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This talk is based on joint work with

Peter Frankl, Sang June Lee, Mark Siggers,
Sho Suda, and Hajime Tanaka.
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1. Set up and
Weighted Erdos—Ko—Rado
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o n]:={1,2,....,n}, pe(0,1).
o A family of subsets A C 20",

o A is t-intersecting if [AN A’| >t for all
A A € A

N. Tokushige (Ryukyu Univ.)



o n]:={1,2,....,n}, pe(0,1).
o A family of subsets A C 20",

o A is t-intersecting if [AN A’| >t for all
A A € A

o The p-weight (or product measure) of A is

pp(A) =Y p(—p) A

AeA

o Ex. Fp. ={ACn]:[t]C A}isa
t-intersecting family with 1, (Fo) = p'.
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o Another example of t-intersecting family:
Fir={FCnhl:|[FN[t+2]| >t+1}.
It follows that
o(F1) = (t +2)p g + ptt?

and

_ 1
pp(Fo) = pp(F1) iff p < 1
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e For 2 > 0 the following family is also ¢-int:

Fr={F Cn]:|Fnt+2i| >t+i}.
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e For 2 > 0 the following family is also ¢-int:

Fr={F Cn]:|Fnt+2i| >t+i}.

o ip(Fi) = pp(Fira) iff p < 2.

Theorem (Ahlswede—Khachatrian, Bey—Engel, Dinur-Safra, T)
Let A C 21" be t-intersecting. Then

pp(A) < Hiax pip(F).-
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Corollary
Let A C 2[”] be t-intersecting.
Q@ If p < — then

t+1
Mp(/o < MP(FO) — pt

Q |ft+1<p<H—3then

pip(A) < pp(F).
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2. Extension to .
cross intersecting families
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o Let A, B C 2",
o A and B are cross t-intersecting if
IANB|>tforall Ae A, B € B.
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o Let A, B C 2",
o A and B are cross t-intersecting if
IANB|>tforall Ac A B eB.

Theorem (Frankl-Lee-Siggers—T)
Let A, B C 2" be cross t-intersecting.

Q@ Ift>14and p < t+_1 then  (arXiv 1303.0657)

pp(A)pp(B) < (Np(FO))2 = pZt-

Q@ Ift > 52 and thl<p<t+—3then

pp(A)pp(B) < (1p(F1)).

—________________________________________________________/
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Some ideas in the proof
o Let A and B be cross t-intersecting.
o Assign a walk in Z* to each A € A: &

»
>

n:6,A:{2,5}<:>_.
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Some ideas in the proof
o Let A and B be cross t-intersecting.
o Assign a walk in Z* to each A € A: &

»
>

n:6,A:{2,5}<:>—.

o We may assume that A, B are shifted.
o Key fact: there are a, b such that

@ all walks in A hit y =z + a,

@ all walks in B hit y = x + b,

Q@ a+b>2t.
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Some ideas in the proof (continued)

o Consider the infinite random walk on Z?
where i-th step is “1" with probability p, and
“—" with probability 1 — p.

o 1,(A) is bounded as follows:

fp(A)
< Pr (the random walk hits y = = + a)

()
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3. Different measures and
algebraic approach
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o Let GG be a bi-regular bipartite graph with
V(G) =V UV,
e U; C Vi and U; C V5 are cross independent
if uv & E(G) for all u € V1, v € V.
e For i =1,2 let ji; be a general measure:
f; Vi —0,1] and Z[ci(v) = 1.

veV;
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o Let GG be a bi-regular bipartite graph with
V(G)=Viuls.
e U; C Vi and U; C V5 are cross independent

if uv & E(G) for all u € V1, v € V.
e For i =1,2 let ji; be a general measure:

i Vi 0,1] and 37 (o) = 1.
veV;
o (Key fact): Let 0y > 09 > -+ be singular
values of a bip. adjacency matrix of G. Then

Vin(U)fia(Us) < —2

01+ 09
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Recall p1,(A) = 37 4 21— p)" M.
Let p1,po € (0,1) and let ¢; :=1—p; (i =1,2).
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Recall p1,(A) = 37 4 21— p)" M.
Let p1,po € (0,1) and let ¢; :=1—p; (i =1,2).

Theorem

If (p1p2)/(q1g2) < (V2 — 1)2 ------ (%),

and A, B C 2" are cross t-intersecting, then

\/Nm(A)Npg(B) < (ﬁﬁ) :

If p; = po, then the bound is sharp.

log 2 . e
If p1,p2 < 757 < Hil then (x) is satisfied.
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For the case t = 1 we get the exact bound:
Theorem (Suda—Tanaka-T)

Let p1,p2 € (0,1/2]. (1/2 = 75)
If A, B C 2" are cross l-intersecting, then

Fopy (A):upz (B> < P1p2.

The proof is done by solving a corresponding
SDP problem. In fact we got a refined bipartite
ratio bound based on SDP.
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Our setup

Let GG be a bi-regular bipartite graph with
V(G)=ViUVyand ;- V; — [0,1] (2 =1, 2).
Let A be a bipartite adjacency matrix of G.
Suppose Uy C V; and Uy C V; are cross indep.

Easy ratio bound (reprise)

Let 01 > 09 > - -+ be the singular values of A.
Then
= ~ 02
Vi (Uh) fio(Uy) < :
01+ 09
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New ratio bound (idea)

If A has singular values /a1 81 > VaefB2 > -+ -

with some extra properties, then

- - aq 51
U U,) < .
i (U)fia(Uz) < a1+ as B+ Po
v AVA

=]
O(@T@ﬁ
Vi
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New ratio bound (still oversimplified)

If there are nonsingular matrices P, P, and a

nonnegative symmetric matrix A; such that
o P/ AP, = @(—1)°VaBs I,
o PIAP = P(—1)a, .,
e «a, and [ satisfy some inequalities.
Then

< a1 51
oy + ay B+ Bo
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This new ratio bound can be applied to the
following type of cross 1-intersecting EKR:
o weighted subsets (p; < 1/2)

Hopy <~’4> Hpo (B> < p1po,

o uniform subsets (n > 2k;)

n—1 n—1
i< () (R0)):

o subspaces (n > 2k;) (Suda-Tanaka 2013)

n—1||n—1
< )
<[l
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Conjectures

Let p1,pe < t+1 If A, B c 2" are cross
t-intersecting, then

fip, (A) iy (B) < (p1p2)t'

True if
ot =1,
o t > 14 and p; = po,

_ log 2
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A, B,C C 21" are 3-cross intersecting if
ANBNC 4
forall Ac A, Be B,C eC.

Conjecture 2

Let A C ( ) B C ([n]) C C (["]) be 3-cross
intersecting, and 2n > 3k;. Then

n—1 n—1 n—1
i< () () G

True if ]{1 = kQ = ]{3.
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Conjecture 2 would imply

Conjecture 3

Let A, B,C C 2I" be 3-cross intersecting, and
p1,p2,p3 < 2/3. Then

fp (A) iy (B) 15 (C) < p1paps.

Not known even if p; = py = ps.
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