Problem 35 in Section 3.3. Find the general solution of
6y//// + 5yl// + 25y// _|_ 20y/ _|_ 4y — O
Hint: one solution is y = cos(2x).

Solution. We try y = e™. We plug y, v/ = re’®, vy’ = r?e™, y” = r3e™, and

"n 4 _rx

y"" = r*e™ into the Differential Equation. We want
6rie’™ + 5rie™ 4 25r2e™ 4+ 20re™ + 4e™ = 0.

We want
e (61 + 5r® 4 25r% 4 20r + 4) = 0.

If a product is zero, one of the factors must be zero. The function ¢"* is never
zero; so we want
61t + 51 + 25r% + 20r + 4 = 0.

The hint that y = cos(2z) is a solution of the Differential Equation tells us
that » — 2i is a factor of r* + 5% + 2512 + 20r + 4. Of course, r + 2i is also a
factor; so (r — 2i)(r + 2i) = r? + 4 is a factor of 6r* + 5r% + 2572 + 20r + 4. Use
long division (or do it in your head) to see that the other factor is 672457+ 1.
So

67t +5r° +25r2 +20r +4 = (6r°+5r+1)(r*+1) = (2r+1)(3r+1)(r—24)(r+2i)

and r is equal to —%, —%, 21, —2i. The corresponding solutions of the Dif-

ferential Equation are y = e 3%, Yy = e3%, y = cos2x, and y = sin 2z. The
general solution of the Differential Equation is

1 1 .
‘y = e 2% 4 c9e” 3% 4 300827 + ¢4 8in 2 |.

Check. Plug
Yy = cle’%x + cge’%w + €3 c0s 22 + ¢4 Sin 2x
y = (—%)016 2T 4 (—%)cze’%x — 2¢38in 2z + 2¢4 cos 2z
y' = (%)cle_%x + (%)026 37 — 4egco8 20 — 4ey sin 2x
y" = (—%)cle_%x + (—%)cge_%m + 8c3 sin 22 — 8¢y cos 2z
" — (li)cle*%x + (8%)026’%1 + 16¢3 cos 2z + 16¢4 sin 2z

Yy 6
into 6y + 5y"” + 25y” + 20y’ + 4y and obtain

+6 (1_16)016—%33 + (8%)626_%96 + 16¢3 cos 2z + 16¢4 sin 237)
+5((=1)ere 3 + (—L)epe 3% + 8y sin 20 — 8¢y cos 2x>

Q 4+25( (§)cre 2" + (%)cge’%x — 4cz cos 2x — 4ey sin 2:6)

)ereTz® 4 (—%)026_%“”3 — 2¢38in 2z + 2¢4 cos 2z

+4 (cle_%r + cge_%z + c3 cos2x + ¢4 8in Qx)
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6 5, 25 1,
E_§+T_1O+4>Cle 2

D
6(16) + 5(8) — 25(4) — 20(2) + 4 )3 cos 2z

6(16) — 5(8) —25(4) +20(2) + 4 )¢ sin 2x



