Seminar Notes: On the irreducibility of a truncated binomial expansion
(joint work with Dmitrii V. Pasechnik)

Notation:

n andk are positive integers with < n — 1

p andq are primes (to be chosen k)

a; are integers having no prime factassk (and, hence, non-zero)

(- Inn—1)-(n—j+D)n—j—-1)---(n—k+1)(n—k)
gk —4)!

Main Results:

Theorem 1. Let N be a positive integer. For each integral pain,k) with1 < n < Nandl < k < n — 2,
consider the sef(n, k) of all polynomials of the forn#’, ,,(x). The number of such pai(s, k) for which there exists
a polynomialf (z) € S(n, k) that is reducible is<c N1-525,

Theorem 2. If there is a primep > k that exactly divides(n — k), thenF,, j(x) is irreducible.

Theorem 3. For k > 3, there is amy = no(k) such that ifn > ny, thenF,, (x) is irreducible.

Important Identities:

. za: (b)(—w' = (b;1>(—1)“ for0<a<b
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The Lemmas (for Theorem 3):

Lemma 1. Letp be a prime> k ande a positive integer for which,(n) = e or v,(n— k) = e. Then each irreducible
factor of f(x) has degree a multiple @&f/ gcd(k, ).

Lemma 2. Letn’ be the largest divisor ot (n — k) that is relatively prime td:!. Write
n' = pi'ps - pr
where thep; denote distinct primes and thg are positive integers. Let
d = ged(k,eq,e9,...,€.).
Then the degree of each irreducible factorfdf:) is a multiple ofk/d.

Lemma 3. Let f(x) = F, x(x). Letn” be the largest divisor ofn — 1)(n — k + 1) relatively prime tok!. Suppose
vp(n”) = e wherep > k ande € Z*. If f(z) is a product of two polynomials of degrég¢2, then(k — 1)|e.



