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Conjecture (F., 1986):

Letn be an integer> 2, and let
flo)=1+z+a%+ - +a"
Thenf'(x) is irreducible over the rationals.

Examples:

n=2: fllr)=2x+1
n=23: f(z) =324 2z +1
n=4: f'(x) =42 + 32> + 2z + 1

1986: trueifn=p—1>2o0rifn=p"



Conjecture (T.-Y. Lam):

Letn andk be integers witm > 2 and1 < k£ <
n — 1, and let

flo)=1+z4+2°+ - 42"
Thenf¥)(z) is irreducible overQ.

Examples:




Conjecture (J. Lagarias & E. Gutkin, 1991):

Letn be an integer> 4, and let
p(x) = (n = 1)(="" = 1) = (n+ 1) (2" — ).
Then
e p(z) is (z — 1) times an irreducible polyno-
mial if n IS even
e p(x) is (x — 1)°(x + 1) times an irreducible
polynomial overQ if n is odd.

Comment: In connection to a problem concerning
billiards, Eugene Gutkin was interested in showing
that the polynomialg(x) have no roots in common
other than from the indicated cyclotomic factors.



Theorem 1. Lete > 0. For all but O(¢1/3+¢) posi-
tive integers: < t, the derivative of the polynomial
1 +z+2°+--- 42" isirreducible.

Theorem 2. Fix a positive integerk. For all but
o(t) positive integersy < t, the kth derivative of
| +x+2°+---+2" isirreducible.

Theorem 3. Fix a positive integem. If n Is suffi-
ciently large andf(z) = 14+ + 2> +- - - 42", then
the polynomialf(”—m(x) IS irreducible.

Theorem 4. Lete > 0. For all but O(t*/°*¢) pos-
itive integersn < t, the polynomial

plz) = (n = 1" = 1) = (n+ )" — @),
is such thatp(z) is (z — 1)° times an irreducible
polynomial ifr is even angh(z) is (z — 1)3(z + 1)
times an irreducible polynomial # is odd.



Joint Work with Ognian Trifonov

(West Coast Number Theory Conference, 1997)

In 1951, Grosswald investigated the irreducibility

over the rationals of the Bessel polynomials
n

(n+7)!
Yn(x) = Z Zj(n _?)!j!fj.

7=0

He conjectured thay,(z) is irreducible for every
positive integem. Establishing the irreducibility
of y,(x) for “all” n was also the last problem he
posed at a West Coast Number Theory Conferenc

Theorem 5. Let n be a positive integer, and let
ag, ai, ..., ap De arbitrary integers with

|a0] = ‘an‘ = L.

Then

IS Irreducible.



Theorem 1. Lete > 0. For all but O(¢1/3+¢) posi-
tive integers: < t, the derivative of the polynomial

fl@)=14+z+a’+ - +a"
IS Irreducible.

Basic Ideas of Proof:

e Write f(x) and f’(z) in a “nice” form.

e Work with w(z) = 2"t — (n + 1)z + n.

We want to show that its non-cyclotomic part is
irreducible.



w(z)=z"""—n+1)x+n

e Supposeav(xz) = g(x)h(x) whereg(x) andh(x)
are monic irZ{z] andg(1) # 0. We want to show
h(x) must equalz — 1)? for “most” n.

e Define

1 1
-3 (1-5) 2= % (05
g9(8)=0 h(~)=0
and observe thatAB € 7Z.

The expressioB has the property thabB = 0

if and only if h(z) = (z — 1)%. If B # 0, then
nAB IS a non-zero integer. We show that typi-
cally this does not happen by finding upper anc
lower bounds for|AB| that are inconsistent for
mostn.



e Consider the complex roots af(x).

The complex roots: satisfy

51
| <ol <14 2280
T

1
=% (-5)- 2
g9(8)=0
we deduce that

|A| < 10logn.
Similarly, | B| < 10logn. Therefore,

n|AB| < 100n(logn)?.



w(z)=z"""—n+1)x+n

e If p|(n + 1), consider the-adic roots ofw(x).

n—+1= pgm
— w(x) = (2" — 1)p€ (mod p)

The p-adic roots ofw(x) form clusters of roots
around thep-adic mth roots of unity. Consid-
ering the Newton polygon ofv(x + () where
¢ =1, one shows that around eaCFE 1, there
are/ clusters of roots satisfying:

(1) The roots in each cluster all belong to the sam:«
irreduciblep-adic factor ofw(x).

(i) There are a multiple of roots in each cluster.

One uses (i) and (ii) to show thag(A) andv),(B)
are positive. Hencey’|nAB.



e If p|n, consider the-adic roots ofw(x).

In a similar fashion, one deduces here that a
least one of/,(A) andv,(B) is positive so that
p|nAB.

e Set up the inequalities an AB| (if B # 0).

( 11 p> (Hp) < n|AB| < 100n(logn)?

p|(n+1) p|n

e For mostn the expression on the left is aboutt



