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Quiz 6, March 29, 2023

Find the points on the ellipse x2 +2y2 = 1 where f (x,y) = xy has its extreme values.

Answer:
This is a Lagrange multiplier problem. We want to optimize f (x,y) = xy subject to the

constraint g(x,y) = x2 +2y2 is equal to 1. We want to find all triples (x,y,λ) such that{
g(x,y) = 1 and
−→
∇ f |(x,y) = λ

−→
∇ g|(x,y).

We want {
x2 +2y2 = 1 and
y
−→
iii + x

−→
jjj = λ(2x

−→
iii +4y

−→
jjj ).

We want 
x2 +2y2 = 1,
y = 2xλ, and
x = 4yλ.

Substitute 2xλ for y. We want 
x2 +2y2 = 1,
y = 2xλ, and
x = 4(2xλ)λ.

The bottom equation says that either x= 0 or x 6= 0 and 1
8 = λ2. If x= 0, then the top equation

gives y = ± 1√
2
. So, (0, 1√

2
) and (0,− 1√

2
) are points of interest. If 1

8 = λ2, then λ = ± 1
2
√

2
.

If λ = 1
2
√

2
, then y = 2xλ becomes y = 2x

2
√

2
and x2 +2y2 = 1 becomes x2 +2 x2

2 = 1. In this

last case, 2x2 = 1, or x =± 1√
2
. Plug x =± 1√

2
into the equation for the ellipse. We pick up

four more points of interest; namely,

( 1√
2
, 1

2), (
1√
2
,−1

2), (−
1√
2
, 1

2), (−
1√
2
,−1

2).



The extreme values of f subject to the constraint g = 1 occur at one of the six points of
interest. We plug these points into f

f (0, 1√
2
) = 0

f (0,− 1√
2
) = 0

f ( 1√
2
, 1

2) =
1

2
√

2

f ( 1√
2
,−1

2) = −
1

2
√

2

f (− 1√
2
, 1

2) = −
1

2
√

2

f (− 1√
2
,−1

2) =
1

2
√

2

The maximum of f subject to g = 1 occurs at ( 1√
2
, 1

2 ,
1

2
√

2
) and (− 1√

2
,−1

2 ,
1

2
√

2
).

The minimum of f subject to g = 1 occurs at (− 1√
2
, 1

2 ,−
1

2
√

2
) and ( 1√

2
,−1

2 ,−
1

2
√

2
)


