Math 241, Final Exam, Summer, 2002
1. Let f(x,y) = zsin(xy) . Find ?f

We see that

%

?f = fw7 + fy? = (.'lry cos(zy) + sin(:cy)) ? + z2 cos(zy) j -

2. Find the equations of the line through the points P = (1,-3,4) and
Q@ = (3,4,6) . Check your answer.

e I
We calculate P@:2i + 73 +2k ; so the line is

r=1+2t
y=-3+Tt
z =4+ 2t

Notice that when ¢t =0 the point is (1,—3,4) and when ¢ = 1, the point
is (3,4,6).

3. Find the equation of the plane through the points P = (2,1,2), Q = (3,3,6),
and R = (0,—1,0). Check your answer.
- = e T
We calculate ]@: i +23j +4k and ﬁ:—2i —237 —2k ;so
- =

L 2 4| 1 4 |— 1 2|

_>
:47—67+2k . The plane is 4(x —0) —6(y + 1) + 2(z — 0) = 0, which is
the same as

20 — 3y +z = 3.

Plugin P: 4-3+2=3. Plugin Q: 6—-94+6=3. Plugin R: 3=3.
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4. Let f(z,y) = ﬁw . Calculate the limit of f(x,y) as (x,y) — (0,0) along
y=3.
We calculate
z? ) z? oox? o1 1

1m — = .

li —— = - =1
(z,y)lg%o,sm x? + 2y? o530 22 + 2(3x)?2 250 1922

along y=3z




5. Identify all local extreme points and all saddle points of
f(z,y) = a®y — 6y® — 3a2.

We claculate f, =2zy — 6z = 2z(y —3) and f, = 22 — 12y . Both partial
derivatives are zero when

0=2z(y—3)
0=2x2—12y

So either =0 and 0 = —12y; or y =3 and 0 = 22 — 36. We conclude
that there are three points where f, and f, both are zero; namely, (0,0),
(6,3), and (—6,3).

We now calculate f,, = 2y — 6, f,, = 2z, and f,, = —12. The
discriminant D is equal to

D = foafyy — fay = (2y — 6)(=12) — (22)*.
At (0,0), D(0,0) =72 >0 and f,,(0,0) = —12 < 0; so (0,0,0) is a local

maximum point. Observe also that D(—6,3) = D(6,3) = —144 < 03 thus,
(6,3, f(6,3)) and (—6,3, f(—6,3)) both are saddle points. We conclude

(0,0,0) is a local maximum point, and
(6,3, f(6,3)) and(—6,3, f(—6,3)) both are saddle points.

6. Find the intersection of the two lines:

r—5 y—3 z r+8 y+5 =z+1
= =— and = = .

2 1 -1 3 2 1

Check your answer.

Walk on the first line. At time ¢, you stand at the point = =5+ 2t,
y=3+t,and z = —t. We look for a time which causes your position to
satisfy both equations of the second line. We need a common solution to

5+2t+8 3+t+5 —t+1
3 - 2 1

So, we need
1342t t+8 1342t —t+1
= and = .

3 2 3 1

We need
26 +4t=3t+24 and 134+ 2t=—-3t+ 3.

Both equations hold for t = —2. Our position at ¢t = -2 is

(1,1,2).




We check that this point satisfies the equations of the first line:

We check that this point satisfies the equations of the second line:

1+8 1+5 2+1
3 2 1

9. Compute the directional derivative D f at the point (3,2) in the direction of
5

the unit vector o = {3 1 + 1_§ j for f(z,y) = 3z%y*.

D= f(3,2) = ?f(s, 9). & = (6y* 7 + 122%y%)|3.2) - &

_ ((18)(16)7 + (108)(8)7) . (1_537 n %7> _ (18)(16)(5) 1—3(108)(8)(12)

10. Where does the line normal to z? + 2y% + 322 = 9 at (2,1,—1) intersect
2r+y—2+3=07

Gradients are perpendicular to level sets. The ellipsoid is level 9 of
the function which sends (x,_y>, z) to x® + 2y* + 32°. The gradient of the

— —
left side is 2z 4 + 4y j + 62k . The gradient evaluated at (2,1,—1) is
41 +437 — 6k . The normal line is

=244t
y=1+4t
z=—1—06t

The line hits the plane when

22+4t) + (1 +4t) — (-1 —6t) + 3 =0;

that is, ¢ = —1/2. The normal line hits the plane at the point | (0,—1,2) |.

Check that (0,—1,2) is on the plane: 0 —1—-2+3 =0. The vector fg)m
- =

(2,1,-1) to (0,—1,2) is <—2,—2,3>, which is parallelto 44 +4j5 —6k .

11. Compute //(m2+2y)dA , where R is the region between y = 22 and y = /.
R



A picture maybe found on a separate page. The integral is equal to

vz 1

1 Vz 1
//a; +2ydydx:/acy+y / (%% + & — 22%)da =
0 a2 0

x2 0
2 7/2 2 5
<7$ +3 2 5"

12. Find the volume of the solid which is between z = 16 — z? — y? and the
xy -plane.

_'_

0

|
IR

NI V)
N |

The base is the circle z? + y> = 16 in the zy-plane. The top is
2z =16 — 22 —y?. I will do the integral in polar coordinates. The volume
is the integral over the base of the top, which is equal to

2 4 2 4 2T
//7‘ (16 — r?) drd@-//(lGr—r3)drd9: /(87’2—7'4/4) o
0 0 0 0 0 0
4
27

= 16(4)27 = [1287 |

0

_ /(8r2 “Ag)| do = (8(16) — 16(4))

13. Compute //:vsz, where R is the region between z? + 3> = 1 and

2+ =4.

I will do this integral in polar coordinates. The integral is equal to

2w 2 . 9
//r cos HdrdH—/— 71—“:0320 df = E 0+s1n29
8 2 0
1
15 157
2 —
=3 @M=
4—y2

14. Compute / / z2dx dy .
0

This integral is over the quarter circle in the first quadrant of the
circle of radius 2, with center at the origin. I will do the integral in polar
coordinates. The integral is equal to

2
/2 /2

2
/7'3 cos® Odr df = 7”1+ cos29 do = (29+ = 0>
4 2 2
0

0

2

=[x}

0

o2

0
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15. Compute /(a: +y+z)dr +xdy —yzdz, where C is the line segment from

C
(1,2,1) to (2,1,0).

I will parameterize the line segment by letting (z,y,2) be the point

with the property that the vector (1,2,1)(z,y, zj is equal to ¢ times the
vector (1,2,1)(2,1,0) That is, <o —1,y—2,z—1> =t<1,—1,—1>. In other
words, x=t+1, y=—t+2,and z=—-t+1 for 0 <t <1. The integral is
equal to

((t b1t 4+2—t4 1)+ (E+1)(=1) — (—t+2)(—t+ 1)(—1)) dt

o —

1

3 2

1
t3  5t?
(4—t—t—1+t*—-3t+2)d / — 5t +5)dt = <———+5t>
0
0

+ 5.

I
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16. Let @ @ = 1 i +2j +3k and b =41 +4j +10k . Find vectors o and
v with b = + 7, u parallel to 7, and v perpendicular to a . (Every
number in the answer is an integer. If you have fractions, either you can rid of

them or you have made a mistake.) Check your answer

The vector U is equal to
=
a-b 448430 42
jo b = @ = @ =—a =301 2 3k
proJa 7 a0 1+4+9 % 14 (17 +27 +3F)
— =
=134 +645 +9k =
and
— " - = =
V=b-u=4i +4j5 + 0k—(3z+63+9k) i —2j+k=7|

Check that v - @ =0: 1—-4+3=0.
17. Graph and name 22 +42? — 22 =1 in 3-space.

This is a hyperboloid of one sheet. The picture appears on a separate
page.

18. Graph and describe the graph of yz =0 in 3-space.



The graph is the union of the zz-plane together with the zy-plane.
The picture appears on a separate page.

19. Find the equation of the line tangent to the curve parameterized by
() — 227 3 _
r(t)=3t"1 +t°j at t=2

— —
At t = 2_; the B())sition is (12,8). We see that 7'(t) =6t 4 +3t2j ; so,
7'(2) =124 +125 . The tangent line is

T=12+12t,y=8+12t, 2 =0

20. Find the equation of the plane tangent to z = 22 +y? at the point where = = 3
and y=4.

When z = 3 and y = 4, the z-coordinate of the point is 25.
Gradients are perpendicular to level sets. The surface is level zero of
the function (z,y,z) — 22 +y? — 2. The gradient of the defining function
is 29v7> + 2 ? — k . The gradient of the defining function, evaluated at
(3,4) is 61 + 8? — vk . The tangent plane is

6(z—3)+8(y—4)—(2—25)=0|




