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1. Introduction.

Let M be a smooth compact manifold and let C∞(M) be the Fréchet space
of all real (or if it is convenient complex) valued functions on M . We can define
the topology on C∞(M) by either of two sets of semi-norms on C∞(M). Fix a
Riemannian metric on M , and define pk : C∞(M) → [0,∞) by

pk(u) = max |∇ku|
where ∇k is the k-th covariant derivative of u with respect to the connection on M
defined by the metric. Then the family of semi-norms {pk}∞k=0 defines the topology
on C∞(M) and this topology is independent of the choice of the Riemannian met-
ric. From now on we will assume that our manifolds are equipped with a smooth
Riemannian metric. There is another set of semi-morns that defines the same topol-
ogy and may be even more natural. Let ∆ be the Laplacian on M with the sign
chosen so that ∆ is a positive semi-definite operator. For k ≥ 0 set

qk(u) = ‖(I + ∆)k/2u‖L2(M).

Then, as follows from the Sobolev inequality, the semi-norms {qk}∞k=0 define the
same topology on C∞(M).

Definition 1. If M and N are smooth compact Riemannian manifolds. Then a
linear operator L : C∞(M) → C∞(N) is of finite order iff there is an integer `,
the order of L, so that for all k, there is constant Ck such that

qk(Lu) ≤ Ckqk+`(u).

(This can also be defined in terms of the semi-norms pk, but the value of ` may
change.)

About 15 ten years ago I made the

Conjecture 1. If M and N are compact Riemannian manifolds with dim M >
dimN , then any linear map L : C∞(M) → C∞(N) with finite order has an infinite
dimensional kernel and thus is not injective. �

The motivation for this is as follows. Let Grk(Rn) be the Grassmannian of all
linear subspaces of Rn. This is a Riemannian manifold of dimension k(n− k). For
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if j, k ∈ {1, 2, . . . , n − 1} define the Radon transform by Rj,k : C∞(Grj(Rn)) →
C∞(Grk(Rn)) by

Rj,kf(P ) =




∫
{L∈Gk(Rn):L⊆P}

f(L) dL, if j ≤ k;

∫
{U∈Gk(Rn):U⊃P}

f(U) dU, if j > k.

It is well known in the cases where dimGrj(Rn) > dimGrk(Rn) that kernel(Rj.k)
is infinite dimensional. This is one of many examples, all of which have finite order,
(Radon transforms between complex or quaternionic Grassmannians, cosine trans-
forms and generalizations between real Grassmannians etc.) where Conjecture 1
holds. Thus, if it were true, the conjecture would explain a lot of non-injectivity
results in integral geometry.

Our main result is

Proposition 1. Given any two compact Riemannian manifolds M and N (with no
restrictions on the dimensions) there is an injective linear L : C∞(M) → C∞(N)
of order 0.

And choice of M and N with dimM > dim N gives a counterexample to the
conjecture.

2. Proof of Proposition 1.

Let M be a compact Riemannian manifold and 0 = λ0(M) < λ1(M) ≤ λ2(M) ≤
λ3(M) ≤ · · · the eigenvalues of ∆ on M . Then there is an orthonormal basis
{ϕM

k }∞k=0 of L2(M) such that ∆ϕM
k = λk(M). If n = dim M , then (cf. [1, p. 155])

Weyl’s asymptotic formula

(λk(M))n/2 ∼ (2π)nk

ωm
Vol(M)

holds (where ωm is the volume of the unit ball in Rn). This gives the order of
growth of λk(M) as

(1) λk(M) ∼ (2π)2
(

Vol(M)
ωm

)2/n

k2/n = CMk2/n.

If u ∈ C∞(M) has expansion u =
∑∞

k=0 ukϕM
k , then (I + ∆)ϕM

k = (1 +
λk(M))ϕM

k and thus

qm(u) = ‖(I + ∆)m/2u‖L2(M)

=
∥∥∥

∞∑
k=0

(1 + λk(M))m/2ukϕM
k

∥∥∥
L2(M)

=
( ∞∑

k=0

(1 + λk(M))m|uk|2
)1/2

.

Thus, in light of (1), qm(u) < ∞ for all m if and only if the sequence of Fourier
coefficients {uk}∞k=0 has faster than polynomial decrease.
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Let {βk}∞k=0 be a sequence of positive real numbers with faster than polynomial
decay, say βk = e−k. Let N be any other compact Riemannian manifold and define
K : N × M → R by

K(y, x) :=
∞∑

k=0

βkϕN
k (y)ϕM

k (x).

It then follows from the Weyl formula (1) and estimates due to P. Li (cf. [1, Thm 8
p. 102]) that this series converges uniform and therefore K is continuous. (With
some more work it can be shown that K is C∞ on N × M .) If L is the integral
operator L : C∞(M) → C∞(N)

Lu =
∫

M

K(y, x)u(x) dx

then
LϕM

k = βkϕN
k .

(We could also just define L by this formula and ignore K, but it is nice to know
that L is represented by a smooth kernel.) If u =

∑∞
k=0 ukϕM

k then

Lu =
∞∑

k=0

βkukϕN
k

which shows that L is injective. Also

(2) qm(Lu) =
( ∞∑

k=0

(1 + λk(N))mβ2
k|uk|2

)1/2

.

Because of the faster than polynomial decay of βk and the estimates (1)

lim
k→∞

(1 + λk(N))mβ2
k

(1 + λk(M))m
= 0

and therefore there is a constant Cm such that

(1 + λk(N))mβ2
k ≤ C2

m(1 + λk(M))m

for all k. Using this in (2) gives

qm(u) ≤ Cm

( ∞∑
k=0

(1 + λk(M))m|uk|2
)1/2

= Cmqm(u).

Therefore L has order 0. This completes the proof.

Remark 1. The operator L, being an integral operator with smooth kennel, is even
nicer than just being of finite order. It is infinitely smoothing and thus can be
considered of order −∞.
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