A Distribution Problem for Powerfree Values of Irreducible Polynomials
by B. Beasley and M. Filaseta

Notation: f(z) € Z[x] is irreducible

g=degf
keZ, k>2

ged,, ez (f(m)) is k-free
sy, is the nth integer m > 0 for which f(m) is k-free

Theorem 2. Let k > (v/2 —1/2)g. Given any v > 0, there exists a 6 = d(y) > 0 such
that

Z (8n+1 - Sn)’y ~ B(’Y? f7 k)Xv
Sn+1§X
Snt1—8,<X°

for some constant B(v, f, k) depending only on v, f(x), and k.

Definition 1. Given f(z) € Z[z], let s, = s,(f) be the nth positive integer m such that
f(m) is k-free. Let

L(h)=L(h,X)=L(h,X,f)=|{n €ZT : h < sp41 — sn <2h, X/2 < s, < X}|

(2) L(2h) <

hv+e

Comment: (2) & Theorem 3 = Theorems 1 & 2 (sort-of).

Notation: D = R(f, f'), the resultant of f and f’

z =4g
A={p:p|D orp<z}
Q= Thear”
_ hlog
= 89Q
p(q) = p(f.q) ={a € Zy: f(a) =0 (mod q)}|

Lemma 1. There exists an integer a such that if B={y € (n,n+ h]:y =a (mod Q)},

then "
> % 12 X (g t)
p<H meB  z<p<H NP
p*|f(m) ptD



Lemma 2. Ifp{ D, then p(p*) < g for every positive integer k.
Lemma 3. Given the notation above, 3>,y p p(p*) /" < 1/4.

Lemma 4. Let

F(n)=F(nh f)= > Y 1

n<m<n+h p>H

p*If(m)
If there are no integers m in (n,n + h] such that f(m) is k-free, then
h
F > —.
0> 15

Lemma 5. For r a positive integer, define
M, =M. (h,X,f)= > F'(n).
X/2<n<X
Then

M,

Definition 2. Let S, (T) be the number of 2r-tuples (p1,...,pq, m1,...,m,) with T <
p1 < p2 < -++ < pr < 2T such that, for each j € {1,2,...,r},

X
Imy1 —mj| < h, o <mj <X +h<2X,  and Py f(my).

Notation: G(n,T) = G(n,T, f) = Zn<m<n+h Zpklf(m) 1
- T<p<2T

Lemma 6. Let r be a positive integer. If r = 1, then
G(n,T
> () < cornsi,
X/2<n<X "
If r > 1, then

5 <G(n,T)> < (29)"hS(T).

r
X/2<n<X
G(n,T)>2gr



