12.5, number 29: Find the equation of the plane which contains the two
intersecting lines

r=—1+t r=1-—4s
le y:2+t and L2: y:1—|—28
z=1-—1 z =2 —2s.

Answer: [ suppose that one could trust that the two lines do intersect. I
personally would be more comfortable if I knew that they intersect. I'll do
that first. I'll look for a ¢t and an s so that the z-coordinate of L; at time
t equals the z-coordinate of L, at time s; the y-coordinate of L; at time ¢
equals the y-coordinate of L, at time s; and the z-coordinate of L, at time ¢
equals the z-coordinate of L, at time s. In other words, I would solve

—1+t=1—-4s
24t=1+2s
1—t=2-2s

simultaneously. The top equation says that t = 2 — 4s. I will replace ¢ in
equations 2 and 3 with 2 — 4s. We want to solve

t=2—14s
2+ (2—4s)=1+2s
1—(2—4s)=2-2s

simultaneously. We want to solve

t=2—14s
3 = 6s
—3 = —0s

simultaneously. So the position of L; at time ¢t = 0 is exactly the same as
the position of L, at time s = 1. Indeed L; at ¢t = 0 is (—1,2,1) and the
position of L, at s = 1 is (—1,2,1). If you skipped the above calculation, but
did everything else correctly you would have the right answer. However you
would have the right answer only because the people that made the problem;
made the problem correctly. However if they had goofed and the two lines
did not intersect then there would be no plane that contains both lines. (It
is obvious that the two lines are not parallel.) In this case, you would get an
answer, but the answer would be meaningless.

Now that we are convinced that the problem can be done, lets do it. Let
P, be any point on either L; or L,. Let ?1 be a vector parallel to L, and
', be a vector parallel to L,. We want the equation of the plane through P,
perpendicular to V1 x U5 Iwill take P, to be the point on L, at s = 0. This
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is Py =(1,1,2). Ofcourse 7 = z+J —k and v, — 47 +2] —2k We

_>

compute U X Uy = 67 Jj+6 k . The plane through P, = (1, 1, 2) perpendicular

e .
to6j3 +6k is
0z —2)+6(y—1)+6(2—2)=0
y+z=3|

Check.

Plug the equations for L; into the answer to see which #’s cause a point
on L; to also be on the proposed answer. The point on L; which corresponds
to ¢ is on the proposed answer provided (2 + t) + (1 — t) = 3. This happens
all of the time. So L; is on the proposed answer. Similarly, The point on
L, which corresponds to s is on the provided (1 + 2s) + (2 — 2s) = 3. This
also happens all of the time. Both lines are on the proposed answer. The
proposed answer is correct. v’
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