1.2.

hint.

SW.

Prof. Girardi Induction Practice Problems

Some hints are very generous. Do not except such generous hints on the exam.

Theorem 1. If n € N with n > 2, then

ﬁi2—1 _on+1
2 2n

1=2

Symbolically write Theorem 1. (Do not forget your quantifiers.)
Prove Theorem 1 using math induction..

5 5
Recall, the sum E a; = as + ag + a4 + as while the product H a; = Qg+ a3 - Q4 - As
=2 =2
n+1 n
The sum Z a;=(az+as+...+an)+ant1 = <Z> + ap+1. This idea is often used in the inductive step. Similarly, for
i=2 i=2

n+1 n
the product H a; =(az-az- -+ -ap) - any1 = (H ai) CAp41-
=2 i=2
n .
H Z2 —1 n + 1
12 2n

=2

(¥n € N>2)

Proof. We will show that for each natural number n with n > 2,

n

i2—1 n+1
= 1.1
H 12 2n (1.1)

by basic induction on the variable n.
For the base step, let n = 2. Since

ﬁi2—1_ﬁ¢2—1_22—1_§ g Pl _2+41 3
a1 224 2n  2(2) 4

the equation in (1.1) is true when n = 2. This completes the base step.
For the inductive step, fix n € N2, We assume the inductive hypothesis, which is

n

=1 n+1
— ) IH
E 12 2n (If)

We will show the inductive conclusion, which is

’ﬁlz‘?—l_(nﬂ)ﬂ 1©)
o1 2(n+1)
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2.1.
2.2.

SW.

Prof. Girardi Induction Practice Problems

n+1 n
We know that (recall H a; = [H ai:| CAn41)
1=2

=2

ﬁﬂ;l: -ﬁz’:;l] {(n(—;i)j)gll

1=2 L =2

and using the inductive hypothsis (IH) gives
C[n+1] [(rn+1)2 -1
|l 2n (n+1)2 |’

and now through algebra (note the algebraic cancellation in next step, which greatly simplies the algebra to come -

a good lesson to learn and practice)
(n+1)2-1
T 2n(n+1)
n? +2n
B 2n(n +1)
n (n'+2)
T 2n+1)
(n+1)+1
T 2+ 1)
The calulations through (1.2) shows that the inductive conclusion (IC) holds. This completes the

inductive step.
Thus the base step and inductive step hold. 0]

(1.2)

Theorem 2. If n € N with n > 3, then
2n+1<2™.

Symbolically write Theorem 2. (Do not forget your quantifiers.)
Prove Theorem 2 using math induction.
(Vne N=%) [2n+1 < 2" ]
Proof. We will show that if n € N3, then
2n+1< 2" (2.1)

by basic induction on the variable n.
For the base step, let n = 3. Since

2n+1=23)+1=7 and 2"=2°=38

and 7 < 8, the equation in (2.1) is true when n = 3. This completes the base step.
For the inductive step, fix n € N23. We assume the inductive hypothesis, which is

2n +1 < 2™, (IH)
We will show the inductive conclusion, which is
2(n+1)+1< 2"t (IC)

From algebra we know
2(n+1)+1 = 2n4+2+1
= 2n+1)+2
and by the (IH)
< (2")+2
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hint.
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Prof. Girardi Induction Practice Problems

and since 3 < n we get 2 < 22 < 2" s0
< 242"
= 2@

_ 2n+1

and so the inductive conclusion (IC) holds. This completes the inductive step.
Thus the base step and inductive step hold. O

Theorem 3. If n € Z with n > 0, then
3] (n®+2n).

Symbolically write Theorem 3. (Do not forget your quantifiers.)
Prove Theorem 3 using math induction.
See book Proposition 4.4 (p178) and (starred) ER 3.4.8a (p181).

(Vn e 22%) [3] (n®+2n) ]
Proof. We will show that if n € Z=°, then
3] (n®+2n) (3.1)

by basic induction on the variable n.
For the base step, let n = 0. Then

nd +2n =0%+2(0)=0.

Also
3]0

since 0 = 37 where j = 0 and j € Z. Thus (3.1) is true when n = 0. This completes the base step.
For the inductive step, fix n € Z=°. We assume the inductive hypothesis, which is

3] (n®+2n). (IH)
We will show the inductive conclusion, which is
3] ((n+1)°+2(n+1)). (IC)
By the (IH), there is a j € Z such that
n® + 2n = 3j. (3.2)
From algebra we get
(n+1)°+2(n+1) = (n®+3n*+3n+1) 4+ (2n +2)
[7° +2n] + (3n* +3n+1+2)
= [n3—|—2n} +3(n2+n+1)
and by (3.2) (which came from the (IH)) and then algebra
= [3j]+3(n*+n+1)
= 3(j+n*+n+1)
= 3k (3.3)

where k = j +n?+n + 1. Since k € Z, the calculation through (3.3) show that the inductive
conclusion (IC) holds. This completes the inductive step.
Thus the base step and inductive step hold. O
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hint.

Prof. Girardi Induction Practice Problems
Theorem 4. If n € Z with n > 0, then

81 (9" —1).

Symbolically write Theorem 4. (Do not forget your quantifiers.)
Prove Theorem 4 using math induction.
See book Proposition 4.4 (p178) and (starred) ER 3.4.8a (p181).

(Ynez™) [8] (9"—-1)]
Proof. We will show that if n € Z=°, then
8| (9" —1) (4.1)

by basic induction on the variable n.
For the base step, let n = 0. Then

9" -1=9"-1=1-1=0.
Also
8|0
since 0 = 85 where j = 0 and j € Z. Thus (4.1) is true when n = 0. This completes the base step.
For the inductive step, fix n € Z=°. We assume the inductive hypothesis, which is

8| (9" —1). (IH)
We will show the inductive conclusion, which is
8] (9" —1). (IC)
By the (IH), there is a j € Z such that
9" —1=38j
and so
9" =875+ 1. (4.2)

From algebra we get
omtt 1 = 9[9"]—1
and by (4.2) (which came from the (IH)) and then algebra
=9[8+1]—-1
= (9)(8)Jj+9-1
— (8)(9)j+8
= 8(95+1)
— 8k (4.3)

where k = 95 + 1. Since k € Z, the calculation through (4.3) show the inductive conclusion (IC)
holds. This completes the inductive step.

Thus the base step and inductive step hold. O

Theorem 5. Let {z,} - be the recursively defined sequence defined by
T, = 1 , Lo = 2
and
Tn+1 + Zn
when n € N, Tntz = — 5 — . (RD)
If n € N, then
1<z, <2.

Symbolically write Theorem 5. (Do not forget your quantifiers.)
Prove Theorem 5 using math induction.

Note you need to prove both the lower bound and upper bound.
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Tn+1 + T,
2

[(xlzl ANaxe=2 AN (WneN) |z, = —])é(VnGN)[len§2]

Proof. Let the recursively defined sequence {z,} ~, be given by
T, = 1 , X9 = 2
and

when n € N, Tpio =

We will prove that if n € N then

by strong induction on n.
For the base step, consider the cases n = 1 and n = 2. Then you have

1<z2;,=1<2 and 1<2y=2<2.

Thus (5.1) holds for n =1 and n = 2. This concludes the base step.
For the inductive step, fix n € N22. Assume the inductive hypothesis, which is

if j € {1,2,...,n}, then 1 <z; <2.

We will show the inductive conclusion, which is

1 S Tni1 S 2.
Note n,n — 1 € N=" since n > 2 and n € N. Thus by the inductive hypothesis (IH),
1<z, <2 and 1<z, 1 <2.

The inequalities in (5.2) we gives
2 S xn_{'xn—l S 47
which gives
1< Tn 1 Tn <9
< 2 <
= Tp11, the inequalities in (5.3) give
1 S Tni1 S 27

: Tn+Tn—1
Since R

which is the inductive conclusion (IC).
By strong induction, we have proven that (5.1) holds for all n € N.
Theorem 6. Let {z,} -, be the recursively defined sequence be
r1=1, zo=1 , 23=1
and
when n € N=4, Ty = Tp—1 + Tp—2 + Tp_3 .

If n € N, then

T, < 2.
Symbolically write Theorem 6. (Do not forget your quantifiers.)
Prove Theorem 6 using math induction.

[(xlzl ANxzo=1AN253=1 A (Vn€N24)[xn:xn_l—l—xn_g—l-xn_g]):>(Vn€N)[xn<2"H

Proof. Let the recursively defined sequence {z,}, ~, be given by
r1=1, zo=1 , 23=1
and
when n € N=4, Ty = Tpo1 + Tpo+ Tp_3 .

We will show that if n € N, then
Ty, < 2"

(RD)

(5.1)

(5.3)

(5.4)

(RD)

(RD)

(6.1)
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by strong induction on n.
For the base step, first let n = 1. Then

T, =1<2=2 =2
When n = 2 we have
T, =1<4=2%=2"
When n = 3 we have
T, =1<8=2=2"
Thus (6.1) holds for n =1 and n = 2 and n = 3. This concludes the base step.
For the inductive step, fix n € N23. Assume the inductive hypothesis, which is

if j € {1,2,...,n}, then z; < 27. (IH)
We will show the inductive conclusion, which is
Tpyp < 27T (IC)
The recusive definition (RD) is valid for 2 when k& > 4. We have n > 3, so n+1 > 4. So by (RD)
Tptl = Tp + Tpo1 + Tp—2

Since 3 < nwehave ]l <n—2s01<n—-—2<n-—1<mn. Thus we can apply the inductive
hypothesis (IH) to n, n — 1 and n — 2 since

n,n—1n—2¢€{l,2,...,n}.
Thus we have by the recursive definition
Tptl = Tp + Tpo1 + Tp_2
and by (IH)
< 2" 4 ont oy o2
and by algebra (look at where you are going: want a 2"+!)
= 2" (27 + 277 + 279)

1 1 1
— 2n+1 - - -
(2 + 4 + 8)
B 2n+1(4+2+1)
N 8

7
— 2n+1 -
(5
< 2mt (6.2)

The calculations through (6.2) show the inductive conclusion (IC) holds. This completes the
inductive step.

Thus the base step and the inductive step hold. 0]
Remark. The calculation in (6.2) could also have been done as below.
Tptl = Ty + Tp—1 + Tp_o
< 2 4 vt 4
= 2" (2% + 28 + 29
— 22(7)
< 2n2 (99)
= 2mtl,
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