AUGUST 2007 ANALYSIS QUALIFYING EXAM

KELLER VANDEBOGERT

1. PROBLEM 1
Let zp € X and define z,, inductively by z,, = Q(z,_1). Then, we
can show that (x,)nen is Cauchy as for m > n,
p(x’m xm) < P(fma Im—l) + -+ P(l"n-i-h xn)

< (AT ) o, 20)

=< p(z1,29) = 0 as m, n — oo

By completeness of X, we deduce that z,, — = € X. Now, consider

Q(x); we want to show that z must be a fixed point:
p(Qx), x) < p(2, Tni1) + p(ni1, Ux))
< p<x>$n+l) + )\p(mn7$)

Letting n — oo on the right, this must tend to 0, in which case

pla, Q(x)) = 0

That is, Q(x) = x. Lastly, it remains to show uniqueness. Suppose

then that x and y are two fixed points of €2; then:

p(z,y) = p(Q(z),2y)) < Ap(z,9)

Since A < 1, we must have p(x,y) = 0, so that z = y.
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2. PROBLEM 2

Let € > 0 and set limsup,,_,., #, := L. Then, there exists N € N

such that for all n > N,

T, < L+e¢

Then,

n N n
D= mt ) m
k=1 k=1

k=N+1

<> a4+ (L+e)(n—N)

k=1
n N
T x N
— 2oy < L T —|—(L+e)<1——)
n n n
Taking the limit superior of the above,
I PR :En
lim sup L <L+e
n—00 n
And as € is arbitrary,
lim sup Tt T < limsup z,,
n—00 n n—o00

As asserted.

3. PROBLEM 3

Note that for n > 2,

:L.n

- < n
log(n + 1) ‘

so that

i 132

(1-2) ; log(n + 1) <= x><log(2) Tz )

Letting x — 1, the above remains bounded so that our sum is bounded

n

by a uniformly convergent series, hence itself uniformly convergent.
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Now, it remains to compute M,,. We see that z"(1 — ) attains its

(1)

(n+1)log(n+1)

maximum at £ = -2, whence
n+17?

n

n " 1 n " 1
Note that (n_+1> — < asn — 00, and <n—+1> > ; for all n. Then,

o0 o0 1

1
;Mn > é_lz(n+1)log(n+1)

and, by the integral test, Y -, ( diverges so that > ° M,

1
n+1)log(n+1)

also diverges.

4. PROBLEM 4

This is uniformly convergent everywhere on [0, 00). To see this, note

that
v 1 1 228
n+ndgd  23.n2B8n4n/2 3 ndB

In which case

R [ —— 00
Zln+n3x3\zl 3 ol

So that by the Weierstrass M-test, this series converges uniformly ev-

erywhere.

5. PROBLEM b5

Assume |f(z)] < M. By holomorphicity, we have a power series

expansion

f(z) = Z anz"

n=0

1
apn, = —/ ﬁdz
211 B, (0) zntl

where
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Consider now for n > 1,

1
ol < o= [ 1L
27 B,(0) |2]

1
= d
s [,
1

= oppntl

M

o
As f is entire, we may take r — oo to find that |a,| = 0 for all n > 1;

-M - 2nr

that is, f = ag, so that f is constant.

6. PROBLEM 6

Define g, := infy>,, f,, where f, is our sequence of functions. Obvi-

é%ééh

Since this in fact holds for all n, we have the stronger inequality:

< inf
/Egn X k> Efk

Note that g, is an increasing sequence of functions. By Lebesgue’s

ously g, < fn., so that

monotone convergence theorem,

lim/gn:/ lim g,

Taking the limit in our inequality then yields:

/ liminf f,, < liminf / fn
g noo n—00 E

And Fatou’s Lemma is proved.

7. PROBLEM 7

1
lim/ fd,u—/ fdu
k—o0 B, 0

Suppose
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Then, fxg, < f > 0, so by Lebesgue’s dominated convergence theo-
rem:
. 1 . o
linty f ( lim xg, — 1)edz =0
k—o00

As f > 0, Holder’s inequality gives that

1
/ (thEk—l)d =0
0

k—o00

8. PROBLEM &

Note that fuXs < SUp, faXs < sup, fu € L'(R), where sup, f, €

L'(R) by assumption. By Lebesgue’s dominated convergence theorem,

/E fudn = [ fuxedu— [ fxedu= /E fdy

as desired.

9. PROBLEM 9

Replacing f and g by f/||f]l, and ¢/||g||, respectively, we may as-
sume by homogeneity that ||f||, = ||g||; = 1 (note that if either norm
vanishes the result is trivial).

By Young’s inequality,

Ifgll = / \Foldy
/If\” Iglq
g, ||g||q
P q

Sy

p q
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10. PROBLEM 10
Note that

1
[ 15+ b~ fpds < 21l < oc
0
So by the dominated convergence theorem, we may interchange the
order of the limit and integration.

Let € > 0. By absolute continuity of integration, there exists ¢ such

that for all p(A) <9,

/A]f(x FR) — f(2)Pde < €

By Lusin’s theorem, we can find a closed set F' with u(F) < § such

that f is continuous on F°. Then,
1
tim [ 17 +0) = p@)de = fim ([ 1@+ = fla)pas
+ [ 1f(e+ k) - fl@)Pdz)
FC
<e+lim [ |f(zx+h)— f(z)Pdx
h—0 Fe
1
=+ [Vl fo+ ) = f@)Pds

=€

As € is arbitrary, the result follows.



