Math 241, Exam 2, Fall, 2018

Write everything on the blank paper provided. YOU SHOULD KEEP THIS
PIECE OF PAPER. If possible: return the problems in order (use as much
paper as necessary), use only one side of each piece of paper, and leave 1
square inch in the upper left hand corner for the staple. If you forget some
of these requests, don’t worry about it — I will still grade your exam.

The exam is worth 50 points. Each problem is worth 10 points. Please make
your work coherent, complete, and correct. Please |C/RC LE | your answer.
Please CHECK your answer whenever possible.

The solutions will be posted later today.

The exams will be returned on Thursday.

No Calculators, Cell phones, computers, notes, etc.

(1) Describe, graph, and name 922 + 4y2 + 2% = 36 in 3-space.
See the picture page.

(2) Do the lines

r=5+1 r="7T-—2s
y=6+1 and y=—T7+3s
z=T+t zZ2=38

intersect? If so, where. If not, why not?

We look for times ¢, and s, with the property that

2(to) = x(s0),  y(to) = y(s0), 2(to) = 2(s0)

where the left x, y, 2 refer to the first line and the second z, y, » refer to
the second line. This is a system of three equations in two unknowns. It
may or may not have a solution. At any rate, we try to solve

5+t0:7—250
6+t =—7+3sp
7+t0=80.

We try to solve
S5+41t=T7—2(7+1)
6+tg=—T7+3(7+ty)
7T+ 1ty = sp.



3ty = —12
—8 - 2t0
7—|-Zf0 = Sp-

Thus, t; = —4 and sq = 3.

The intersection point is (1,2, 3).

(3) An object is fired from the origin in the ry-plane at an angle o from

the positive z-axis with an initial speed of v,. The acceleration of

the object is —g j . How high is the object when its z-coordinate is
R?

Let 7 (t) = x(t)?> + y(t)? be the position vector of the object at time
t. We are told that 7¥"(t) = —g j , 7'(0) = v cos o + v sin a?, and
7)(0) — 07 + 07. We integrate to learn ?’(t) = —gtj +¢i. Plugin
t =0 to learn

— -
vocosa i +uvgcosaj = 7'(0) =c.

So,
— —
7'(t) = vpcosa i + (vosina— gt) 5 .
Integrate again to learn

— —
T(t) = (vpcosa)t i + ((vosina)t — gt*/2) j + .

Plug in ¢t = 0 to learn
0="7(0)=2c3.

Thus,

—

— —
r (t) = (vocos a)t i J-

+ ((vosin )t — gt*/2)
The z-coordinate of the object is R when
(vocosa)t = R,

so t = R/(vg cos ). When the z-coordinate is R, the y coordinate is

(R/(wg cos 04))2)

y(R/(vgcosa)) = (vosina)(R/(vgcosa)) — g ( 5

gR?

=|Rtano — -—5———1|.
2vg cos® a




(4) Find the point on the curve
7(t) = (5 Sint)? + (5 cos t)?> + 120K

at a distance 267 units along the curve from the point (0, 5,0) in the
direction of increasing arc length.

Observe that 7 (0) = (0,5,0). We first look for ¢, so that the length of
the curve from ¢t = 0 to ¢ = ty is 267. That is,

to to —
267r:/ |?'(t)ydt=/ (5cost) 7 + (=5sint) § + 127k |dt
0 0

to to
= / V25 cos? t + 25 sin® +144dt = / \/25<COS2 t + sin®) 4 144dt
0 0

to to to
= / V25 + 144dt = / VvV 169dt = / 13dt = 13t,.
0 0 0

Solve 26w = 13t, to see that 27 = t,. The point on the curve a distance
267 away from (0, 5, 0) along the curve has position vector
— — - = = —
7 (21) = (5sin27) 4 + (5cos2m)j +122m)k =04 +54 + 24nk.
The corresponding point on the curve is

(0,5, 24m).

- =
(5) Express ¥ =414 + j as the sum of a vector parallel to
— - =
b =-21 +3j
—
plus a vector perpendicular to b. Check your answer. Make sure it
is correct.

Observe that v = projy v+ (7 — projy 7) with projy v parallel to

V)

3} and (7 — projp ') perpendicular to b .

We compute

BT (=27 +3F)-(4

. +J) —
° b-b (—=24 +335)-(—2% +373)
) - =
= (-2
13( i+375)
It follows that
52— 13— 10—» 15— 42— 28—
— S W o MU= Loy 4 20—
(V—projp V) =i+ mi —(pi — )=t

7) - 1277 8

and (‘11—2? + 2 ') perpendicular to b .

%
+35)+ (34 +_>§j ) with %(—27 + 37) parallel to b




