Seminar Notes: On Nicol’'s sequence of reducible polynomials

Problem: Does this ever end?

1+ 2° 4+ 2 + 20 2?2 2% 23 4 2% 4.

Goal: Justify the answer (whatever it is).

Definitions and Notation: Given f(x) € Clz] with f Z 0, f(x) = a9/ f(1/2) is thereciprocal
of f(x). If f = +f, thenf is calledreciprocal

Comment: If f is reciprocal andv is a root off, thenl/« is a root of f.

Two-Step Approach: 1. Handle reciprocal factors (there are none).
2. Handle non-reciprocal factors (there is no more than one).

Step 1: Takeg(z) = 1 + 23 + 2 + 216 + 232 + 233 + 231 4 2%,

e If fis an irreducible reciprocal factor éf(z) = z" + ¢(z), then it dividesF'(z).

So it dividesg(z)g(z) — z9°89.

Soitiseithen® + 2% +2* + 23 + 22 +x + 1 or
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In the first case, chedk< n < 6. Done.

In the second cas¢, has a rootx = 0.58124854 — 0.96349774:¢ with 1.25 < || < 1.126.
Observe thalg(a)| < ¢(1.126) < 231 < 1.1257 < |a|*". SoF(a) # 0 foralln > 1.

Step 2: AssumeF'(z) = 2" + g(z) is reducible. Let:(x) be an irreducible non-reciprocal factor.
If a(z) dividesF', write F'(x) = u(x)v(x) wherea(z) t u(z) anda(z) 1 v(x). If a(x) does not
divide F, consider an irreducible non-reciprodét) such that(z)b(z) dividesE. If b(z) divides
F, write F(z) = u(z)v(z) whereb(z) { u(z) andb(z) t v(z). If a(x) andb(x) do not divideF,
write F'(z) = u(x)v(x) wherea(z)|u(z) andb(z)|v(x). In all cases, we may take bothandwv to
have a positive leading coefficient.

e CanF have a reciprocal factor? Maybe, huaindv are non-reciprocal.

e Lemma. The polynomiakv(z) = u(z)v(x) has the following properties:
(i) w# £F andw # £ F.

(i) ww = FF.
(iii) w(1) = £F(1).
(i) [w]| = [|F]|.

(V) wis a0, 1-polynomial with the same number of non-zero termg as



Proof of (v). If F(x) =) " a;z% andw(z) = Y _ b;z*, then
=1

(;bj)zﬁ(;f’?):(;#)2:(;%)2:(;@)2. -

o If n > 83, thenFF = 14+ 23+ 215 1 216 1 232 1 233 1 234 4 235 1 om 4 wherem > 48.
e What canw andw be given (v), (ii), anch > 83?

wx) =142 +2° +.. 42"

w(x)=1+a2°+-- 42" w(z) =1+
1’17(:16):1+---+x"_15+x"_3+x”
wx) =142 +2° + 2% 4. 2" 1+

e Given (i), “the non-reciprocal part is irreducible”.

Comment: In general, consider @ 1-polynomial g(x) with the property thay(x) is irreducible
over the set of), 1-polynomials (that isg(x) is not the product of tw®, 1-polynomials of degree

> 0). Then the non-reciprocal part 6f(z) = 2™ + g(x) is irreducible ifn. > 3 deg g.



