Problem 11 in Section 3.3. Find the general solution of y* — 8y®) + 16y” =

0.
Solution. We try y = e™. We plug y, v/ = re’®, v’ = r?e™, iy = r3e™, and
y"" = r*e into the Differential Equation. We want

rte™ — 8r3e™ 4+ 16r2e™ = 0.

We want e"*(r* — 8% +16r*) = 0. If a product is zero, one of the factors must
be zero. The function €’ is never zero; so we want

(r* — 8r® +16r%) = 0

r?(r* —8r+16) =0
r?(r—4)>=0
So r is 0 (with multiplicity 2) or r is 4 (also with multiplicity 2)., Four linearly
independent solutions of the Differential Equation are 1, z, ¢!, and zel®.

(Of course 1 = €% and # = x¢".) The general solution of the Differential
Equation is

Y = 1 4 o + 3™ + cqxe™.

Check. We plug

Y = ¢, + o + 3™ + cqxe™

y = ey + dege®® + e e*® + degxe®®
o+ (4es + cy)e™™ + degze™
T— 4(des + cq)e + dege 4 16c,2e™
= (16¢3 + 8cq)e™™ + 16¢,xe™
y" = 4(16c3 + 8cy)e™™ 4 16¢4e™ + 64cyxe™
= (64cs + 48¢cy)e*™ + 64cywe™
y" = 4(64c3 + 48cq)e™ + 64cye™ + 256¢ ™
= (256¢3 + 256¢4)e** + 256¢4wer”

into y® — 8y + 164" an obtain

<(25603 +256¢,)e + 256c4xe4w)
-8 ((6463 + 48¢y)e® + 64cyzet”
—|—16<(1603 + 8cq)e*® + 16¢,ze™®

- (256—8(64)+16(16)) cyey (256—8(48)+16(8)> cae s (256—8(64)+16(16)> cyze®



Notice that
256 — 8(64) + 16(16) = 2% — 2°(2%) + 2%(2*) =2®(1 -2+ 1) =0
and
256 — 8(48) + 16(8) = 2* — (2°)(3)(2*) + 2*(2*) =2"(2 -3+ 1) = 0.

Our proposed answer works.



