Seminar Notes (09/23/05): The factorization of ¥ + x revisited, Part IT
(joint work with M. A. Bennett and O. Trifonov)
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The undefined notation: The expressions Q(s, z), E(s, z), C1 5, Ca,5 come from Lemma 3 below (bounds
on |Q.(2)| and |E,(z)|, themselves defined in the proof). Also, Li(s) comes from a bound on G(c,d,n);
specifically, G(c,d,n) > Li(s)*™ for m > my.

Theorem 1. Let p and q be distinct primes. Suppose that there exist positive integers a, b, ko, lyg and Dg
such that
ap™ —bg" = D,

and write
20 = D()/(apk”)7 My = min{pko,ql”} and My = max{pkﬂ,qlo}.

Assume further that there exists a rational number s satisfying 1 < s < 1/zg, Q3 > 1 and Qq > 1. Set
A = log(Q4)/log(M5Qy). Let D be a positive integer, and fix € > 0. Define xg as above. If x > xqg is an
integer and

22 + Dx = pFly

with k, 1, and y nonnegative integers, then y > x ~¢.

Definition (or Lemma): For positive integers A, B and C, define
C A
A+B+C+1\[A+C—7r . o A+C—7\(B+r) ,
Pasct =Y (VPO (T ) @usetr = e (YT ()

and

B

3 A+r\(A+B+C+1 .,
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Lemma 1. The polynomials above satisfy

Papo(z) — (1— 2)BHCHQu b o(z2) = 2ATCHE, b o (2).
Lemma 2. There is a non-zero integer D = D(A, B) for which
— D2A+1

Py.B,a(2)Qat1,B-1,4+1(2) — Qa,B,A(2)Pat1,B-1,441(2) =

Lemma 3. Ifn=dm — 46 ford € {0,1}, then

‘Qn(z)’ <Cis (Q(s,z))dm and ’En(z)‘ < Cas (E(s,z))dm.



Proof of Theorem 1 (Part II):
e Recall that with (z + D)/D; = pko™y and z/D; = ¢'o“™yl, we reduced the problem to considering
D2 — pkocmyil _ qlocmyg, (1)

where Dy = D/Dy, Dy = ged(x, z + D), y > min{p~ 9/, ¢ %y}, 0 < oy < koc and 0 < 31 < lgc.

e Take n = dm — 0 where § € {0,1}. Let A=C =n and B=cm —n— 1. Let P,(2), Qn(2), and E,(z)
denote the polynomials in the definition above, and set G = G(c¢,d,n) to be the ged of the coefficients of
Qn(z). Lemma 1 implies then that P,(2)/G, Q.(2)/G, and E,(z)/G have integer coefficients.

e Use z = zp in Lemma 1 to deduce
(ap™)™"P = (bg")"Q=E (2)
where P, Q and E are integers defined by
P = (ap")" Py (20) /G, Q= (ap™)"Qu (20) /G, and E = (ap")™" " 1Dg" B, (20) /G-
e Multiplying (1) by b“™@ and (2) by y4, we deduce that
PRI QyY — a Py | < 6 DIQ| + | Elys -

e Lemma 2 implies that the expression b°"Qyy — a®™ Py4 is nonzero for at least one of n = dm and
n = dm — 1. Fix § accordingly. Then p*o¢™ < 6™ D|Q| + |E|y4. The idea is to show that |Q| and |E| are
not too large and deduce a lower bound on y5.

e We show later (at the end of these notes) that if y < 2, then

log (k1) log ( 5“51) Alog(D)
dm > max{ Tog QO " €t log (M3 Q)" e (1 — 1) log(M§Q4)vdmo

e Using the definition of @) and the lower bound on G, we have

QI <

(apko)dm_‘scl,(;Q(S,zo)dm - K1 (apkOQ(S7ZO)>dm
Ll(S)dm - 2D Ll(S) '

e From (3), k1 < Q4™. The definition of Q3 and pko™ < bmD|Q| + |E|y4 imply v > p*oem /(2|E)).
e Note that |E| < ((apko)(c_d)m+5_1ngmﬂfz‘sC’g,gE(s,zo)dm)/Ll(s)dm implies

ko dm ko \ €M
P L1(s) am [ D d
" > I et 2 S — Qdm > Qdm
Yz =~ K2 a*~1DZ2E(s, z0) 235 M, = 2t

o From (1), v} > (¢lo/p*o)emyll > ko Qdm(glo /M y)e™ > ko Q™.
e Since y > min{p~ 1y}, ¢ Py} > M5 min{y/,y4}, we deduce logy > — log(MS$)+min{logy}, log y4 }.
o From z = Doyl < Dypkocmy! and D; < D, we have log z < log D-+dm log(M3)+min{log v/, logy4}.

e If 4 and v are positive numbers, then the function (w — u)/(w + v) is increasing. It follows that

logy _ —log(Ms$) + min{logy{, logys — log(Ms) + log (k2024")
logz — log D + dmlog(M3$) + min{log y{', log y4 log D + dmlog(Ms3) + log (k22§™) "

log(€4) — log (M5 15 ") /(dm)
log (M3 Q4) + log(kaD)/(dm)’
e With a little effort, one checks that § > A — e follows from (3). Indeed, this is how M was chosen.

e Hence, y > 2% where 6 =



o If y < 2, then min{p~*19/, ¢ P1yJ} < 2* so that either
T = qulocmyIQ/ _ qulgcmqﬁquﬁlyél < Dqlgcmqlocx)\ — qlocm > xlf)\/(Dqlgc)

or, similarly from z + D = D;p*o¢™y/ we have pkocm > xl_k/(Dpkoc). Therefore,

(1 —=X)logz —log (Dqloc) (1 —=X)logz —log (Dpkoc) }

= { log (g'o¢) ’ log (p*oc)

The condition = > x¢ implies
(1 —A)logz > (M +1)log (DM$) > M log (DMS$) + max { log (Dp’“ec),log (Dqloc)},

Hence, m > M log (DMS$)/ max { log(¢"¢),log(p"¢)} = M log (DMS$)/log(M3) = MD. It follows that

(4)

dm > max { log (k1) log (M§k;") Alog(r2D) dmo}

log Q3 " et log (M5Q4)" €(1 —t) log (M5 Qy)’



