6 : G — G3 be group homomorphisms. Prove that
0o ¢ : G| — Gz is a group homomorphism. Prove that ker(¢) C ker(6 o ¢).

Answer: Let x; be the operation in G;. Let g; and g’1 be elements of Gj.

We compute
(B800)(g1*14]) =0(0(g1*14))), this is the meaning of composition,
=0(0(g1) *20(g))), because @ is a homomorphism,
=0(0(g1)) *30(0(g})), because 6 is a homomorphism,

= (800)(g1))*3(000)(g]), this is the meaning of composition.
Thus,

(000)(g1*181) = (809)(81)) 3 (8°0)(81),
and the proof is complete.

The kernel of @ is the set of elements in the domain of ¢ which are sent
to the identity element of the target of @. Suppose g; is in the kernel of ¢.
Then

(80@)(g1) =6(id) =id
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because every group homomorphism carries the identity element of the

source to the identity element of the target.

(57) Prove that the intersection of two normal subgroups of a group G is a normal
subgroup of G.

(58) Let ¢ : G — G’ be a group homomorphism.

(a) Let id be the identity element of G and id’ be the identity element of G'.
Prove that ¢(id) = id’.

(b) Let g be an element of G. Prove that ¢ of the inverse of g is equal to the
inverse of @(g).

(c) The image of ¢ is the subset im@ = {@(g) | ¢ € G} of G'. Prove that
im@ is a subgroup of G'.

(d) The kernel of @ is the subset ker@ = {g € G | ¢(g) = id’}, where id’ is
the identity element of G’. Prove that the kernel of @ is a subgroup of
G.

(e) Prove that ker @ is a normal subgroup of G.

(f) Consider @ : kg(p — im@, which is given by ¢(gker@) = ¢(g). Prove
that @ is a FUNCTION. That is, if g| ker @ and g; ker @ are equal cosets,
then prove that (g ker@) = ¢(grker ).

(g) Prove that @ is a group homomorphism.

(h) Prove that @ is onto.

(i) Prove that @ is one-to-one.

In problem 58, you have proven the following very important Theorem.

The First Isomorphism Theorem If ¢ : G — G’ is a group homomorphism,

then @ : kg(p — im@, which is given by ®(gker@) = ©(g), is a group iso-
morphism.

(59) Let G be a cyclic group with generator g. Consider the function ¢ : Z — G
which is given by @(m) = g for all integers m.

(a) Prove that @ is a group homomorphism.

(b) Prove that ¢ is onto.

(c) If G 1s infinite, then prove that @ is an isomorphism.

(d) If G has finite order n, then prove that G is isomorphic to %. (I strongly
encourage you to use the First Isomorphism Theorem.)

(60) Let S and T be sets and let @ : S — T be a function. Suppose that @ is
one-to-one and onto.

(a) Prove that there exists a FUNCTION 0 : T — S with ¢ 00 equal to the
identity function on 7 and 6 o @ equal to the identity function on S. (The
function 6 is usually called the inverse of @.)

(b) Prove that the function 0 of part (a) is one-to-one and onto.

(c) If S and T happen to be groups and ¢ happens to be a group homomor-
phism, then prove that 0 is also a group homomorphism.

(61) Let @ : G — G’ and @' : G’ — G” be group homomorphisms. Prove that
¢ 0@ : G — G" is a group homomorphism.

(62) Prove that the relationship “is isomorphic to” is an equivalence relation on
the class of all groups. Recall that a relation ~ on a class C is an equivalence
relation if
(a) The relation ~ is reflexive. If c € C, then ¢ ~ c.
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(67)
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(b) The relation ~ is symmetric. If ¢ ~ ¢’ for some ¢ and ¢’ in C, then ¢’ ~ c.
(c) The relation ~ is transitive. If ¢ ~ ¢’ and ¢ ~ ¢ for some c,c’,c” in C,
then ¢ ~ ¢”.

In problems 59 and 62, you have proven the following Theorem.

Theorem

(@) If G and G’ are infinite cyclic groups, then G and G' are isomorphic.

(b) If G and G’ are cyclic groups of finite order n, then G and G' are iso-
morphic.

Let ¢ : G — G’ be a group homomorphism. Prove that ¢ is one-to-one if

and only if ker¢ = {id}.

Let m and n be non-zero integers and let H be the subset

H={am+bn|a,becZ}

of Z.

(a) Prove that H is a subgroup of Z.

(b) We have shown that every subgroup of Z is cyclic. So H is cyclic. Let
hgo be a generator of H. (We can insist that A is positive.) Prove that A
is a common divisor of m and n.

(c) Suppose that ¢ is an integer which happens to divide m and n. Prove
that ¢ must also divide hy.

(d) Notice that you have proven that A is the greatest common divisor of m
and n.

In problem 64, you have proven the following result.

Lemma from Number Theory. If d is the greatest common divisor of the
non-zero integers m and n, then there exist integers r and s so that

d =rn+sm.

Answer: We proved this in Lemma 4.6 in the class notes.

Suppose m and n are relatively prime non-zero integers. Prove that the
groups % and mZ—Z X % are isomorphic. (An algebraist calls this result the
Chinese Remainder Theorem.)

Let G be a cyclic group of order n; let g be a generator of G; and let H be
a subgroup of G of order m. Lagrange’s Theorem tells us that m|n. Let d

equal the integer . I want you to prove that H is the subgroup of G which

is generated by g?. I propose a couple of steps. First of all, we know that H
is cyclic, so H = (g") for some integer r.

(a) Prove that d|r.

(b) Now you know that H = (g") C (g?). Finish the proof that H = (g9).

Answer: We proved this in Corollary 4.3.

Define a group homomorphism from Z x Z onto Z whose kernel is the sub-
group of Z x Z generated by (0, 1). Apply the First Isomorphism Theorem.
(This problem gives a more sophisticated solution to problem 44 than you
were able to give when you first did problem 44.)
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(68) Define a group homomorphism from Z x Z onto Z whose kernel is the sub-
group of Z x 7 generated by (1, 1). Apply the First Isomorphism Theorem.
(This problem gives a more sophisticated solution to problem 45 than you
were able to give when you first did problem 45.)

(69) Consider @ : 6% X % — 312 X %, given by

¢(a+6Z,b+47) = (a+3Z,b+27).

(a) Prove that @ is a function.

(b) Prove that ¢ is a group homomorphism.

(c) What are the image and kernel of ¢?

(d) What does the First Isomorphism Theorem tell you?

Problem 69 gives a more sophisticated solution to problem 47 than you were
able to give when you first did problem 47.

(70) Find a group homomorphism from Z x Z onto Z x %, whose kernel is the
subgroup of Z x Z which is generated by (2,2). Apply the First Isomor-
phism Theorem.

(71) Exhibit an isomorphism ¢ : U — G, where U is the unit circle group and G
is a subgroup of GLy(R). Tell me what G is. Tell me what ¢ is. Prove that
0 is an isomorphism.

(72) Exhibit an isomorphism @ : (R\ {0}, x) — (R\ {—2}, %), where
axb=ab+2a+2b+2. Tell me what ¢ is and prove that ¢ is an isomor-
phism.

Answer: Define ¢ by ¢(a) =a—2.

Observe that if a € R\ {0}, then ¢(a) € (R\ {—2},%). Indeed, ¢ is
obviously injective and surjective.

Observe also that if a and b are in the domain of @, then

¢(ab) = ab—2.
On the other hand,
oa)xo(b)=(a—2)*x(b—2)=(a—2)(b—2)+2(a—2)+2(b—2)+2

= (ab—2a—2b+4)+(2a—4)+(2b—4)+2=ab—2 = @(ab).

(73) Let H = {id,a,b,c} be a Klein 4-group with a> = b> = ¢*> = id, ab = ba =
¢, ac =ca =>b, and bc = cb = a. The group H has exactly 4 elements.
Consider the function ¢ : Z x Z — H which is given by ¢(m,n) = a"b".
Prove that @ is a group homomorphism. Prove that ¢ is onto. What is the
kernel of @? What does the First Isomorphism Theorem tell you?

(74) Is the additive group C isomorphic to the multiplicative group (C\ {0}, x)?

(75) Prove that every group with three elements is isomorphic to %.

(76) Find two Abelian groups of order 8 that are not isomorphic.

(77) Let C; be the subgroup {1,—1} of (R\ {0}, x). Prove that (R\ {0}, x) is
isomorphic to (RP®, x) x C, where RP® is the set of positive real numbers.

(78) Recall the group (S,*) of problem (7). Prove that (S,x*) is isomorphic to

(R\ {0}, ).
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(79) Let G be a group, and let a be a fixed element of G. Define a function
¢s: G — G by @,(x) = axa™!, for all x € G. Prove that @, is an isomor-
phism.

(80) Let G be a group. Define : G — G by ¢(x) =x~!, forallx € G .
(a) Prove that ¢ is one-to-one and onto.
(b) Prove that ¢ is an isomorphism if and only if G is Abelian.

(81) Define @ : (C\ {0}, x) — (C\ {0}, x) by @(a + bi) = a — bi. Prove that ¢
is an isomorphism.

(82) Prove that (C\ {0}, x) is isomorphic to the subgroup of GL;(R) which
consists of all matrices of the form

a b
—b a
with a® + b # 0.
(83) Recall the group G of problem (6). Prove that G is isomorphic to the group
(R {0}, ).

(84) Consider the following permutations in S7:
(1 23 45 67 d_1234567
°=32s54617) ™ "“l2157463)
(a) Compute GoT.

(b) Write oot as a product of disjoint cycles.
(c) Write ¢ and T each as a product of transpositions.

Answer: (84a) Observe that 6 =|(1,3,5,6) |, t=(1,2)(3,5,4,7) |and
(84b) 5ot = (1,3,5,6)(1,2)(3,5,4,7)(1,3,5,6) =| (1,2,3,6)(4,7,5) |

(84c)|o = (1,3)(3,5)(5,6) |and | T = (1,2)(3,5)(5,4)(4,7)
(85) List all of the elements of S4. Use cycle notation.

Answer: The elements of S4 are:

(1), (1,2), (1,3), (1,4), (2,3), (2,4), (3,4), (1,2,3), (1,3,2),

(1,2,4), (1,4,2), (1,3,4), (1,4,3), (2,3,4), (2,4,3), (1,2,3,4),

(1,2,4,3), (1,3,2,4), (1,3,4,2), (1,4,2,3), (1,4,3,2), (1,2)(3,4),
(1,3)(2,4), (1,4)(2,3)

(86) Find the number of cycles of each possible length in S5. Find all possible
orders of elements in S5. (Try to do this problem without listing all of the
elements of Ss.)

Answer: The group S5 has 5! = 120 elements. Each element of S5 is a
product of disjoint cycles. In the following discussion a,b,c,d,e are the
distinct numbers 1,2,3,4,5. Each element of Ss has the form id or (a,b)
with a < b, or (a,b,c) with a < b and a < ¢, or (a,b,c,d) with a < b and
a<canda<d,or (a,b,c,d,e) witha<banda<canda<danda<e,or
(a,b)(c,d) witha < banda < c<d,or (a,b)(c,d,e) witha <banda < c
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and ¢ < d and ¢ < e. Now we count the number of elements of each shape.
At the same time we record the order of each element of a given shape.

cycle structure | number | order

id 1 1
@b | (=10 2
(a,b,c) | 2(3) = 0 3
(a,b,c,d) [3!() = 4
(a,b,c,d,e) 4! 5
(a,b)(c,d) 53) = 2
(a,b)(c,d,e) | 2(3) = 6

| total | 120 \ |

There are (g) ways to choose 2 numbers from {1,2,3,4,5}. Once you
pick a two element subset of {1,2,3,4,5}, this subset corresponds to one
two-cycle.

There are (g) ways to choose 3 numbers from {1,2,3,4,5}. Once you
pick a three element subset of {1,2,3,4,5}, this subset corresponds to two
three-cycles.

There are 4! = 24 5-cycles in S5. Put the smallest number (i.e., 1) first.
Each order for 2,3,4,5 gives rise to a new element of Ss.

There (]) = 5 ways to pick a four element subset of {1,2,3,4,5}. Once
you pick a four element subset of {1,2,3,4,5}, this subset corresponds to
3! = 6 four-cycles. (Put the smallest number first. Each of arrangements of
the remaining three elements gives a new element of Ss.)

There are 5 ways to pick a four element subset of {1,2,3,4,5}. Once you
select the subset {a,b,c,d}, this subset gives rise to 3 permuations of the
form (i, j)(k,¢); namely (a,b)(c,d), (a,c)(b,d), and (a,d)(b,c).

There are (g) = 10 ways to separate {1,2,3,4,5} into two subsets so
that one subset has two elements and the other subset has 3 elements. The
subset with two elements gives rise to one two-cycle; the subset with three
elements gives rise to two three cycles.

(87) Let S be a set and let a be an element of S. Prove that

{o € Sym(S) [ o(a) = a}

is a subgroup of Sym(S). Recall that Sym(S) is the group of permutations
of S.

Answer: Let H = {c € Sym(S) | 6(a) = a}. We show that H is closed.
If 6 and T are in H, then 6 and 7 are in Sym(S), 6(a) = a, and 1(a) = a.
The operation o makes Sym(S) a group. Groups are closed; hence 6ot €
Sym(S). Also, (6o1t)(a) = 6(t(a)) = 6(a) = a because ¢ and T are both in
H. We conclude that GoTisin H.

Keep the element 6 of H. We know that Sym(S) is a group; so ¢ has an
inverse 6! in Sym(S). We must show that 6! is in H. The function 6!
undoes o; that is, if 6(x) =y, then o ! (y) =x for all x and y in S. In fact,
o(a) =a;hence 6 ! (a) =aand 6! isin H.
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Here is a solution to problems 3.11 and 3.12 from the class notes.
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Here is a solution to problem 5.7 from the Class notes. We are asked to prove
that S, is isomorphic to a subgroup of GL, (k) for each field k and each positive
integer n. If ¢ is an element S, then let Ps be the identity matrix with columns
permuted according to G; that is, put the 6(1) column of the identity matrix first, the
6(2) column of the identity matrix second, ..., and the 6(n) column of the identity
matrix last. For example, if n = 3,

(123 4 e (123
=121 3) a4 T={, 3

then
010 0 01
Ps=11 0 0 and P,=1|(1 0 O
0 01 010
Observe that
3 0 01
TOG:< 2 1), PTOG_ 0 l 0 5 aIld
1 00
0011101 0 001
PPs=1(1 0 O] |1 0 O]=1]0 1 0O
01 0|0 01 1 00

It is clear that ¢ : S, — GL,(k), given by ¢(G) = Py is a well-defined injective
function. “The usual manipulations” show that ¢ is a group homomorphism.

Maybe I will sketch “The usual manipulations” in case you don’t have some of
them from your linear algebra class. In this discussion we have three vector spaces
U, V,and W. For each vector space we have a basis:

%, whichisuy,...,up,, forU,
¢, whichis vy,...,v,, forV, and

2, whichis wy,...,w,, for W.

We also have two linear transformations: S:U —V and T :V — W. If u € U, then
[u] % represents the column vector of coefficients of u with respect to the basis %
of U, that is

o

a=1:],

Op
where u = Y'¥ | oyu;j. The coefficient vectors [v]¢ and [w]g, forveV and w € W
are defined in a similar manner. The matrix for S with respect to the bases ¢ and
% is defined to be the p x g matrix [S]¢ 5 whose j-th column is [u;] . One easily
checks that

(Sl zlulz = [S(u)l¢
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for all u € U. One defines [Ty « in a similar manner. One checks that

[TgzVle =[TWV)]2
for all v € V. At this point, one checks that

[T oSl9,2 =[T)9% times [Sy 4
by verifying
[T oSl9.2lulz = T|2:%Sle.2lul2
foreachu € U.
This is Problem 6.13 from the class notes. Mimic Example 6.12 from the class
notes in the situation where T = {x;,x2,x3,x4}. Which polynomial plays the role

of A? Which elements of Sym(T) are in the kernel of ¢. You might find it helpful
to use cycle notation as described in section 7.A.

Observation 0.1. Suppose that permutation G in S, is a product of a transpositions
and also is a product of b transpositions. We claim that a and b are both even or a
and b are both odd.

Proof. Tt suffices to show that (—1)¢ = (—1)?. Consider the homomorphism

¢ : Sym({xy,...,x,}) = Sym({A, —A})
of Example 6.12, where

A= H(xj—xi).

i<j
Claim 0.2. If (k, ) in Sy, then (k,()A = —A.

Proof of claim. Tt does no harm to assume that k < ¢. Observe that

A= ( H (x,-—x,-)) (_Hk(xk *xi)(Xz*xz'))( I1 (xi*Xk)(n*x,')) (H(Xi*xw(x,-ka))(xp*xk)»

<) k<i<t <i
{i,j}n{k.0}=0

(k.0)(a) = (Wirjk[m (s =) ) (T =5 =) ) ( T o =) =) ) (TR =) =) ) o =),
The four factors inside ( ) remain unchanged. The factor (x; — x) has changed to
(xx —x¢) = —(x¢ — xx). The claim is established. O

The observation follows readily, because

o(A)=(—1)A and o(A) = (—1)°A.

The polynomial A in Z[xy,...,x,] is not identically zero; hence (—1)* = (—1)?, as
desired. U

This is problem 6.18 from the class notes:
The groups %, % D %, and % D % &) % are Abelian. The groups D4 and Qg
are not Abelian. If two groups are isomorphic then they are both Abelian or neither

one is Abelian.
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The group % has an element of order 8; neither of the groups % & % nor

Z 7 7
o &) 0] &b 10} has an element of order 8.

The group % &) % has an element of order four, but % &) % &) % does not have
an element of order four.

The group D4 has many elements of order two. The group Qg has only one
element of order two.

This is problem 7.10 from the class notes. How do we know that A4 does not
have any subgroups of order six? (I first told you this as an example of why the
converse of Lagrange’s Theorem is not true. This is the smallest such example.)

The group A4 has twelve elements; namely

(1),(123),(132),(124),(142), (134),(143), (234),(243), (12)(34), (13)(24),
(14)(23).
We argue by contradiction. Suppose that H is a subgroup of A4 of order 6, then
H has index 2 in A4; consequently, H is a normal subgroup of A4. The subgroup
H must contain a three cycle (because all of the elements of A4, except 4 are three

cycles.) So, 6 = (i, j,k) € H for three distinct integers i, j,k between 1 and 4 and
o~ = (ikj) € H. Let £ be the fourth integer between 1 and 4. Observe that

(ilj)(ijk)(ijl) = (ikl) € H

and
(ik0)~' = (itk) € H.
Similarly,
(i€))(itK) (ij6) = (jk¢) € H
and

(jkO)~! = (jtk) e H.
At this point H contains at least 7 elements. We have reached a contradiction;

because H contains exactly six elements.
We conclude that H does not exist.



